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1. Introduction

Let C be a nonempty subset of a normed space X and let 7: C — C be a self-map-
ping. We denote as Fix(7) the set of all fixed points of 7, that is Fix(7) =
{x € C: Tx = x}. Recall that the mapping 7 is said to be

(1) nonexpansive if, | Tx — Ty|| < ||x — y|| for all x,y € C;

(i1) asymptotically nonexpansive (Goebel and Kirk, 1972) if, there exists a
sequence {y,} in [l,4+o00) with lim, .7, =1 such that [[7"x—T"y| <
Vullx — y||, for all x,y € C and n € N;

(iii) uniformly Lipschitzian if there exists a constant L >0 such that
|IT"x — T"y|| < L||x —y||, for all x,y € C and n € N. Evidently, every nonex-
pansive mapping is asymptotically nonexpansive and every asymptotically
nonexpansive mapping is uniformly Lipschitzian.

Construction of fixed points of nonexpansive mappings and asymptotically
nonexpansive mappings is an important subject in the theory of nonexpansive
mappings and finds its applications in a number of applied areas, in particular
in image recovery and signal processing (see, for example, Byrne, 2004; Podilchuk
and Mammone, 1990; Sezan and Stark, 1987; Youla, 1987, 1990).

However, the sequence {7"x} -, of iterates of the mapping T at a point x € C
may not converge even in the weak topology and since averaged iterations prevail.
Mann (1953) introduced the following iterative procedure for approximating a
fixed point of a nonexpansive mapping 7 in a Hilbert space H:

Xpi1 = Xy + (1 —0,)Tx,, Vn €N, (1.1)

where the initial point x, is taken in C arbitrarily and {o,} is a sequence
in [0, 1].

Fixed point iteration processes for nonexpansive mappings and asymptotically
nonexpansive mappings in Hilbert spaces and Banach spaces including Mann iter-
ation processes have been studied extensively by many authors to solve nonlinear
operator equations as well as variational inequalities, see Mann (1953), Opial
(1967) and Schu (1991). However Mann iteration processes have only weak con-
vergence even in a Hilbert space, for instance, see Kim and Xu (2006); Mann
(1953); Takahashi et al. (2008). Even, Reich (1979) proved that if X is a uniformly
convex Banach space with a Frechet differentiable norm and if {,} is chosen such
that >~ o,(1 —a,) = oo, then the sequence {x,} defined by (1.1) converges
weakly to a fixed point of T.

Some attempts to modify the Mann iteration method (1.1) so that strong con-
vergence is guaranteed have recently been made. Nakajo and Takahashi (2003)
proposed the following modification of the Mann iteration method (1.1) for a sin-
gle nonexpansive mapping 7 in a Hilbert space H:
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Xo € C chosen arbitrarily,

Vu = 0pXy + (1 - an)Txna

Co=A{ze C: |y, —zll < llxa—2lI}, (1.2)
Qn = {Z € C: <X0 — Xny Xn _Z> > 0},

Xnt1l = Pcannxo-

They proved that if the sequence {a,} is bounded above by 1, then the sequence
{x,} generated by (1.2) converges strongly to Prix(7)X.

Subsequently, Mann iteration method (1.1) has been modified for finding a
fixed point of asymptotically nonexpansive mapping as follows:

(1.3)

where {a,} is a sequence in [0, 1] (see, for example, Cholamjiak and Suantai, 2010;
Kim and Xu, 2006; Tan and Xu, 1993). Similarly, we note that the modified
Mann’s iteration (1.3) has only weak convergence and is in general not strongly
convergent for asymptotically nonexpansive mappings. In order to get strong con-
vergence, Kim and Xu (2006) introduced the following modification of (1.3) for
finding a fixed point of a single asymptotically nonexpansive mapping 7 in a
Hilbert space H to extend the result of Nakajo and Takahashi (2003) from a single
nonexpansive mapping to a single asymptotically nonexpansive mapping:

{xo € C chosen arbitrarily,
xn+l - O(n-xn + (1 - O(,,)Tnxn, Vn E N,

Xo € C chosen arbitrarily,
Vu = 0pXy + (1 - OCn)Tan,
Co={z€C:|y,— 2" <llxu— 2" + 6.}, (1.4)
0,={z€C:{xg—xy,x,—2z) = 0},
Xny1 = Pcan,,xoy
where 0, = (1 — a,)(k2 — 1)(diam C)* — 0, as n — oo. They proved that if o, < a
for all n € N and for some 0 < a < 1, then the sequence {x,} generated by (1.4)
converges strongly to PFiX(T)XQ.

We observe that the iterative algorithms (1.2) and (1.4) generate a sequence {x, }
by projecting x, onto the intersection of the suitably constructed closed convex
sets C, and Q,. Takahashi et al. (2008) introduced the following modification of

the Mann’s iteration method (1.1) which just involved one closed convex set for
a family of nonexpansive mappings {7,}:

uy € 'H chosen arbitrarily,

C=C, u = Pcx,

Y, = ottty + (1 — o) Tty (1.5)
Co1 ={z € Gy ly, —zll < llxn — 21},

Xnt1 = Pc,, Xo.
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They proved that if o, < a for all n and for some 0 < a < 1, then the sequence {u, }
generated by (1.5) converges strongly to Prix(7)Xo.
Recently, Inchan (2008) introduced a hybrid method of modified Mann’s
iteration (1.3) for an asymptotically nonexpansive mapping 7 as below:
( xo € C chosen arbitrarily,
G =C x= P, xo,

Y, = Xy + (1 —o0,) T"x,, (1.6)
2 2

Copr={z€Cy: |y, —zlI” < llxu —2l|” + 04},

Xpp1 = Pe, %0, neN,

where 0, = (1 — a,)(k} — 1)(diam C)* — 0, as n — oo. He proved that if 0 < «, <
a < 1 for all n and for some a, then the sequence {x,} generated by (1.6) converges
strongly to Priy(1)Xo.

Kirk and Xu (2008) introduced pointwise asymptotically nonexpansive map-
pings as below.

Definition 1.1. A mapping T : C — C is called pointwise asymptotically nonexpan-
sive if, for each n € N and each x,y € C, we have ||T"x — T"y|| < o,(x)[|x — ||,
where o, — 1 pointwise on C.

It is clear that an asymptotically nonexpansive mapping is pointwise asymptot-
ically nonexpansive. It is not hard to see that if C is bounded then a pointwise
asymptotically nonexpansive T is of asymptotically nonexpansive type, that is,
T satisfies the following condition.

limsup sup(||7"x — T"y|| — ||x — y||) <0, VxeC.

n—oo  yeC

Ishikawa (1974) introduced the following iterative scheme which is a generaliza-
tion of the Mann’s iterative algorithm (1.1):
Xo € C chosen arbitrarily,
Xpgp1 = OpXy + (1 - O‘n)TZna nz 07 (17)
Iy = ﬁnxn + (1 - ﬂn)Txna
where {«,} and {f,} are appropriate control sequences in [0, 1]. However Ishikawa
iteration processes has only weak convergence even in a Hilbert space, for in-
stance, see Ishikawa (1974).
Our modified Ishikawa iteration method generates a sequence {x,} recursively
via
Xxo € C chosen arbitrarily,
Xpp1 = UpXy + (1 - an)Tan n = 01 (18)
Zn = ﬁnxn + (1 - ﬂn)Tnx’ﬂ



Weak and strong convergence theorems of modified 157

where {o,} and {f,} are appropriate control sequences in [0,1]and 7: C — Cis a
pointwise asymptotically nonexpansive mapping with the sequence of mappings
7,0 C = [1,+00)(n € N) satisfying lim,_...y,(x) = 1, for all x € C.

If g,=1, for all » > 0, then the modified Ishikawa iteration method (1.8)
changes into the following modified Mann iteration method:

Xnt1 = OuXy + (1 - OCV,)Tan, n =0, (19)

where the initial point x, is taken in C arbitrarily and {«,} and T are the same as in
(1.8).

Motivated and inspired by the above works, in this paper, we first establish that
the sequence {x,} generated by the Ishikawa iteration scheme (1.8) is weakly
convergent to a fixed point of a uniformly Lipschitzian and pointwise asymptoti-
cally nonexpansive mapping 7 in a Hilbert space. Then, we introduce a new type
of monotone hybrid method which is a modification of the Ishikawa iteration
scheme (1.8) for finding a common fixed point of an infinitely countable family
of uniformly Lipschitzian and pointwise asymptotically nonexpansive mappings
{T;}*,. We also prove the strong convergence of the sequence generated by the
proposed monotone hybrid method, for an infinitely countable family of
uniformly Lipschitzian and pointwise asymptotically nonexpansive mappings in
a Hilbert space.

2. Preliminaries

Let H be a real Hilbert space which is equipped with an inner product (-, -) and the
corresponding norm || - ||. Let C be a nonempty closed convex subset of H. We de-
note by dc(-) the usual distance function to C, i.e., dc(u) = inf,cc|lu — v||. Let
u € H be a point not lying in C. A point v € C is called a closest point or a projec-
tion of u onto C if, dc(u)=|u—v|, ie, v=Pcu if and only if
lu — Pcul| < ||u—w||, for all w € C. The mapping Pc : H — C is called the metric
projection of H onto C. We know that P is a nonexpansive mapping.

We will use — for weak convergence and — for strong convergence. For given
sequence {x,} C C, let ,,(x,) = {x : 3x,, — x} denote the weak limit set of {x,}.

We need some facts and tools in a real Hilbert space H which are listed as lem-
mas below.

Lemma 2.1 (Tan and Xu, 1993). Let {a,} and {0,} be two sequences of
nonnegative real numbers satisfying the inequality

piy < (14 68,)a,, Yn=12,3,...

If > 0, < oo, then lim,_,a, exists.

Lemma 2.2 (Marino and Xu, 2007). Let ‘H be a real Hilbert space. Then for each
X,y € H and each t € [0, 1]
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@ e~y = ol —20c0) + P 2
(b) flex + (T = a)yl|” = ellxll” + (1 = ) [[yl]” — (1 = ) [lx — ¥II".
(c) If {x,} is a sequence in H weakly convergent to z, then

fim sup ||, — y|> = limsup || x, — z|[* + ||z — »[>
Lemma 2.3 (Marino and Xu, 2007). Let C be a closed convex subset of a real
Hilbert space H and let P¢ be the metric projection from H onto C. Given x € H and
z€ C. Then z = Pex if and only if for each y € C we have (x —z,y—z) <
0, Vy e C.

Lemma 2.4 (Martinez-Yanes and Xu, 2006). Let C be a nonempty closed convex
subset of a real Hilbert space H. For each x,y,z € H and a € R, the set

D:={veC:|y—o| <|x—2o +(z0) +a}

is closed and convex.

Lemma 2.5 (Martinez-Yanes and Xu, 2006). Let C be a closed convex subset of a
real Hilbert space H and {x,} be a sequence in H. Let u € H and ¢ = Pcu. If {x,} is
such that w,,(x,) C C and satisfies the condition ||x, — u|| < ||lu — q||, for all n € N,
then x, — q.

Lemma 2.6 (Nakajo and Takahashi, 2003). Let C be a nonempty closed convex
subset of a real Hilbert space H and Pc: H — C be the metric projection from H
onto C. Then ||y — Pex||” + ||x — Pex||” < ||x — y||°, for all x € H and y € C.

Here, we will discuss basic properties of pointwise asymptotically nonexpansive
mappings which will be used in the next section.

Proposition 2.7 (Demiclosedness principle). Let C be a closed convex subset of a
Hilbert space H and let T : C — C be a uniformly L-Lipschitzian and pointwise
asymptotically  nonexpansive mapping with the sequence of mappings
7,0 C— [1,+00) (n € N) satisfying lim,_~7,(x) =1, for all x&€ C. Then I— T
is demiclosed at zero, that is, if {x,} is a sequence in C such that x, — q and
lim sup,,_, . limsup,_, . ||x, — T"x,|| =0, then (I — T)q = 0.

Proof. Since the sequence {x,} is bounded, we can define a function ¢ on H by

$(x) = limsup ||x, — x||>, xeH.

n—oo

From x, — ¢ and Lemma 2.2(c), we conclude that

$(x) = d(q) + |x—qlI’, VxeMH.
In particular, for each m € N, we have
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¢(T"q) = d(g) + IT"q — qI” (2.1)
On the other hand, pointwise asymptotically nonexpansivity of 7 implies that

$(T"q) = limsup |x, — ||’

n—oo

—limsup [|x, — T"x, + T"x, — T"q]’

n—oo

= limsup(||x, — T’”x,1||2 +2(x, = T"x,, T"x, — T"q) + || T"x,, — T’”qHz)
<limsup [|x, — 77, || ([[x, — T"x, || + 2L || x, — ¢]1)

n—0oQ

+limsupy;, ()], — ¢|I*.

Since lim,, .7, (x) =1, for each x € C and limsup,_  limsup,_|x,— 7"
x,|| = 0, taking lim sup,, .., from both sides of the above inequality, we derive that
lim sup ¢(T"g) < lim sup ||, — q* = $(g). (22)

m—o0 n—oo

Combining (2.1) and (2.2), it follows that limsup, . [l¢— T"¢|* =0, i.e.,
T"q — q, hence Tg =¢q. [

Since every asymptotically nonexpansive mapping is a uniformly Lipschitzian
mapping, we have the following statement for asymptotically nonexpansive
mappings.

Corollary 2.8 (Lin et al., 1995). Let C be a bounded closed convex subset of a
Hilbert space H and let T : C — C be an asymptotically nonexpansive mapping.
Then I — T is demiclosed at zero.

Corollary 2.9 (Opial, 1967; Goebel and Kirk, 1972). Let C be a closed convex sub-
set of a Hilbert space H and let T : C — C be a nonexpansive mapping such that
Fix(T) # (. Then I — T is demiclosed at zero.

Proposition 2.10. Let C, H and T be the same as in Proposition 2.7. Then the fixed
point set Fix(T) of T is closed and convex so that projection Ppiyr) is well defined.

Proof. To see that Fix(7) is closed, suppose {p,} C Fix(7) and p, — p. Then for
all m e N,

| Tp — pll < | Tp = p,ll + lp, — 2l = | Tp — Tp, || + |lp, — Pl

Since p, — p as n — oo and T is continuous, the right side of the above inequality
approaches to zero as n — oo, hence p € Fix(7) and so Fix(7) is closed.
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To see the convexity of Fix(7), we need to prove that iu + (1 — 1)v € Fix(7),
whenever u,» € Fix(7T) and A€ (0,1). Set w=Au+ (1 —2)». We note that
lu—w|| = (1 —2)|u—v| and ||v — w|| = A||ju — »||. Then by Lemma 2.2(b), we get

[w— T'w||* = [|Au+ (1 = D)o — T[> = ||A(u— T'w) + (1 = 2) (v — T"w)|”
= Mju—Tw|* + (1 = )||o — T'w|> = A(1 = 2)||ju— 2|
< ayp()lu = wl* + (1= (@) lo = w* = A1 = 2)lju— |
<A1 = Follu— ol + 2(1 = DFpllu— o> = (1 = D) ju— o]
= (1= 2)F = Dlju— o, (2.3)
where 9, = max{y,(u),7,(»)}, for each n € N. By taking the limit in (2.3) as

n — oo and using the fact that 9, — 1 as n — oo, we get T"w — w, hence
Tw = w, and therefore Fix(7) is convex. [

3. Weak convergence of the modified Ishikawa iteration method

In this section, we shall prove that the sequence generated by the Ishikawa itera-
tion method (1.8) is weakly convergent to a fixed point of a pointwise asymptot-
ically nonexpansive mapping 7T and in general is not strongly convergent.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H and
T: C — C a uniformly L-Lipschitzian and pointwise asymptotically nonexpansive
mapping with Fix(T) # () and vy, : C — [1,+00)(n € N) satisfying lim,_..7,(x) =1,
for all x € C. Suppose the sequences {o,} and {f,} are chosen so that
limsup,_, o, <1, limsup,_ . B, <1 and liminf,_p, > 0. Moreover, assume
that " (y4(p) — 1) < oo for each p € Fix(T). Then the sequence {x,} generated by
the modified Ishikawa iteration method (1.8) converges weakly to a fixed point of T.

Proof. Pick p € Fix(7). We first show that lim, ..|/x, — p|| exists. By using
Lemma 2.2(b), we get

%1 = pII* = Nl = p) + (1 = ) (T2, = p)|I°
< ol = pl* + (1 = )| 7"z, = pl*
< ol = plI* + (1 = 2)7 ()20 — pII* (3.1)
and
20 = pII* = 1B, (50 = p) + (1 = B)(T"xs = p)
= Bl = plI* + (1= BT = pII* = B, (1= B)Ixs = T,
< Bullxn = pI” + (1= B)7a) %0 = pII* = B, (1 = B,)Ixw — T'x1®

= [lxs = pII* + (1 = B) (o (p) = Dllxa = plI* = B, (1 = B,)Ixw — T"x 1.
(3.2)
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Substituting (3.2) in (3.1) yields

01 = plI” < ollxs = pII” + (1 = o)y (p) |10 — I
+ (1= B)02p) = Dllxa = plI> = B, (1= B Ixw — T, ]
= [+ (1 = a)y2(p) + (1 = ) (1 = B,)72(P) (72 (p) — D]l|xw — pII°
— Bu(1 =) (1= B)ya(@)lxs — T'x, |

<[+ (=) 0ap) = 1) + (1= )72 (p) (72(p) — D]llxa — pII?
— Bu(1 = 0u) (1 = B)7a(p)|xu — T"x ||
=1+ (1= 2) (s (p) — Dl — pII?
— Bu(1 =) (1= B)y2(p)lxs — T,
<[+ (@) = Dllxa =2l (3:3)

Since >, (v}(p) — 1) < o0, it follows from (3.3) and Lemma 2.1 that
lim,,_..||x, — p|| exists. This implies that {x,} is bounded. Since limsup,_, o, < 1,
limsup,_, .. B, < | and liminf, ..., > 0, we can choose € > 0 such that o, < 1 — ¢
and € < 8, < 1 — ¢, for large enough n € N. So we can rewrite (3.3) as follows:

63”xn Tlan < B(1 =) (1 = ﬁn)Vi(P)Hxn - T7Xn||2
<[+ (1= ) (hp) = Dlllxe = plI* = %01 — oI

< (1+ @) — W)l = pI* = [1xns1 — pII,
which leads to

»I-‘

4
yn(p) —1
I - Tl < ROy _pp. a)

Since y,(p) — 1 as n — oo and lim,_ . ||x, — p|| exists it follows from (3.4) that
lim ||x, — T"x,|| = 0. (3.5)

2 2
= (e = 27 =[x = pII7) +

Now, we show that lim,_||x, — Tx,|| = 0. It follows from (1.8) and uniformly L-
Lipschitzian of the mapping 7T that

1261 = Xall = llotwxn + (1 = o) Tz = 2| = (1 = o) | T2 — x|
S (=) (1720 = Tl + | T"x0 — X[
< (1= o) (L|zw = Xall + | T"x0 — xa]) (3.6)
and
120 = Xall = 1Byxn + (1 = B,) T"xy — X[ = (1 = B T"xy — x| (3.7)

Substituting (3.7) in (3.6) and by using (3.5), we gain
%01 = 2| < (1 = o) (L(L = B T"x0 — xal| + [| T"x0 — xa])
= (1 = o) (1 + L(1 = BT xy — xul| = 0, (3-8)
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as n — oo. Since 7 is uniformly L-Lipschitzian, for each n € N, we have
1260 = Tl < (1% = Xt |+ [1¥60s1 = T |+ 17 0 = T |
+ 17, — Tl
< ||xn+1 - xn” + ||xn+1 - T1+1xn+1|| + L||xn+l - xn”

LT, — x|. (3.9)

It follows from (3.5), (3.8) and (3.9) that lim, . ||x, — Tx,|| = 0. Since the se-
quence {x,} is bounded there exists a subsequence {x, } of {x,} such that
Xy, — ¢, for some ¢ € C. Now lim,_.||x, — Tx,|| = 0 and Proposition 2.7 imply
that Tg = ¢, that is, ¢ € Fix(7). We next show that {x,} converges weakly to q.
For this end, take another subsequence {x,, } of {x,} converging weakly to some
g € C. Again, as above, we conclude that ¢’ € Fix(7). Finally, we show that
g = ¢'. Since lim,_||x, — p|| exists for every p € Fix(7) and since ¢,q € Fix(7),
by Lemma 2.2(c), we get

lim [, — gl = Jim [lx, = gl* = lim lx,, = ¢/I + llg = ¢
. 2 2 . 2 112
= lim |, = ¢ + llg = ¢'I* = lim [l = q]* +2]lg =
. 2 2
= lim |}, = gl +2llg = I

Therefore ¢ = ¢’ and this completes the proof. [

If B, =1, for all n > 0, in similar way to the proof of Theorem 3.1, one can
establish the weakly convergent of iterative sequence generated by the Mann iter-
ation method (1.9) and we omit its proof.

Theorem 3.2. Let C, H, T and the sequence {o,} be the same as in Theorem 3.1.
Suppose > 2% (y2(p) — 1) < oo for each p € Fix(T). Then the sequence {x,}
generated by the modified Mann iteration method (1.9) converges weakly to a
fixed point of T.

Since every asymptotically nonexpansive mapping is uniformly Lipschitzian, by
using Theorem 3.1, we obtain the following theorems for asymptotically nonex-
pansive mappings.

Theorem 3.3. Let C be a closed convex subset of a real Hilbert space H and let
T:C— C be an asymptotically nonexpansive mapping with Fix(T) # 0 and
{y,} C[1,400) (n € N) satisfying lim,_..y, = 1. Suppose the sequence {a,} and
{B,} are chosen so that limsup,_, o, < 1, limsup,_, . f, < | and liminf,_..f3, > 0.
If, S0 (vh — 1) < oo, then the sequence {x,} generated by the modified Ishikawa
iteration method (1.8) converges weakly to a fixed point of T.
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Theorem 3.4. Suppose that C, H, T and the sequence {o,} are the same as in The-
orem 3.3 and > (y2 — 1) < co. Then the sequence {x,} generated by the modified
Mann iteration method (1.9) converges weakly to a fixed point of T.

4. Algorithms and strong convergence theorems

In view of Theorems 3.1 and 3.3, we note that the modified Ishikawa iteration
method (1.8) in general is not strongly convergent for either pointwise asymptoti-
cally nonexpansive mappings or asymptotically nonexpansive mappings. So to get
strong convergence one has to modify the iteration (1.8). In this section, we intro-
duce some hybrid iterative algorithms which are just involving one closed convex
set for pointwise assymptotically nonexpansive mappings and assymptotically non-
expansive mappings in Hilbert spaces. We also prove the strongly convergent of the
sequences generated by the proposed monotone hybrid methods in Hilbert spaces.

Algorithm 4.1. Let C be a nonempty closed convex subset of a real Hilbert space
‘H. Let for each i € N, T; : C — C be a uniformly L;-Lipschitzian and pointwise
asymptotically nonexpansive mapping with Fix(T;) # () and y;, : C — [I, +00)
(n € N) such that lim,_..;,(x) =1, for all x € C. Suppose that {«;,},-, and
{Bint2o(i€ N) are appropriate control sequences in (0,1) and let
F:= (2, Fix(T;)#0. Define the sequence {x,} by the following manner:

Xo € ‘H chosen arbitrarily,
Ci,l =C, C = ﬂ Ci,la X1 = PC1X07
i=1

y[,n = O‘i,nxn + (1 - O(i,n)T?Zm
Zy = ﬁi’nxn +(1- ﬂi,n)T;xna
Cingt ={z € Ci: [ly;n — 2| < || — 2|7
a1 = ) (1= BT (DI T =l + O},

o
Cn+1 = m Cz’,n+17 n =z la

i=1

X1 = P,

n+l1

where for each ieN and n>0, 0,=(1- oc,}n)(yin(p) — I)Vﬁ, V,=
sup,en{||xn — 2| 1 z € F} < o0.

(4.1)

X0, nz 07

Now, we verify the strongly convergent of the sequence {x,}, generated by the
hybrid iterative Algorithm 4.1 for a countable family uniformly Lipschitzian and
pointwise asymptotically nonexpansive mappings in a Hilbert space.

Theorem 4.2. Let C, H, T, F, 0, V, and the sequences {0}~ and {p;,,},~, for
n>=0 and i€ N, be the same as in Algorithm 4.1. If limsup, o, <1,
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limsup,_,.f;, < 1 and liminf, .B;, > 0, for each i € N, then the sequence {x,}
generated by Algorithm 4.1 converges strongly to Pgxy.

Proof. First, from Proposition 2.10, we note that Fix(7;) is a closed convex subset
of C, for each i € N. So F is a nonempty closed convex subset of C. This implies
that the projection Pr is well defined. Now, we show that C, is closed and convex
for all n > 1. For this end, we prove by induction on n that for each i € N, C;,, is
closed and convex. For n =1, C;; = C is closed and convex. Assume that C;,, is
closed and convex for some n € N. It follows from the definition C;,,; and Lemma
2.3 that C;,;; is also closed and convex. Hence C;, is closed and convex for all
neN. So C, is closed and convex for all » € N. Next we show that FC C,, for
each n > 1. By using Lemma 2.2(b), for each p € F, i € N and n > 1, we have

2 2
1in = PI" = lotin(xn = p) + (1 = 2i) (1720 — p)
< il = plI* + (1= e0,) | T2, — pl?

<ol = plI” + (1= e)77,(0) 120 = P’ (4.2)
and
20 = pII* = 11830 = P) + (1 = B, ) (Tix = p) I
= Biall%n = pI* + (1= B T1x0 = pII* = Bia(1 = Bia)llx = Tioxal |
< Biallen = P17+ (1= )75, )% = pII* = B (1= Bl — T
= [l = plI* + (1= B.) 37,(p) = Dllxa — pII”

= Bia(1 = Bia)llxu = T (4.3)
Substituting (4.3) in (4.2) yields

12 =PI < ol =PI+ (1= 2077, (0) [l — pII”
+ (1= B1) 77 (P) = Dlxa =PI = B (1= Bra)l|x0 — Tixall’]
= [0t + (1 = 06)77,(P) + (1 = 03) (1 = B;,,)72, () (07, (p) — D] |1,
—I* = Bl = i) (1= B, 75, () %0 = Tioca|?
<[+ (1 =06 (77, () = 1) + (1 = aa) 77, () (07, (P) = D],
= pI* = Bin(1 = 0a) (1= B, 77, (P) 150 = Tyl
<|lx, =l - ,-,,1(1—%,n)(l—ﬁi,n)vf,n(P)llxn—fonH2+9aw (4.4)

Therefore, p € C;,, for each i € N and n > 1. This implies that FC C, for each
n > 1 and so C,#0. Hence, the sequence {x,} is well defined. It follows from
X, = P¢,x9, Cp11 CC, and x,4, € C, that

Hxn - XOH g Hxn-H - xOH? Vl’l 2 1 (45)
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Since FC C,, for each n > 1, one has
|x, — x| < ||z — x|, VzeF, Vn=>1 (4.6)

The inequalities (4.5) and (4.6) imply that the sequence {x, — x(} is bounded and
nondecreasing, hence lim, ... ||x, — xo|| exists. Now, we verify that lim, .. ||x,1—
Xu|| = 0. For m > n, by the definition of C,, we have x,, = P¢,xo € C,, C C,.. By
Lemma 2.6, we obtain that

X — anz < lxm — x0||2 — ||Ix, — x0”2‘ (4.7)

Since lim, . ||x, — Xo|| exists, (4.7) implies that lim,_..||x,, — x,|| = 0. Hence {x,}
is a cauchy sequence in C and so x, —zy€ C as n— oo. Therefore,
limy, oo || Xs1 — Xu]] = 0.

Now, we show that lim,_,||x, — T;x,|| = 0, for each i € N. Let i,n € N. Since
Xnt1 € Cip, it follows from the definition of C;, that

%0 = X |I” = Bin(1 = ) (1 = Bi,) 7% (0) X — T2l + 0,
|xn — Xn+1 ||2 + Qiﬂl' (48)

Hyi,n = Xntl H2 <
<

From 0;, — 0, ||x, — x,41] — 0 as n— oo, and (4.8) we deduce that |y,,—
Xpi1]| — 0, as n — oo. On the other hand, we can rewrite (4.8) as below:

Biw(1 = 0 (1 = Bi,) 77, (P)|Xn — Tix,|?
< X — anHZ - ”yi.,n - xn+1||2 + 0i- (4.9)

Since limsup,, o, < 1, limsup, . B;, < 1 and liminf,_.f8;, > 0, foreachi e N,
we can choose € > 0 such that for each i € N, we have o;, <1 —-eand e < f;, <
1 — ¢, for large enough n € N. It follows from (4.9) that

. 1
60 = T2l < 5 (1 = Sl = 132 = St 4+ 60) =0, (4.10)

as n — oo. From L;-Lipschitzian of 7; (i € N), we conclude that
Hxn - T'ian < ||xn - xn-HH + Hxn-&-l - T7+1xn+l“ + HT?Jrlxn-&-l
- T;Hxn” + ”T;Hxn — Tix,||
< et = Xall [l = T 0 | 4 Ll —

+ L||Tx, — x| (4.11)
The inequalities (4.10), (4.11) and the fact that lim, . ||x,+1 — x,|| = 0 imply that
lim,..||x, — Tix,|| = 0, for each i € N. It follows from the boundedness of {x,},
Proposition 2.7 and lim,_||Tix, — x,|| = 0(i € N), that 0w, (x,) C F(T}), for
each i€ N, hence 0 # w,(x,) CF. From (4.6) conclude that |x, — x| <

|lu — xo|| for each n > 1, where u = Prx,. Now, Lemma 2.5 guarantees that
X, — u, as n — oo. This completes the proof. [
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Remark 4.3. In the weak convergence result of the iteration process (1.8) for
pointwise asymptotically nonexpansive mappings 7 (Theorem 3.1), there is a
restriction on the sequence of mappings y,: C — [l,00) (n € N) that is the
assumption

o

Z(Vﬁ(l?) —1) < o0, VpeFix(7),

n=1
while in Theorem 4.2 we do not need this assumption.

If ;, =1, for all i € N and n > 0, then Algorithm 4.1 reduces to the following
algorithm which is involving the modified Mann iteration for a countable family
uniformly Lipschitzian and pointwise asymptotically nonexpansive mappings in a
Hilbert space.

Algorithm 4.4. Let C, H, T; and {o;,},-, (i € N) be the same as in Algorithm 4.1
and suppose that F = (2, Fix(7;)#0. Define the sequence {x,} by the following
manner:

Xo € 'H chosen arbitrarily,
oo

Chi=C, C= ﬂ Ci1, X1 = Pc X,
i=1

Yin = %inXn + (1 - O‘lﬂ,n)T:‘?xna

Cini1 ={2€ Cip: [|yin — Z||2 < v, — Z||2 + 0in},

=

o
Cn+1 = CiJ1+17 n = 17
=1

\ Xn+1 = Pc

,,Hx()a n > 07

where for each ie N and n >0, 0;, = (1 — o) (y7,(p) — 1)VZ, V, = sup,cy
{l|xy —z|]| : z € F} < 0.

Theorem 4.5. Let C, H, T; and the sequences {%;,}, (i € N), be the same as in
Algorithm 4.4. If limsup,_ o, < 1, for each i € N, then the sequence {x,} gener-
ated by Algorithm 4.4 converges strongly to Prxy.

If7;=T,and o;,, = ,, foreachi € N and n > 0, then Algorithm 4.4 reduces to
the following modified Mann iteration algorithm involving a pointwise asymptot-
ically nonexpansive mapping.

Algorithm 4.6. Let C, H be the same as in Algorithm 4.1 and T: C — C be a
pointwise asymptotically nonexpansive mapping with Fix(7)#0 and
7, : C — [1,00) satisfying lim,_..7,(x) = 1, for all x € C. Define the sequence
{x,} by the following manner:
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Xo € H chosen arbitrarily,
Yn = UnXy + (1 - OC,JT"X,“
Cort ={z € Gt |y — 2" < v — 21 + 6.},

Xnt1l = PC,,H

where 0, = (1 — o) (72(p) — I)Vi, V. =sup,end{llx, —z|| 1 z € F} < 0.

X0, nz 05

Theorem 4.7. Let C, H, T, F and the sequence {a,},",, be the same as in Algorithm
4.6. If imsup, . o, < 1, then the sequence {x,} generated by Algorithm 4.6 con-
verges strongly to Prxy.

Algorithm 4.8. Let C be a nonempty closed convex subset of a real Hilbert space
Hand let T;: C— C(i € N) be an asymptotically nonexpansive mapping with
Fix(T;)#0 and {y,,},~,C[l,400) (i € N) satisfying lim,_.7;, =1, for each
i € N. Assume that {o;,},~, and {f,,},~(i € N) are appropriate control sequences
in (0, 1) and suppose that F = (° le( ;)#(0. Define the sequence {x,} as follows:

(X9 € H chosen arbitrarily,
Ci,l =C, C = ﬂ Ci,la X1 = PCIXOa
i=1

,V,',n = OinXn + (1 - o‘i,n)T?va

Zn = ﬁi,n'xﬂ + (1 - ﬁi,n)T';xm

Cinp1 ={z€Cip: ”yi,n - ZHZ [, —
_ﬂin(l — o) (1 — zn)VlnHTnxﬂ - xn” + Oin}s

n+1:ﬂczn+la nz 17
i=1

X1 = Pc,,

2
|

X0, 07

where for each i € N and n > 0, 0;, = (1 — 2;,,) (7, — V2, V, = sup,cn{||x.—
z]| 1z € F} < 0.

Theorem 4.9. Suppose C, H, T;, F and the sequences {a;,}, , and {p,,},—, (i € N)
are the same as in Algorithm 4.8. If limsup, . o;, <1, limsup, . B, <1 and
liminf, ...p;, > 0, for each i € N, then the sequence {x,} generated by Algorithm
4.8 converges strongly to Prx.

If p;, = 1,foralli € Nand n > 0, then Algorithm 4.8 collapses to the following
algorithm which is involving the modified Mann iteration for a countable family
uniformly Lipschitzian and asymptotically nonexpansive mappings in a Hilbert
space.

Algorithm 4.10. Let C, H, T; and {a;,},—, (i € N) be the same as in Algorithm 4.8
and assume that F = (2, Fix(7;)#0. Define the sequence {x,} as below:
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Xo € ‘H chosen arbitrarily,
o0

Ci,l =C, (= ﬂ Ci,la X1 = Pclxm
i=1

1
yi,n = OinXn + (1 - O‘i.n)T'[xna

B . ) ) (4.12)
Cing1 = {ze Cin yin—zll” < lxa — 2" + Biﬁn}7

00
Cn+l == m Ci,n+l7 n= 17
i=1

\ Xpt+1 = PC X0, n > 07

n+1

where for each ieN and n=0, Oin = (1— oc,-_yn)(y?_’n — I)Vﬁ,
V,=sup,n{llx, —z|| : z € F} < 0.

If7;,=T,and o, = a,, foreach i € N and n > 0, then the modified Mann iter-
ation (4.12) reduces to the modified Mann iteration processes (1.6) introduced by
Inchan (2008).

Corollary 4.11. [Theorem 3.1, Inchan, 2008]. Let H be a Hilbert space and let C be
a nonempty closed convex subset of H. Let T be an asymptotically nonexpansive
mapping of C into itself such that Fix(T)# (. If limsup,_ o, <1, then the
sequence {x,} generated by (1.6) converges strongly to zo = Prix()Xo.

If for each i € N, T; = T be a nonexpansive mapping and o;,, for each i € N
and n > 0, be the same as in Algorithm 4.10, then the modified Mann iteration
(4.12) reduces to the modified Mann iteration processes (1.5) introduced by
Takahashi et al. (2008).

Corollary 4.12. [Takahashi et al. (2008), Theorem 4.1]. Let ‘H be a Hilbert space
and let C be a nonempty closed convex subset of H. Let T be a nonexpansive
mapping of C into itself such that Fix(T)#0. If 0 < o, < a <1 for all n € N, then
the sequence {x,} generated by (1.6) converges strongly to zy = Prix()Xo.
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