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GEOMETRY OF DEGENERATE HYPERSURFACES 

AUREL BEJANCU 

ABSTRACT. In this paper we investigate the geometry of degenerate 
hypersurfaces of semi-Riemannian manifolds. It is found that such hy­
persurfaces carry a special type of distribution (the screen distribution) 
which plays an important role in determining the geometry of the hyper­
surface. A fundamental existence theorem for degenerate hypersurfaces 
is proved and several results on the degenerate hypersurfaces of Lorentz 
space are obtained. In particular, it is shown that the geometry of de­
generate hypersurfaces of Lorentz space mainly reduces to the study 
of the geometry of the Riemannian foliation defined by the canonical 
screen distribution. 

INTRODUCTION 

The geometry of submanifolds in manifolds endowed with some ge­
ometrical structures has been intensively studied and several important 
results have been obtained (see [2),[7], [11), [13], [30], [31] and the refer­
ences therein). In case the ambient space is a semi- Riemannian manifold, 
degenerate submanifolds have been introduced and investigated ( cf. [3]­
[7], [8],[10], [14]-[16],[23]-[25]). The study of a degenerate submanifold 
is essentially different from the one of a non-degenerate submanifold be­
cause of the lack of a canonical transversal bundle which has to replace 
the normal bundle from the classical theory of Riemannian submanifolds. 

The purpose of the present paper is to present to the reader the 
author's point of view with respect to the differential geometry of degen­
erate hypersurfaces. In the first section we introduce the reader to the 
general theory of semi-Riemannian and degenerate manifolds. In section 
2 we construct the transversal vector bundle (see [4] for the general case), 
give examples and define the induced geometric objects on a degenerate 

1991 Mathematics Subject Classification. 53C55,53C25, 53C15. 
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2 AUREL BEJANCU 

hypersurface. The main ingredient in our study is the screen distribution 
on a degenerate hypersurface. In case the ambient space is either a time­
orientable Lorentz manifold or a semi- Euclidean space, we construct a 
canonical screen distribution. In section 3 we present the Gauss- Codazzi 
structure equations and prove the Fundamental Theorem for degenerate 
immersions. Section 4 is devoted to the study of totally geodesic and to­
tally umbilical degenerate hypersurfaces. The canonical screen distribu­
tion is used in the last section for new results on degenerate hypersurfaces 
of a Lorentz space. Here we show that the study of differential geometry 
of a degenerate hypersurface Min a Lorentz space R~n+Z, mainly reduces 
to the study of differential geometry of the Riemannian foliation defined 
by the canonical screen distribution S(T M). 

1. SEMI-RIEMANNIAN MANIFOLDS 
AND DEGENERATE MANIFOLDS 

Let M be a real (m + 2)-dimensional smooth manifold and g a sym­
metric tensor field of type (0,2) on M. Thus g assigns smoothly to each 
point x of M, a symmetric bilinear form !Jx on the tangent space TxM. 
The dimension of the largest subspace Wx C TxM , on which 9x is neg­
ative definite is called the index of !Jx on TxM. In the present paper we. 
suppose !Jx is non-degenerate on TxM and the index of 9.r is the same 
for all x E M. Thus each TxM becomes a (m + 2)- dimensional semi­
Euclidean space. The tensor field g satisfying the above conditions is 
called a semi-Riemannian (pseudo-Riemannian) metric and M endowed 
with g is called a semi-Riemannian (pseudo-Riemannian) manifold. 

The geometry of semi-Riemannian manifolds and its applications to 
relativity theory is very well presented in [19]. We only introduce here the 
main concepts from the geometry of semi-Riemannian manifolds, which 
are necessary for developing a theory of degenerate hypersurfaces. 

As TxM is a semi-Euclidean space, a tangent vector u E 1~M is said 
to be 

spacclike, if Yx( u, u) > 0 or u = 0, 
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GEOMETRY OF DEGENERATE HYPERSURFACES 3 

timelike, if 9x(u, u) < 0, 

lightlike (null), if 9x(u,u) = 0 and u #- 0. 

We keep the same terminology for vector fields on M and even for vector 

fields on degenerate hypersurfaces. 

Suppose q is the index of M, that is, q is the commou value of the 

index of 9x for any x E M. In case q = 1, M (resp. g ) is called a 

Lorentz manifold (resp. Lorentz metric). In the present paper we suppose 

0 < q < m + 2, that is, g cannot be positive or negative definite. 

Denote by F( M) the algebra of smooth real functions on M and 

by r(T M) the F(M)-module of smooth vector fields on M. Similarly, 

for any vector bundle E over M, denote by f(E) the F(M)-module of 

smooth sections of E. Throughout the paper we keep the above notation 

for any other vector bundle. 

Next, consider a linear connection V on the semi-Riemannian mani­

fold (M, g). We say that '\7 is a metric connection (Riemannian connec­

tion) if the metric tensor field g is parallel with respect to '\7, i.e., if we 

have 

(1.1) ('\7 x9)(Y, Z) = X (g(Y, Z)) - g('\7 x Y, Z) - g(Y, '\7 x Z) = 0, 

for any X, Y, Z E f(T M). The following result is of great importance for 

the geometry of semi-Riemannian manifolds. 

Theorem 1.1 ([19], p. 61 ). On a semi-Riemannian manifold there 

exists a unique torsion-free metric connection. 

The metric connection from the above theorem is called the Levi­

Civita connection and it is given by 

2g('\7 x Y, Z) 

(1.2) 

X(g(Y, Z)) + Y(g(X, Z))- Z(g(X, Y)) + g([X, Y], Z) 

+g([Z, X], Y)- g([Y, Z], X), V X, Y, Z E f(T M). 

In case M is a semi-Riemannian manifold of constant sectional curva­

ture cit is denoted by M(c). Then the curvature tensor field R of M(c) 
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4 AUREL BEJANCU 

is given by 

(1.3) R(X, Y)Z = c(g(Y, Z)X- g(X, Z)Y), V X, Y, Z E r(TM). 

Example 1.1. On Rm+ 2 we consider the semi-Euclidean metric 

q-1 m+l 
(1.4) g(x, y) =- L .TiYi + L xaya, 

i=O a=q 

of index 0 < q < m + 2. Denote by R~+2 the semi-Euclidean space 
(Rm+ 2 ,_ij) with g given by (1.4). The Levi-Civita connectin on H'J'+ 2 is 
defined by 

m+l a 
VxY = L X(YA) 8xA' 

A=O 

(1.5) 

where Y = YA(ajaxA). Finally, the curvature tensor field R of V van­
ishes and therefore R~+ 2 is of constant curvature c = 0. 

Example 1.2. In a semi-Euclidean space R'J'+ 2 define the pscudospher·e 
of radius r > 0 by 

and the pseudohyperbolic space of radius r > 0 by 

Both s;"+ 1(r) and H;;_1 1 (r·) are totally umbilical semi- Riemannian sub­
manifolds of index q and q - 1 of constant curvature c = 1/r2 and 
c = -1/r2 , respectively. 

Next, suppose M is a real ( m + 1 )-dimensional smooth manifold and g 

is a symmetric tensor field of type (0,2) on M such that 9x is of constant 
index q on 1~M for any x E M. Define the radical subspace of TcM by 
(cf. [1]) 

Rad Tr:M = {v E TxM: g(v,u) = 0, VuE TxM} 
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We say that ( M, g) is an r-degenerate manifold if the mapping Rad T M 
assigns to each x E M the radical subspace Rad TxM defines a smooth 
distribution of rank r > 0 on M. In this case Rad T M is called the 
radical distribution on M . By the above definition we have 

(1.6) g(V, X) = 0, V X E r(T M), V E r(Rad T M). 

Moreover, it is easy to see that ( M, g) is r-degenerate if and only if g has 
a constant rank m- r + 1 on M. 

In literature such manifolds have been studied under several names: 
singular Riemannian spaces ([14],[18],[28],[29]), degenerate Riemannian 
manifolds ([12], [20]), degenerate pseudo-Riemannian manifolds ([26]), 
degenerate manifolds ([17]), isotropic spaces ([25]) and lightlike manifolds 
( [7]). 

Now, suppose Rad T M is an integrable distribution. Then there 
exists a coordinate system (U; x 1 , .•. , xm+l) on M such that ( xa), a E 
{1, ... , r} are the coordinates on a leaf M' of Rad T M and xi = ci, 
i E { r + 1, ... , m + 1} are the local equations of M'. As g is r·-degenerate 
on TM, from (1.6) we derive 

Thus the matrix of g with respect to the natural frame field becomes 

( l 7) [ ] = [ Or,r Or,m-r+l ] 
· 9 1 m+l ' Om-r+l,r 9ij(X 1 ···,X ) 

i,j E {r+1, ... ,m+1}. 

In case, with respect to the above coordinate system we have 

( ) 8gij = 0 { } { } 1.8 Bxa , aE 1, ... ,r, i,jE r+1, ... ,m+l, 

we say that M is a Reinhart degenerate manifold. We use the name 
of Reinhart because the class of Riemannian foliations satisfying (1.8) 
(bundle-like metrics) introduced in 1959 by Reinhart (21], were later 
named as Reinhart spaces ( cf. [27]). 
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A vector field X on the degenerate manifold M is said to be a Killing 
vector field if 

(1.9) (Lxg)(Y, Z) = X(g(Y, Z))- g([X, Y], Z)- g([X, Z], Y) = 0 

for any Y, Z E f(T M). A distribution D on M is said to be a Killing 
distribution if each vector field that belongs to b is a Killing vector field. 

An important research matter in the geometry of degenerate mani­
folds is the study of the existence of some particular linear connections 
on such manifolds. In this respect we state the following result. 

Theorem 1.2. Let (M,g) be a degenemte manifold. Then the following 
assertions are equivalent: 

(i} ( M, g) is a Reinhart degenemte manifold. 

(ii} Rad T M is a Killing distribution. 

(iii} There exists a torsion-free linear connection \7 on M such that g is 
parallel with respect to \7. 

Proof. (i) =? (ii). Suppose M is a Reinhart degenerate manifold. As Rad 
T M is integrable we may consider a coordinate system (U; x 1 , ••• , xm+l) 
such that any X E f(Rad TM) is locally expressed as X= Xa.(ajaxa.). 
In this way, Lxg = 0 is equivalent to 

for any Y, Z E f(T M). By using (1.6) and taking into account that 
Rad T M is integrable, it is easy to check that when at least one of 
vector fields Y and Z belongs to Rad T M, (1.10) is identically satisfied. 
Now take Y = 8/Bxi and Z = 8/Bxi, i,j E {r+ 1, ... , m+ 1 }, and (1.10) 
follows by using (1.8). Hence Rad T M is a Killing distribution. 

(ii) =? (i). Suppose Rad T M is a Killing distribution, that is, (1.9) 
holds for any X E f(Rad T M) and Y, Z E f(T M). Consider Y E 
f(Rad T M) in (1.9) and by using (1.6) obtain g([X, Y], Z) = 0, for any 
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Z E f(T M). Hence [X, Y] E f(Rad T M), that is, Rad T M is involutive, 
and by Frobenius theorem, it is integrable. Finally, take X = ajaxa E 

f(Rad T M), Y = aj axi and Z = aj axi in (1.9) and obtain (1.8). Hence 
( M, g) is a Reinhart degenerate manifold. 

(iii) ::::} (ii) Suppose there exists a torsion-free linear connection \7 on M 
and g is parallel with respect to \7. Then, by using (1.1), we obtain 

(Lxg)(Y, Z) = g(\lyX, Z) + g(Y, \7 zX) = Y(g(X, Z)) + Z(g(X, Y)) 

-g(X, \lyZ)- g(X, \lzY) = 0, 

for any X E f(Rad T M) andY, Z E f(T M). Hence Rad T M is a Killing 
distribution on M. 

(ii) ::::} (iii). As (ii) is satisfied, from the proof of (ii) ::::} (i) it follows that 
Rad T M is integrable. Consider Rad T M as a ( m + 1 + r )-dimensional 
manifold with local coordinates (xa,xi,ya), where (xa,xi) are the lo­
cal coordinates on M induced by the foliation determined by Rad T M 
and (ya) are coordinates on fibres of vector bundle Rad T M. Thus the 
coordinate transformations on Rad T M are given by 

where B$(x) = axajaxf3. Hence we obtain 

Thus there exists a vector bundle N M over M, locally spanned by 
{ajaya}, a E {1, ... ,r}, and transversal to TM, i.e., we have 

(1.11) T(Rad TM)IM = TM EB NM. 

Next, as M is assumed to be paracompact, we consider a Riemannian 
metric G on M and a complementary orthogonal distribution S(T M) to 
RadTM in TM with respect to G. Thus (1.11) becomes 

(1.12) T(Rad T M)IM = S(T M) EB Rad T M EB N M. 
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We should note that N M and Rad T Mare vector bundles of rank rover 
M such that the transition matrices from {a I aycx} to {a I ag/3} and from 
{alaxcx} to {alaxP} are the same. Hence any section N = Na(alaya) 
of N M defines a section N* = N(X (a I ax ex) of Rad T M. Now' denote 
by A, B and C the projection morphisms of T(Rad T M)IM on S(T M), 
Rad T M and N M respectively, and define 

(1.13) g(X, Y) = g(AX, AY) + G(BX, (CY)*) + G(BY, (CX)*), 

for any X, Y E f(T(Rad TM)IM)· It is easy to verify that g is a semi­
Riemannian metric on the manifold Rad T M and the degenerate metric g 
is the restriction of g to f(T M). Denote by V the Levi-Civita connection 
on (Rad TM,g) and set 

(1.14) 
.... a 
VxY = VxY + Bcx(X, Y)-a , V X, Y E I'(TM), ycx 

where V x Y E f(T M) and Bcx(X, Y) E :F(M). It follows that V is a 
torsion-free linear connection on M and Ba are symmetric bilinear forms 
on f(T M). Moreover, by using (1.9), (1.13) and (1.14), and taking into 
account that g is parallel with respect to V we obtain 

0 = (Lxg)(Y, Z) = -g(X, VyZ + V zY) = -2Bcx(Y, Z)G (X, a~cx), 

for any X E r(Rad T M) and Y, z E f(T M). Since T > 0 and G is a 
Riemannian metric on the distribution Rad T M we deduce Ba( Y, Z) = 0, 
for a E {1, ... ,r}. It follows VyZ = \7yZ, that is g is parallel with 
respect to V. This completes the proof of the theorem. 

We close this section with some remarks on the assertions of Theorem 
1.2. The equivalence of (ii) and (iii) was first proved in [20) by using the 
theory of G- structures. The class of linear connections from (iii) was first 
considered in [18). The quadratic forms satisfying (1.8) were studied in 
[9) and [22). Finally, we consider the vector bundle T M* = T M I Rad T M 
and the canonical projection p: T M-+ T M*. Then on T M* there exists 
a semi- Riemannian metric g* defined by 

g*(pX, pY) = g(X, Y), V X, Y E f(T M). 
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In [17] was proved the equivalence of (ii) with 

(iv) There exists a unique metric connection V* on T M* such that 

V'XpY- VypX- p([X, Y]) = 0, V X, Y E f(TM). 

It seems to the author that results from the theory of Riemannian foli­
ations might be of interest for further research into degenerate manifolds. 
Actually, Vranceanu [29] has already applied his theory of non-holonomic 
spaces to the study of some invariants in the geometry of degenerate man­
ifolds. 

2. THE INDUCED GEOMETRIC OBJECTS ON A 

DEGENERATE HYPERSURFACE 

Let (M,g) be a (m + 2)-dimensional semi-Riemannian manifold of 
index 0 < q < m + 2 and M be a hyprsurface of M. Then g induces 
a symmetric tensor field g of type (0,2) on M. Suppose (M, g) is a 
degenerate manifold, that is, Rad T M defines a distribution of rank 
r > 0 on M. As usual, for any x EM define 

and consider the vector bundle 

It is easy to see that M is degenerate if and only if Rad T M = TM l.. 
Therefore, in this case r = 1, and T Ml. (the former normal bundle for 
a non- degenerate hypersurface) becomes a distribution on M and rank 
g = m on M. 

Now suppose M is locally given by the equation 

(2.1) F( 0 m+l) _ 0 X, ... ,X - , 

where F is differentiable on a domain D C Rm+2 and rank 
[F~o, ... 'F~rn+!l = 1. Denote 9AB = g(ajfJxA, ajax8) and consider the 
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gradient vector field of F defined by 

(2.2) d F - -ABp' F' gra - g xA xB, 

where gAB are the entries of the inverse matrix of [gAB]· As grad F is 
normal to M we conclude that M is degenerate if and only if grad F 

at any x E M lies in TxM, i.e., (grad F)x is a null vector with respect 
to g. Thus by using (2.2) we obtain the following characteri2ation for 
degenerate hypersurfaces. 

Theorem 2.1. M is a degenemte hypersurface of M if and only if on 

any coordinate neighborhood U C M on which M is given by (2.1)) F 

satisfies the partial differential equation 

(2.3) -ABp! F' 0 g xA xB = ' 

at any point of M. 

In order to study the geometry of the degenerate hypersurface M we 
need a complementary vector bundle to TM in T M which is going to 
replace T M .L from the classical theory of Riemannian hypersurfaces. To 
this end we consider a complementary vector bundle S(T M) to TM .L in 
T M, i.e., we have 
(2.4) TM = S(TM) l. TM.L. 

Clearly S(T M) is also orthogonal to TM ..L. Throughout the paper l. and 
EB will denote orthogonal direct sum and a direct but not orthogonal sum 
respectively. As M is assumed paracompact, there always exists S(TM). 
Moreover, we show later in this section how to construct a canonical 
distribution on some special degenerate hypersurfaces. Motivated by the 
fact that the lightlike rays on the null cone (see Example 2.1) lie on T M ..L 
and hence fibres of S(T M) are visualized as transversal screens to these 
rays, we call S(T M) a screen distribution. 

It is easy to verify that S(T M) is non-degenerate and therefore we 
have 
(2.5) T MIM = S(T M) l. S(T M).L, 

where S(T M)..L is the orthogonal complementary vector bundle to S(T M) 
in T MIM· Moreover, S(T M).L is a vector bundle of rank 2 and T M.L is a 
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vector sub bundle of S(T M)l_. Consider a complementary vector bundle 
F to TMl_ in S(TM)l_ and take sections V E f(Fiu) and~ E r(TM1t), 
where U is a coordinate neighborhood of M. Note that g(~, V) :f- 0, 
otherwise S(T M)l_ would be degenerate on U. Finally, define the vector 
field 

(2.6) N = 1 {v _ g(V, V) ~} 
g(~,v) 2g(~, V) ' 

on U. By direct calculation, it follows that 

(2.7) g(N, N) = g(N, W) = 0, V WE f(S(T M)lu), 

and 
(2.8) g(N,e) = 1. 

In case we take another coordinate neighborhood U* C M such that 
U n U* :f- ¢>, denote by N* the corresponding vector field given by (2.6). 
Then C = o{ and N* = (1/a)N. Hence we have a line vector bundle 
over M whose sections satisfy (2. 7) and (2.8). Finally, it is easy to check 
that any line bundle satisfying (2. 7) and (2.8) has sections given by (2.6). 
Clearly N is nowhere tangent toM. Therefore we may state the following 
result on which is based the theory of degenerate hypersurfaces. 

Theorem 2.2. Let (M,g,S(TM)) be a degenemte hypersurface of a 
semi-Riemannian manifold (M, g). Then there exists a unique line vector 

bundle tr(T M) over M such that its sections satisfy (2. 7) and (2.8) on 
any coordinate neighborhood. 

By using (1.1 ), (1.2) and Theorem 2.2 we obtain 

(2.9) T MIM = S(T M) ..l (T M ffi tr(T M)) = T M ffi tr(T M). 

The last decomposition in (2.9) is a motivation for us to call tr(T M) 

the transversal vector bundle of M with respect to S(T M). For the 
construction of the transversal vector bundle to a degenerate submanifold 
of arbitrary codimension see [4]. 

Example 2.1. In R1 consider the null cone M given by the equation 
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It is easy to verify that 
3 a 

e = 2: xAa A' 
A==O X 

is a null vector field tangent toM and g(e, X)= 0 for any X E f(T M). 
Hence T M l. = Span { 0. Then consider along M the vector field 

N= -x -+ x-1 ( o a 2:3 
a a ) 

2(x0)2 axo a=l axa . 

By using g from (1.4) in case of Rf we deduce g(N, e) = 1 and g(N, N) = 
0. Hence we may take tr(T M) =Span {N} and obtain 

S(TM) = {x E f(TM): X= t,xa a~a' t,xaxa = 0}. 
In a similar way it follows that the null cone of R';+ 2 is a degenerate 
hypersurface. In this case we have 

m+1 a 
e 2: xAa A' 

A==O X 

1 { q-1 . a m+l a } 
N = - ~ x'-. + ~ xa-

2 .._..q-1 (xi)2 ~ ax• ~ axa ' 
~,==0 ,=0 a-q 

{ 
m+l a q-l m+l } 

S(TM) = X E r(TM): X= E XA a.rA' t;xixi = 0, ~ xaxa = 0 . 

Example 2.2. In R~ consider the hypersurface M given by the equation 

1 x3 = xo + 2(xl + x2)2. 

It is easy to verify that M is a degenerate hypersurface and 

.L , { a ( 1 2) a ( 1 2) a a } 
T M =Span e = axo + X +X axl - X +X ax2 + ax3 . 

Consider 

{ a 1 2 a a ( 1 2) a } 
S(T M) = Span w1 = ax1 - (x +X ) axo' w2 = ax2 + X +X ax3 
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and obtain 

Example 2.3. We cut the unit pseudosphere s;m+1 (1) by the hyper­
plane x 0 - x 1 = 0 and obtain a degenerate hypersurface M of Sim+l(l) 
with 

.l { a a } TM =Span axo + axt . 

Consider the screen distribution S(T M) spanned by 

{ w: - 2m +I a i a } 
i-1 -X axi -X ax2m+1 ' iE{2, ... ,2m}. 

Then by using (2.6) we obtain the transversal vector bundle spanned by 

Now, we come back to the general study of a degenerate hypersurface 
(M,g) of (M,.iJ). Denote by V the Levi-Civita connection on M with 
respect to .iJ. Then by using the second decomposition in (2.9) we obtain 

(2.1 0) 

(2.11) 

VxY + B(X, Y)N, and 

-ANX + T(X)N, 

for any X, Y E f(T M). It follows that \7 is a torsion-free linear con­
nection on M, but in general g is not parallel with respect to \7. More 
precisely, by using (2.10) and taking into account that V is a metric 
connection, we obtain 

(2.12) (V xg)(Y, Z) B(X, Y)ry(Z) + B(X, Z)ry(Y), 

V X, Y, Z E r(1'M), 

where 
(2.13) ry(X) = g(X, N), V X E f(T M). 
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B is a symmetric bilinear form on f(T'M) which we call the second 
fundamental form of M. The following result is important for the study 
which follows in the paper. 

Proposition 2.1. The second fundamental form of M does not depend 
on the screen distribution on M. 

Proof. Suppose S(T' M) and S(T' M)' are two screen distributions on M 
and B and B' are the corresponding second fundamental forms. Then 
by using (2.10) and (2.8) for both distributions we obtain 

(2.14) B(X, Y) = g('\7 x Y, e) = B'(X, Y), V X, Y E I'(T M), 

which proves our assertion. 

As a consequence of (2.14) we deduce 

(2.15) B(X,e) = 0, V X E f(TM); 

that is, B is degenerate. 

AN from (2.11) is a F( M)-linear operator on f(T' M) which we call 
the shape operator of M. The main property of AN is stated in the next 
proposition. 

Proposition 2.2. The shape operator of a degenerate hypersurface has 
an eigenvalue..\ = 0. 

Proof. From (2.11), taking into account that N is a null vector field, we 
obtain 
(2.16) g(ANX, N) = 0 V X E f(T M). 

Thus AN X has no component in T M l_ which implies rank AN < m + l, 
and we get the assertion. 

Remark 2.1. In general, the 1-form r from (2.11) is not identically zero 
as it is in case of non-degenerate hypersurfaces. For the null cone we 
have r(e) = -1 (see Example 4.3). 

Remark 2.2. We note that both B and T depend on the section e of 
T M l_. Indeed, in case we have e* = o{, it follows N* = (1/ a)N and 
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from (2.10) and (2.11) we get B* = aB and T(X) = T*(X) + X(loga) 
for any X E f(T M). 

As in the case of non-degenerate hypersurfaces we call (2.10) and 
(2.11) the Gauss and Weingarten formulas for the degenerate hypersur­
face M. 

Now, according to the decomposition (2.4), we set locally 

(2.17) 

and 
(2.18) 

Y'xY = Y'xY + C(X, Y)e, 

for any X E f(T M) and Y E r(S(T M)). We call C the second fun­
damental form of S(T M). From (2.17) we deduce that C is symmetric 
on r(S(TM)) if and only if S(TM) is integrable. A( is a f(S(TM))­
valued linear operator on f(T M) and we call it the shape operator of 
S(TM). By using (2.18), (2.10) and (2.15) we obtain£= -T. Hence 
(2.18) becomes 
(2.19) vxe = -Aex- T(X)( 

We have to note that B and AN are not related as in the case of non­
degenerate hypersurfaces. More precisely, by using (2.10), (2.11), (2.17) 
and (2.19) we easy obtain 

(2.20) B(X, Y) = g(A(X, Y), V X, Y E f(TM), 

and 

(2.21) C(X,Z) = g(ANX,Z), V X E f(TM), Z E f(S(TM)). 

Take X = e in (2.20) and by using (2.15) we derive 

(2.22) 

We call (2.17) and (2.18) the Gauss and Weingarten formulas for the 
screen distribution S(T M). 
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We show here how to construct a screen distribution on a degenerate 
hypersurface of a time-orientable Lorentz manifold. To this end we recall 
(see [19], p. 149) that on a time-orientable Lorentz manifold (M, g) there 
exists a unit timelike vector field which we denote by L. Denote by 1J 
the timelike distribution spanned by L on M and set 

TM = D ..L Di., 

where Dj_ is the spacelike distribution that is complementary orthogonal 
to D. Thus at any point of M, e has the unique decomposition 

(2.23) 

where e- E r(D) and e+ E f(Dj_ ). Suppose e- = aL and define 

(2.24). V = -aL, 

where a is a differentiable function on U C M. It is easy to check that 
Vis nowhere tangent toM. Indeed g(V, 0 = a2 of. 0 at any point of M, 
otherwise e- = 0 which together with (2.23) implies e = 0, and this is 
a contradiction. As L is globally defined on M we obtain a line bundle 
S'pan{V} over M. We consider the vector bundle J{ = TMj_(J) Span{V} 
and claim that it is non-degenerate. In fact, suppose there exists a point 
x E M and a vector Xx E Kx such that 

From the first equality it follows Xx E TxM. As TxM n I<x = TxMj_ 
we deduce that Xx is colinear with ex, and hence g(Vx,Xx) of. 0, which 
contradicts the above second equality. Finally, denote by S(TM) the 
orthogonal complementary vector bundle to I< in T MIM· As S(T M) is 
ortogonal to TMj_, S(TM) nTMj_ = {0} and it is of rank m, it follows 
that S(TM) is a distribution on M and TM = S(TM) ..L TMj_. Hence 
S(T M) is a screen distribution on M which from now on we call the 
canonical screen distribution on M. By using (2.6) and (2.24) we obtain 

(2.25). 
1 1 

N = -(V +-e). 
a2 2 
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We call the vector bundle spanned by N the canonical transversal bundle 
of M. 

Theorem 2.3. Let M be a tirne-orientable Lorentz manifold such that 
the tirnelike distribution D is parallel with respect to V. Then the canon­
ical screen distribution on M is integrable. 

Proof. Let X, Y E f(S(TM)). Then by using (2.25) and taking into 
account that V is a metric connection we derive 

.iJ([X, Y], N) 
1 1 ~ ~ 

-~.iJ([X, Y], L) = --g(\7 x Y- \ly X, L) 
a a 

1 ~ ~ 
~{g(Y, \lxL)- g(X, \lyL)} = 0. 
a· 

Due to (2.8) we conclude that [X, Y] has no component with respect to 
(. Hence [X, Y] E f(S(T M)), that is, S(T M) is integrable. 

The above canonical screen distribution has been constructed (see [3]) 
for any degenerate hypersurface M of R';;'+2 , q > 1, in the following way. 
Suppose M is locally given by the equations 

A fA( 0 m) X= U, ... ,U , AE{O, ... ,m+1}. 

Then T M j_ is spanned by 

where DA are the determinants 

ar ajA-l ajA+1 ajm+1 

DA = 
au0 au0 au0 au0 

ajo a1A-1 aJA+1 ajm+l 

aum aum aum aum 

Then locally on U C M we consider the vector field 

q-1 a 
V = :~.) -1)i~1 Di-.' 

i=O ax' 
(2.26) 
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which is nowhere tangent toM. Moreover, we show that all vector fields 
V span a line bundle H over M. Then it is proved that the comple­
mentary orthogonal vector bundle to the non-degenerate vector bundle 
I< = H EB T Ml. is a screen distribution on M. This is the canonical 
distribution on M. 

Remark 2.3. In general, the canonical screen distribution on a degen­
erate hypersurface of R';+2 with q > 1 is not integrable. In R~ consider 
M from Example 2.2 and conclude that the canonical screen distribution 
is spanned by {WI, W2}· But [WI, W2] = 8j8x0 +8/8x3 , which does not 
lie in f(S(TM)). 

3. THE GAUSS-CODAZZI EQUATIONS AND THE FUNDAMENTAL 

THEOREM FOR DEGENERATE HYPERSURFACES 

Let M be a degenerate hypersurface of a semi-Riemannian manifold 
(M,g). Denote by R and R the curvature tensor fields of V and V 
respectively. Then by using (2.10) and (2.11) we obtain 

(3.1) R(X, Y)Z = R(X, Y)Z + B(X, Z)ANY- B(Y, Z)ANX + 

{ (V x B)(Y, Z)- (Vv B)(X, Z) + r(X)B(Y, Z)- r(Y)B(X, Z)}N, 

for any X, Y, Z E f(T M), where we set 

(3.2) (VxB)(Y,Z) = X(B(Y,Z))- B(VxY,Z)- B(Y, VxZ). 

Taking the components of R(X, Y)Z with respect to S(T M), T Ml. and 
tr(T M), by direct calculations we obtain the following result. 

Theorem 3.1. (cf. [6]). Let (M,g,S(TM)) be a degenemte hypersur­
face of the semi-Riemannian manifold (M, g). Then the Gauss- Codazzi 
equations of M are given by: 

(3.3) g(R(X, Y)Z, W) = g((R(X, Y)Z, W) + B(X, Z)C(Y, W) 

(3.4) g(R(X, Y)Z, e) 

-B(Y, Z)C(X, W), 

(V x B)(Y, Z)- (Vv B)(X, Z) 

+r(X)B(Y, Z)- r(Y)B(X, Z), 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



GEOMETRY OF DEGENERATE HYPERSURFACES 

(3.5) g(R(X, Y)W, N) g(R(X, Y)W, N) 

(\7 xC)(Y, W)- (\lyC)(X, W) 

+T(Y)C(X, W)- T(X)C(Y, W), 

(3.6) g(R(X, Y)~,N) g(R(X, Y)~, N) = C(Y, A(X)- C(X, A(Y) 

-2dT(X, Y), 

for any X, Y, Z E f(T M) and WE f(S(T M)), where we set 

(3.7) (VxC)(Y, W) = X(C(Y, W))- C(\lxY, W)- C(Y, VxW), 

and 

(3.8) 
1 

dT(X, Y) = 2{X( T(Y))- Y( T(X))- T([X, Y]) }. 

19 

As in the case of Riemannian manifolds we define the Ricci tensor of 
the induced connection \7 on (M,g,S(TM)) by 

Ric (X, Y) =trace { Z -t R(X, Z)Y}, V X, Y E f(T M). 

Consider the local frame field {W;, 0 on U C M, where {W;}, i E 

{ 1' ... ' m} is an orthonormal basis of r ( s ( T M) IU). Then we deduce 

m 

(3.9) Ric (X, Y) = L E;g(R(X, W;)Y, W;) + g(R(x, OY, N), 
i=l 

where f; = -1 or+ 1 according as W; is timelike or spacelike respectively. 
By using the Bianchi first identity with respect to \7 and taking account 
of (3.3) in (3.9) we obtain 

m 

(3.10) Ric (X, Y)- Ric (Y, X) - L c:;{ C(X, W;)B(Y, W;) 
i=l 

-C(Y, W;)B(X, W;)} 

+g(R(X, Y)~, N). 

On the other hand, by direct calculation, using (2.20) and (2.21 ), we 
deduce 

m 

(3.11) C(Y,A(X) = LE;B(X, W;)C(Y, W;). 
i=l 
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Finally, by using (3.11) and (3.6) in (3.10) we obtain 

Ric (X, Y) - Ric(Y, X) = -2dr(X, Y), V X, Y E f(T M). 

Hence we may state the following important result. 

Theorem 3.2. Let (M,g, S(T M)) be a degenemte hypersurface of(M, g). 
Then the Ricci tensor of the induced connection V is symmetric if and 
only if on each U C M there exists a closed 1- form r, i.e., dr = 0 on 
U. 

In particular, for a degenerate hypersurface of a 4-dimensional Lorentz 
manifold, Theorem 3.2 was proved in [15]. 

Next, we want to present a Fundamental Theorem for degenerate 
hypersurfaces, that is, to find geometrical conditions for the existence of 
an immersion of a degenerate manifold in a semi-Euclidean space. To 
this end we start with a !-degenerate ( m + 1 )-dimensional manifold M 
of index q - 1, m > 0, q > 0. Suppose there exists a line vector bundle 
F over M such that E = T M EB F is a semi- Riemannian vector bundle 
with a semi-Riemannian metric g satisfying the condition 

(C1 ) g(X, Y) = g(X, Y), g(Z, V) = g(V, V') = 0, 

for any X, Y E f(T M), Z E f(S(T M)) and V, V' E f(F). Since g is 
non-degenerate onE we have g(U, V) -/=- 0 for any non-zero vector fields 
U E f(Rad TM) and V E f(F). 

Furthermore, we suppose there exists a torsion-free linear connection 
V' on M and a linear connection V" on vector bundle F, satisfying 

(C 2 ) g(V'xU, V) + g(U, V'{r V) = X(g(U, V)), 

for any X E f(T M), U E f(Rad T M) and V E f(F). Consider a screen 
distribution S(T M) on M, i.e., we have 

(3.12) TM = S(TM) l_ Rad TM. 

Hence we may set 

*I * 
(3.13) V'xW =Vx W+ h' (X, W), VX E r(TM), WE r(S(TM)), 
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and 

* *" (3.11) V'xU = - A' (U, X)+ \1 x U, \:1 X E f(T M), U E f(Rad T M), 

* I * * 
where \1 x W and A' (U, X) belong to I'(S(T M)) while h' (X, W) and 
*" *' *" \1 x U belong to f(Rad T M). It is easy to verify that \1 and \1 are 

linear connections on vector bundles S(T M) and Rad T M respectively, 
* * 

and h' and A' are F(M)-bilinear forms on I'(TM) x f(S(TM)) and on 
r(Rad TM) X r(TM), respectively. With respect to these geometric 
objects we suppose the following conditions are satisfied: 

* * * 
(C3) A' (U, U) = 0, g( A' (U, X), Y) = g(A' (U, Y), X), 

* 
(C4) (\l~g)(W, W') = (\l~g)(U, U) = 0, (\l~g)(W, U) = g(A' (U, X), W) 

* * 
(C 5 ) (V~ A')(U, Y) = (\1~ A')(U, X), 

for any X, Y E r(T M), W, W' E f(S(T M)) and U E r(Rad TM), where 
we put 

* *' * * *" * (V'x A')(U,Y) ="Vx (A' (U,Y))- A' (Vx U,Y)- A' (U,V'xY). 

Finally, denote by R' the curvature tensor of \1' and suppose the 
following conditions are fulfilled: 

* * * * 
(C6) g(R'(X, Y)Z, W) = g(A' (h' (X, W), Y)- A' (h' (Y, W), X), Z), 

(C7) .§(R'(X, Y)Z, V) = 0, 

for any X, Y, Z E r(T M), WE f(S(T M)) and V E f(F). In what follows 
we denote by g the semi-Euclidean metric on R'J'+ 2 given by (1.4). 

Theorem 3.3 (Fundamental Theorem for Degenerate Hypersur­
faces). Let (M,g, S(TM)) be a 1-degenemte simply connected (m + 1)­
dimensional manifold of index q- 1, endowed with the vector bundle F 

*I * 
and geometric objects g, \1', V", h and, A' satisfying conditions ( C1} -
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( C7). Then there exists a degenemte isometric immersion 

f: (M,g,S(TM)) -t (R;'+ 2 ,g), 

z.e., g(f*X, f*Y) = g(X, Y), V X, Y E f(T M) 

and a vector bundle isomorphism J: F -t tr(T f M), such that 

* * * 
f*(A' (U, X)) =A1• U(!*X), f*(h' (X, W)) = C(!*X, f* W)J*e, 

for any X, Y E f(T M), U E f(Rad T M), WE f(S(T M)) and V E f(F), 
where tr(T f M) is the transversal vector bundle of M with respect to 

* f*(S(TM)), and \7,T,A and Care geometric objects induced on JM by 
the Gauss and Weingarten formulas with respect to the immersion f. 

* 
Proof. First, by using A' define the F( M)-bilinear form 

* 
(3.15) h' : f(T M) x f(T M) -t f(F); g(h'(X, Y), U) = g(A' ( U, X), Y), 

for any X, Y E r(T M) and U E r(Rad T M). Note that based on the 
last two equalities in condition (Ct), h' is well defined. Due to (C3 ) we 
see that h' is symmetric and satisfies 

(3.16) h'(X, U) = 0, VX E r(TM). 

*' Next, by means of h, and using (3.12), we define 

A' : f(F) x f(T M) -t r(T M) by 
* 

(3.17) g(A'(V, X), W) = g(h' (X, W), V); g(A'(V, X), V') = 0, 

for any X E f(T M), W E f(S(T M)) and V, V' E f(F). These two 
geometric objects enable us to define the differential operator V by 

(3.18) V x Y = \7~Y + h'(X, Y), V X, Y E f(T M), 

and 

(3.19) VxV = -A'(V,X) + \7~V, v X E r(TM), v E r(F). 
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It is easy to verify that V is a linear connection on E. Moreover, by 
using (3.18) we deduce 

(3.20) (V x9)(Y, Z) = ('v~g)(Y, Z)- g(h'(X, Y), Z)- _ij(h'(X, Z), Y), 

for any X, Y, Z E f(T M). By using (C4 ), (Ct), (3.15) and (3.16) in the 
right hand side of (3.20) we infer 

(V x9)(Y, Z) = 0. 

On the other hand, by using (CI), (3.13) and (23.17) we obtain 

(V x9)(W, V) = 0, V WE f(S(T M)), V E r(F). 

Conditions (CI) and (C 2 ) yield 

(V x9)(U, V) = 0, VUE r(Rad T M), V E f(F). 

Finally, by using (C 1 ), (3.19) and the second relation in (3.17) we obtain 

(V x9)(V, V') = 0, V V, V' E f(F). 

Summing up, due to the above equalities, we conclude that Vis a metric 
connection on E. 

Next, by using (3.15), we deduce 

* * 
(3.21) h'(X, A' (U, Y)) = h'(Y, A' (U, X)), V X, Y E f(T M), 

U E f(Rad T M). 

Then, taking into account that Vis a metric connection and using (3.13) 
(3.15), (3.18), (319) and (3.21), we see that (C5 ) is equivalent to 

(3.22) (V~h')(Y, Z) = (V~h')(X, Z), V X, Y, Z E f(TM), 

where we set 

(V~h')(Y, Z) = V~(h'(Y, Z))- h'(V~Y, Z)- h'(Y, V~Z). 
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Moreover, by using (3.15), we see that (C6 ) is equivalent to 

* 
(3.23) g(R'(X, Y)Z, W) = g(h'(Y, Z), h' (X, W)) 

* 
-g(h'(X, Z), h' (Y, W)), 

By using (3.18), (3.19), (C7), (3.22) and (3.23) and performing some 
calculations similar to those for the Gauss-Codazzi equations we conclude 
that the curvature tensor R of V vanishes identically. Now, consider a 

0 0 

point u EM and orthonormal vectors {Wo, ... , W m+I} from the fibre Eu 
0 0 0 0 

such that {Wo, ... , Wq-d and {Wq, ... , W m+d are timelike and space-
like, respectively. Since M is simply connected and R vanishes, there 

0 0 

exist unique global extensions {W0 , ... , W m+d parallel with respect to 
V. These global sections are pointwise orthonormal and have the same 

0 0 

causal character as {W0 , ... , W m+d since g is parallel with respect to 
V7. 

In the present proof we use the range of indices:A,B, ... E { 0, ... , m + 
1};a,{3, ... E {O, ... ,m};i,j, ... E {O, ... ,q-1};a,b ... E {q, ... ,m+1}. 

Now we consider a coordinate system (U; u 0 , ... , um) around u E M 
and set f) I fJuCi = s~ WA. Hence the local components of the degenerate 
metric g on M are given by 

(3.24) ( 
f) f) ) q-1 . . m+l 

9a.(3 = g ~ Ci, ~ (3 =- 2:: s~s~ + 2:: s~s~. 
UU UU l=O a=q 

Taking into account that {WA} are parallel with respect to V we obtain 

(3.25) v a _!!_ = as~ WA. 
au/3 fJua. fJuf3 

By using (3.18) and (3.25) we derive 

as~ ast 
fJuf3 fJua.· 

(3.26) 

Thus the 1-forms wA S ~ du a are closed and therefore they are exact 
on U, that is, there exist smooth functions JA such that wA = dJA or, 
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equivalently, 

Define f : U ___,. R;;'+ 2 by f = (1°, ... , jm+ 1 ) and note that 

Then, by using (3.24), we deduce 

That is, f is a degenerate immersion of U in R;;'+2 . As a consequence, 
U = f(U) becomes a degenerate hypersurface of R';;'+ 2 . 

Next, define the isomorphism of vector bundles (linear isometry be­
tween fibres) 

<I> : TU E8 P1u -t T R';+ 21u, <I>(WA) = EA, 

where {EA} is the canonical orthonormal frame field on U. Note that <I> 

carries isometrically TU onto TU. Indeed 

Moreover, the radical distribution and the screen distribution are pre­
served by <I>. 

The Levi-Civita connection on Rr;'+ 2 with respect tog is denoted by 

V. Then taking into account that {WA} and { EA} are parallel with 
respect to V and V respectively, we infer 

<I>(VxY) = VJ.xf*Y and <I>(VxV) = VJ.x<I>V, 

for any X, Y E f(TU) and V E f(Fiu). By using (3.18), (3.19) and 
the Gauss and Weingarten formulas for the degenerate hypersurface U 
of R"'+2 we deduce 

q ' 
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and 

Moreover, from (3.13) and (3.14), we obtain 

* * * 
f*(A' (U,X)) =A1.u f*X, f*(h' (X, W)) = C(f*X,f*W)f*( 

It is easy to check that all these local immersions are determined up to 
an isometry of Rr,:+ 2 • 

Now, denote by Tr(TU) the transversal vector bundle of U with re­
spect to the screen distribution S(TU) = f*(s(TU)). It follows that 
tr(TU) = 4>(Fiu). Thus we have a vector bundle isomorphism f!u : 
F1u ~ tr(TU) which is the restriction of 4> to FlU· 

Therefore we constructed both f and f on U C M satisfying the 
relations in the theorem. 

Finally, since M is simply connected, the local degenerate immersions 
will be glued together as in the case of non-degenerate hypersurfaces, and 
give us the global degenerate isometric immersion f : M ~ nr,:+2 . More­
over, S(TU) and S(TU*) coincide on U n U* since they are restrictions 
of S(T M) to coordinate neighborhoods U and U* respectively. Hence 
S(TU) and S(TU*) coincide on z1 n U* and thus we obtain a screen dis­
tribution S(T f M) off M. Since tr(T f M) is unique and coincides locally 
with tr(TU), there exists a global isomorphism f : F ~ tr(Tf M) which, 
together with f, satisfy the relations of the theorem. This completes the 
proof of the theorem. 

4. SPECIAL CLASSES OF DEGENERATE HYPERSURFACES 

It is the purpose of this section to introduce and study some important 
classes of degenerate hypersurfaces and give examples. 

Let (M, g, S(T M)) be a degenerate hypersurfaceof a semi-Riemannian 
manifold (M,g). If any geodesic of M with respect to an induced con­
nection V' is a geodesic of M with respect to the Levi-Civita connection 
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'V, we say that M is totally geodesic. The theorem which follows shows 
that the definition does not depend on the screen distribution. 

Theorem 4.1. Let (M, g, S(T M)) be a degenemte hypersurface of(M, g). 
Then the following assertions are equivalent: 

(i) M is totally geodesic. 

(ii) The second fundamental form of M vanishes identically on M. 

(i'ii) The shape opemtor· of S(T M) vanishes identically on M. 

(iv) There exists a unique torsion-free metr·ic connection 'V induced by 
'V. 

(v) TM j_ is a parallel distribution with respect to 'V. 

(vi) T M j_ is a Killing distribution on M. 

(vii) M is a Reinhart degenemle manifold. 

The equivalence of conditions (i) through (vi) is proved in [6], and due 
to Theorem 1.2 we see that (vii) is equivalent with (vi). 

Example 4.1. For the sake of simplicity of calculations we consider 
rn = 1 in Example 2.3. Hence the degenerate surface is obtained by 
cuting Sf(l) with the plane x 0 - x 1 = 0. Denote by 'V' and V the 
Levi-Civita connections on Rf and Sf( 1) respectively. Then we have 

'V~Y = VxY + h(X, Y)N' = 'VxY + B(X, Y)N + h(X, Y)N', 

for any X, Y E f(T M), where his the second fundamental form of Sf(l) 
in Rf and N' is the position vector field on Sr(l ). Since B(X, 0 = 
0 for any X E r(T M) we only need to calculate B(W1 , W1 ), where 
W _ 3 a 2 a Th t 

1 - X ox2 - X ox3 • US We Se 
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o 2 a o, 3 a } ( ) ~ A a +2x X ax2 + 2x X OX3 + h Wb Wl ~X axA. 
A=O 

Using (1.5) for V' we obtain a = x0 , f3 = 0, B(W1, W1 ) = 0 and 
h(W1 , W1 ) = -1. Thus M is a totally geodesic degenerate surface of 
8{(1) and the unique induced metric connection on M is given by 

"Vw1 W1 = x0~, "Vw1e = VeW1 = 0. 

In a similar way can be proved that any degenerate great hypersphere of 
sr ( r) is totally geodesic. 

Example 4.2. A hyperplane M x 0 

degenerate in R-;'+2 if and only if 

q-1 m+l 

1 + L ( c;) 2 = L ( Ca) 2. 

i=l a=q 

In this case T M _i is spanned by 

a q-1 a m+l a 
e = a 0 - L Ci-a, i + L Ca a a ' 

X i=l X a=q X 

and therefore V xe = 0 for any X E f(T M), where '\7 is the Levi-Civita 
connection on R'J'+ 2 . Hence M is totally geodesic in R-;'+ 2 • 

Next, we say that a degenerate hypersurface M of (M,g) is totally 
umbilical if there exists locally on each U C M a function p such that 

B(X, Y) = pg(X, Y), \1 X, Y E l'(T M). 

According to Proposition 2.1 the definition does not depend on the screen 
distribution. Therefore, due to (2.15), M is totally umbilical if and only 
if there exists a function p such that 

(4.1) B(X, Y) = pg(X, Y), \1 X, Y E f(S(T M)), 

where S(T M) is a screen distribution on M. By using (2.20) and ( 4.1) 
it follows that M is totally umbilical if and only if the shape operator of 
a screen distribution S(T M) satisfies 

* ( 4.2) A€ X= pX, , V X E f(S(TM)). 
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Theorem 4.2 ([6]). Let (M,g, S(TM)) be a totally umbilical degen­
erate hypcrsurface of a (m + 2)-dimensional semi-Riemannian manifold 
of constant curvature (M(c),g). then p satisfies the partial differential 
equation 

e(p) + pr(O- p2 = o, 
and the curvature tensor of M is given by 

R(X, Y)Z = c{g(Y, Z)X- g(X, Z)Y} + p{g(Y, Z)ANX- g(X, Z)ANY}, 

for any X, Y, Z E f(T M1u). Moreover, if m > 1 then p satisfies the 
partial differential equations 

X(p) + pr(X) = 0, V X E f(S(TU)iu). 

The above necessary conditions for M to be totally umbilical seems 
to be very strong conditions on the geometry of M. That is why we need 
to prove the existence of totally umbilical submanifolds. 

Example 4.3. Suppose M is the null cone of R';+ 2 • Then, based on 
Example 2.1, e is the position vector field, and it is globally defined on 
M. Thus, by using (2.10), (2.15) and (1.5), we obtain 

(4.3) vxe = flxe = x, vx E r(TM). 

Next, by using (2.19) in ( 4.3), we deduce 

( 4.4) A(X + r(X)e +X= 0, V X E f(TM). 

Hence for any X E f(S(TM)) from (4.4) we derive 

(4.5) r(X) = 0, 

and 
* Ae X= -X, 

that is, M is totally umbilical and p = -1 with respect to the above e. 
Moreover, from ( 4.4) and (2.22) we obtain r(e) = -1. Hence Theorem 
3.2 implies the following important result for the geometry of the null 
cone. 
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Theorem 4.3. The Ricci tensor of the induced connection \7 on the null 

cone of R';+ 2 is symmetric. 

By using the general theory we developed in the previous sections for 
degenerate hypersurfaces, we may obtain new results on the geometry of 

the null cone. The next theorems support this assertion. 

Theorem 4.4. On the null cone M of R';+ 2 there exists a foliation of 

codimension 1. 

Proof. We prove that the screen distribution presented in Example 2.1 
is integrable. First, by using (1.5) and N from Example 2.1, we obtain 

1 m+l 

(4.6) g(Y, VxN) = 22.:q-l( i)2 L xAyA, 
t=O X A=O 

where X= XA(ajaxA) andy= yA(ajaxA) belong to r(S(T M)). As 

V is a torsion - free metric connection we deduce 

g([X, Y], N) = g(X, Vy N) - g(Y, v X N) = 0, 

for any X, Y E f(S(T M)). Hence [X, Y] E f(S(T M)), and this com­
pletes the proof. 

Theorem 4.5. Let M be the null cone of R';+2 J m > 0 . Then AN~ = 0 
and any other eigenvector .field Y =/= a~ is either spacelike or· timelike 

according as the corresponding eigenfunction is negative or positive! re­

spectively. 

Proof. Take X E r(S(TM)). By using (1.5), (2.10) and (2.15) we obtain 

(4.7) 
_ Aax8 a 

\7€X = \7€X =X axA axB. 

Differentiating 

i=O a=q 

with respect to xi and xb, respectively, we easily obtain 

q-1 i A a xi t; X X axA = 0, 
m+I axa 
L xaxA a A = 0. 
a=q X 
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Thus, taking account of (4.7), we deduce that VeX E f(S(TM)) and 
(2.17) implies 
( 4.8) c(e, x) = o. 
This, combined with (2.16) and (2.21 ), yields ANe = 0. Now, denote by 
P the projection morphism ofT M on S(T M) and use (2.4) to obtain 

(4.9) Y = PY + 1J(Y)e, VY E r(T M). 

Then by using ( 4.9), (2.21 ), ( 4.8), (2.11) and ( 4.6) we infer 

g(ANY, Y) g(ANPY + 1J(Y)ANe, PY) = g(ANPY, PY) 
1 m+l 

---::-- '"""{(P X)A} 2 < 0 
22:;,:~(x') 2 ~0 ' 

(4.10) 

for any Y =/= a( If Y is an eigenvector field and ,\ is the eigenfunction, 
i.e., ANY= .\Y, we can use (4.10) to deduce 

.\g(Y, Y) < 0, 

which proves the theorem. 

Furthermore, as c = 0 and p = -1 for the null cone M of R~+2 , , we 
derive from Theorem 4.2 that 

(4.11) R(X,Y)Z=g(X,Z)ANY-g(Y,Z)ANX, VX,Y,ZEf(TM). 

In particular, we obtain the following result. 

Theorem 4.6. Let M be the null cone of the Lorentz space R7_'+ 2 • Then 
we have 

(ii) The curvature tensor of the induced connection on M is given by 

R(X, Y)Z = ( l ) {g(Y, Z)P X - g(X, Z)PY}, V X, Y, Z E f(T M). 
2 xO 2 
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Proof. Consider X, Y E r(S(T M)) and, by using (2.11) and ( 4.6), obtain 

since X 0 = Y 0 = 0. Thus by Theorem 4.5 we have the assertion (i). 
Finally, taking into account of (4.11) and assertion (i), we derive the 
formula in assertion (ii). 

Theorem 4. 7. a degenemte surface M of a 3-dimensional Lorentz man­
ifold M is either totally umbilical or totally geodesic. 

Proof. Let U be a coordinate neighborhood of M and S(TM) be a 
screen distribution spanned by W on U. If M is not totally geodesic, 
define p = B(W, W)jg(W, W) and (4.1) is satisfied. Hence M is totally 
umbilical. 

It is interesting to investigate the existence of some other totally um­
bilical degenerate hypersurfaces of semi-Euclidean spaces. In this respect 
the author succeeded in determining all totally umbilical degenerate hy­
persurfaces of R~ (cf. [5]). 

5. DEGENERATE IIYPERSURFACES OF LORENTZ SPACES 

Let M be a degenerate hypersurface of the Lorentz space R'{'+ 2 given 
by the equation 
(5.1) F(x0 , ... ,xm+l)=O, 

where F is differentiable on a domain D C Rm+ 2 and rank [F~o ... F~=+ 1 ] = 
1 on M. Moreover, according to (2.3), the partial derivatives of first order 
ofF satisfy 

m+l 
(5.2) (F~o) 2 = L (F~a) 2 . 

a=l 

Thus f'::o =f. 0 on M, which enables us to consider T M l. spanned by 

(5.3) 
a 1 m+l a 

e---+-"" F'-- 8x° F' L..J xa axa. 
x 0 a=l 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



GEOMETHY OF DEGENERATE HYPEHSUHFACES 33 

Consider the transversal vector bundle spanned by 

(5.4) 

X= XA(ajaxA) belongs to r(S(TM)) if and only if 

m+l 

(5.5) X 0 = 0 and "'"' XaF'' - 0 ~ .r·a- . 

a=l 

Remark 5.1. As R';'+ 2 is a time-orientable Lorentz manifolds with L = 

a;ax0 , comparing (2.25) with (5.4) we see that the above distribution is 
just the canonical screen distribution on M. 

By using (1.5) and (5.4) we obtain 

(5.6) 

for any X, Y E r(TM). Since B is symmetric, by using (2.6) we derive 

g([X, Y], N) g(VxY- VyX,N) 

(5.7) g(X, VyN)- g(Y, VxN) = 0 

and 

(5.8) 
- - 1 

g(\leX,N) = g(\leX,N) = -.iJ(X, \leN)= 2,B(~,X) = 0, 

for a.ny X, Y E f(S(T M)). In view of (5.7) we may state the following 
result. 

Theorem 5.1. The canonical screen distribntion of a dcgcncmte hyper­
snrface M of Rf[1+ 2 is integrable. 

Taking account of (2.11) and (2.21) in (5.6) we see that the funda­
mental forms of M and S(T M) are related by 

(5.9) B(X, Y) = 2C(X, Y), V X, Y E f(T M). 
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In a similar way, from (5.8) we deduce 

( 5.10) C(C X)= 0, V X E f(S(TM)). 

Next, using (2.11) and (5.6), and taking account of (2.15), we derive 

(5.11) 
- 1 

T(X) = g(VxN,O = -2B(CX) = 0. 

lienee, due to Theorem 3.2 and (5.11) we state the following result. 

Theorem 5.2. The Ricci tensor of the induced connection on any de­
genemte hypersurface M of R'{'+2 is symmetric. 

Taking account of (5.9)- (5.11) we see that the Gauss-Corlazzi equa­
tions of (3.3) - (3.6) become 

(5.12) 

(5.1:)) 

(5.14) 

g(R(X, Y)Z, PW) 

(V X B)(Y, Z) 
g(R(X, Y)Z, N) 

2{C(PY, PZ)C(P X, PY) 

-C(P X, PZ)C(PY, PW)}, 

(VyB)(X, :0), 

0, 

for any X, Y, Z, W E f(T M), where P is the projection morphism of 
TM on the canonical screen distribution. Thus, by (5.12) and (5.14), we 
deduce that the curvature tensor of a degenerate hypersurface of R'{'+ 2 

is given by 

(5.15) R(X,Y)Z = 2{C(PY,PZ)PX- C(PX,PZ)PY}. 

Now, suppose M is a totally umbilical degenerate hypersurface of 
R7'+ 2 • Then by using (4.1), (5.9) and (5.15) we deduce the following 
result. 

Theorem 5.3. The curvature tensor of a totally umbilical degenemtc 
hypersurface of R'{'+2 is given by 

R(X, Y)Z = p{g(PY,PZ)PX- g(PX,PZ)PY}. 

Now, suppose M* is a leaf of the canonical screen distribution and 
R* is the curvature tensor field of the induced connection on M* by V. 
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Then by direct calculations, using (2.17), (3.5), (5.11 ), (2.20) and (S.9), 
we obtain 

(5.16) g(R(X, Y)Z, W) g(R*(X, Y)Z, W) + 2{C(X, Z)C(Y, W) 

-C(Y, Z)C(X, W)}, 

for any X, Y, Z, W E f(T M*). Comparing (5.16) with (5.15) we conclude 

(5.17) R(X, Y)Z = ~ H*(P X, PY)P Z, V X, Y, Z E r(T M) 

Finally, taking account of (2.10), (2.17) and U.i.9) we deduce 

(5.18) B*(X, Y) = B(X, Y) (~e + N), 
for any X, Y E f(T M*), where B* is the second fundamental form of M* 
as a non-degenerate submanifold of codimension two in R''{1+2 • Based on 
(5.17) and (5.18) we may state the following important result. 

Theorem 5.4. A dcgenemte hypersurface M of lt{'+ 2 is 

(i} flat 

(ii} totally umbilical 

(iii} totally geodesic 

if and only if, any leaf of the canonical screen distribution is immersed 
as a non-degenemte submanifold of codimension two in R''{'+2 • 

Thus, as a final conclusion we may say that the differential geometry 
of a degenerate hypersurface of a Lorentz space is intimately related to 
the geometry of an arbitrary leaf of the canonical screen distribution. In 
particular, if M is a degenerate Monge hypersurfacc of R{, the results of 
this section are included in [7]. 
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FOUR-DIMENSIONAL ALMOST KAHLER MANIFOLDS 
OF POINTWISE CONSTANT 

HOLOMORPHIC SECTIONAL CURVATURE 

J.T. CHO AND K.SEKIGAWA 

ABSTRACT. In this paper we prove that the theorem of Schur holds for 
the class of 4-dimensional almost Kahler manifolds. 

1. INTRODUCTION 

Let M = ( M, J, g) be an almost Hermitian manifold and U ( M) the 
unit tangent bundle of M. Then the holomorphic sectional curvature 
H = H(x) (x E U(M)) can be regarded as a differentiable function 
on U(M). If the function H is constant along each fiber, then M is 
called a space of pointwise constant holomorphic sectional curvature. 
Especially, if H is constant on the whole of U(M), then M is called a 
space of constant holomorphic sectional curvature. An almost Hermitian 
manifold M = (M, J,g) is called a Hermitian manifold if the a.lmost 
complex structure J is integrable. On one hand, an almost Hermitian 
manifold M = ( M, J, g) is called an almost Kahler manifold if the Kahler 
form is closed (or equivalently, Sx,Y,zg((VxJ)Y,Z) = 0)). A Hermitian 
manifold M = ( M, J, g) with the closed Kahler form is called a Kahler 
manifold. A Kahler manifold is characterized by an almost Hermitian 
manifold with the parallel almost complex structure with respect to the 
Levi-Civita connection ( cf. [6]). It is well-known that the theorem of 
Schur holds for the class of Kahler manifolds, namely that a real 2n( 2: 4 )­
dimensional Kahler manifold of pointwise constant holomorphic sectional 
curvature is of constant holomorphic sectional curvature. However, A. 
Gray and L. Vanhecke ([2]) have proved that the theorem of Schur does 

1991 Mathematics Subject Classification. 53C55,53C25, 53Cl5. 
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not hold anymore for the class of Hermitian manifolds by constructing 
examples of Hermitian manifolds of pointwise constant holomorphic sec­
tional curvature which are not of constant holomorphic sectional curva­
ture. It is a natural question to consider whether the theorem of Schur 
holds for a given class of almost Hermitian manifolds. 

In the present paper, we show that the theorem of Schur holds for 
the class of four- dimensional almost Kahler manifolds. More precisely, 
we shall prove the following 

Main Theorem. Let M = ( M, J, g) be a four-dimensional almost 
Kahler manifold of pointwise constant holomorphic sectional curvature. 
Then M is a ]{ iihler manifold of constant holomorphic sectional curva­
ture. 

The above Theorem is an improvement of the result by T.Sato ([4], 
Corollary 3.5). 

2. PRELIMINARIES 

Let M = (M, J, g) be an almost Hermitian manifold. We denote 
by n and N the Kahler form and the Nijenhuis tensor of M defined 
respectively by D(X, Y) = g(X, JY) and N(X, Y) = [J X, JY]- [X, Y]­
J[J X, Y]- J[X, JY] for X, Y E ':l.(M), (l:(M) denotes the Lie algebra 
of all smooth vector fields on M). We note the the Nihenhuis tensor 
satisfies the following equalities. 

(2.1) N(X, Y) = -N(Y, X), N(JX, Y) = -JN(X, Y). 

for X,Y E l(M). Further, we denote by \l,R,p and r the Rieman­
nian connection, the curvature tensor, the Ricci tensor and the scalar 
curvature of M, respectively. Here the curvature tensor, R, is defined by 

R(X, Y)Z = ['Vx, 'Vv]Z- 'Vrx,v]Z, 

for X, Y, Z E l(M). Further, we denote by p* and r* the Ricci *-tensor 
and the *-scalar curvature defined respectively by 

(2.2) p*(x,y) = g(Q*x,y) =trace (z ~---> R(x,Jz)Jy), 
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(2.3) T* = trace Q*, 

for x,y,z E TrM, p EM. 

Now, we put 

G(x,y,z,w) = R(.T,y,z,w)- R(x,y,Jz,Jw), 

where R(x,y,z,w) = g(R(x,y)z,w), for x,y,z,w E TPM(p EM). T. 

Sato ([3]) has proved the following 

Proposition 2.1. J.~ct M = ( M, J, g) be an almost Hermitian manifold 

of pointwise constant holomorphic sectional curvature c = c(p), p E M. 
Then we have 

(2.1) 
c(p) 

R(x,y,z,w) = - 4-Ro(x,y,z,w)+P(x,y,z,w), 

where 

Ro(x, y, z, w) 

and 

P(x, y, z, w) 

g(x,w)g(y,z)- g(x,z)g(y,w) 

+g(x, Jw)g(y, J z)- g(x, J z)g(y, Jw) 

-2g(x, Jy)g(z, Jw), 

1 
96 [26{G(x,y,z,w) + G(z,w,x,y)} 

-6{G(Jx, Jy, Jz, .Jw) + G(Jz, .Jw, Jx, Jy)} 

+13{G(x,z,y,w) + G(y,w,x,z)} 

-G(.T,w,y,z)- G(y,z,x,w)} 

-3{G(.Jx, .Jz, Jy, Jw) + G(.Jy, Jw, .Jx, Jz) 

-G(Jx,Jw,Jy,Jz)- G(Jy,Jz,.fx,Jw)} 

+4{G(.'r,Jy,z,Jw) + C(Jx,y,Jz,w)} 

+2{G(x,Jz,y,Jw) + G(.Jx,z,Jy,w) 

-G(x, Jw, y, .J z)- G( .J x, w, .Jy, z)}], 

for x,y,z,w E TpM, p EM. 
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It is also well-known that the following identities hold for an almost 
Kahler manifold M = (M,J,g) (d. [5]): 

(2.5) 2g(("Vx.l)y,z) = q(Jx, N(y,z)), 

for x,y,z,w E TpM(p EM), and 

(2.6) 

By (2.5) and the Ricci identity, we have further 

G(x, y, z, w) 
1 . = 4{g(x,N(N(z,w),y)) -g(y,N(Iv(z,w),:r))} 

(2.7) -~{q(x, J('V yN)(.f z, w)) - g(y, J(\7 xN)( Jz. w))} 

for x, y, z, w E TPM, p E M (d. [5]). Taking account of (2. 7), Proposi­
tion 2.1 reduces to the following 

Proposition 2.2. Let M = (lvl, J,g) be an almost Kahler man~fold 
of pointwise constant holomorphic sectional curvature c = c(p)(p E 1\1). 

Then we have 

where 

and 

c(p) 
R( x, y, z, w) = - 1- R0 ( x, y, z, w) + P ( x. y, z, w), 

R0 (x, y, z, w) = g(x, w)g(y, z)- g(x, z)g(y, w) 

+g(x,.fw)g(y,Jz)- g(x,Jz)g(y,Jw) 

-2g(x, Jy)g(z, .fw), 

P(x,y,z,w) 
1 -= 4 _96 [28{g(x,N(N(z.w),y))-g(y,N(i'V(z,w),.x))} 

+20{g(z, N(N(x, y), w))- g(w, N(N(:r, y), z))} 

+14{g(x, N(N(y,w),z))- g(z,N(N(y,w),:r))} 

+lO{g(y, N(N(x, z), w))- g(w, N(N(x. z), y))} 
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+14{g(w, N(N(y, z), x))- g(x, N(N(y, z), w))} 

+lO{g(z,N(N(x,w),y))- g(y,N(N(x,w),z))}] 
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1 + 2 . 96 [26{g(Jy, (V xN)(J z, w))- g(Jx, (V'yN)(J z, w)) 

+g( Jw, (V' zN)(Jx, y )) - g(J z, (V' wN)(J x, !J ))} 

-6{g(y, (V JxN)(z, Jw))- g(x~ (V JyN)(z, Jw)) 

+g(w, (V' JzN)(x, Jy))- g(z, (V' JwN)(x, Jy))} 

+13{g(Jz, (V'xN)(Jy, w))- g(Jx, (V'zN)(Jy, w)) 

+g( Jw, (V'yN)(Jx, z))- g(Jy, (V wN)( J x, z)) 

+g(J:~:, (V' wN)(Jy, z))- g(Jw, (V' xN)(Jy, z)) 
+g( Jy, (V zN)(Jx, w )) - g(J z, (V'yN)(J x, w ))} 

-3{g(z, (V' JxN)(y, Jw))- g(x, (V JzN)(y, Jw)) 

+g(w,(V'JyN)(x,Jz))- g(y,(V'JwN)(x,Jz)) 

+g(x, (V' jwN)(y, Jz))- g(w, (V' JxN)(y, Jz)) 

+g(y, (V JzN)(x, Jw))- g(z, (V JyN)(x, Jw))} 

+1{ -g(y, (V xN)(J z, Jw))- g(J x, (V JyN)(J z, Jw )) 

-g(x, (V'yN)(Jw, Jz))- g(Jy, (V JxN)(Jw, Jz))} 

+2{g(w, (V'xN)(Jy, Jz)) + g(Jx, (V' JwN)(Jy, Jz)) 

+g(x, (V'wN)(Jz, Jy)) + g(Jw, (V' JxN)(Jz, Jy)) 

-g(z, (Y'xN)(Jy, Jw))- g(Jx, (V JzN)(Jy, Jw)) 

-g(x, (V zN)( Jw, Jy )) - g(J z, (V' JxN)(Jw, Jy )) } ] , 

for x,y,z,w E TpM,p EM. 

From (2.1), we have also 

(2.8) (V zN)( J X, Y) = -(V zJ)N(X, Y) - J(V x N)(X, Y) 

-N((V zl)X, Y) 

for X, Y, Z E l(M). 

In the sequel, we shall consider the case dim M = 4. Then, from 
Proposition 2.2, taking account of (2.1 )-(2.8) by long and tedius calcula­
tions, we have 
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Proposition 2.3. Let M = (M, J, g) be a four-dimensional almost 
Kahler manifold of pointwise constant holomorphic sectional curvature 

c = c(p)(p E M). Then we have 

Rtztz 

R1231 

Rt324 

Rtzt3 

Rt434 

R1124 

where we set A;j = g(e;,(Y'e1 N)(et,e3)),Rijkl = R(e;,ej,ek,ei) for a 
unitary basis { e;} = { e11 ez = Je 1, e3, e4 = Je3} of TPM, p E M. 
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From the above Proposition 2.3, we have easily 

(2.9) T + 3T* = 24c. 

3. PROOF OF THE MAIN THEOREM 

Let M = ( M, J, g) be a four-dimensional almost Kahler manifold of 
pointwise constant holomorphic sectional curvature c = c(p)(p E M). 

First, we shall calculate the square norm IIRII 2 of curvature tensor at 
an arbitrary point p of M. Let {e;} = {e1,e2 = Je 1,e3,e4 = Je3} be 
any unitary basis of TPM. By direct calculation, we have the following 
general formula 

(3.1) IIRII 2 = 4 'L,(Rialb + R~a2b + R;a3b + R~a4b) 
a,b 

-4(Ri212 + Ri313 + Ri414 + R~323 + R~424 + R~434) 
+8(Ri234 + Ri324 + Ri432). 

Taking account of Proposition 2.3, we have 

9 2 1 2 1 )2 26 * )2 -gc + -g(A12 - A2t) + -g(Au + A22 + 322 ( T - T 

a,b 

+ : 4 (AI3- A31)2 + 6
1
4 (A24- A42) 2 

1 2 9 )2 + 64 (AI3 + A42) + 64 (A31 - A24 

(3.2) - 3c (T*- T) + ~(A13 + A24) 
32 4 

-312 ( T*- T )(A42 + 2A13 + 3A31 + 4A24) 

3 3 
+ 32 (AI3- A3t)(A24- A42) + 32 (A13 + A42)(A31 + A24) 

1 2 
+ 32 (A23 + A32 + A14- 3A4I) . 

Similarly, we calculate R~a2b, R~a3b and R~a4b and have 

(3.3) 4 'L,(Rialb + R~a2b + RL3b + R~a4b) 
a,b 
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2 13( * ) 2 3c( * ) T*- T 18c +-T -T --T -T + (An-A31-A24+A42) 32 2 2 . 
+(A,2- A2I) 2 +(An+ An) 2 + (A34- A43)2 + (A33 + A44)2 

+1{(A13- A3I)2 + (A24- A42)2 + (A13 + A42) 2 + (A3I + A24) 2} 

3 
+2{(A13- A3I)(A24- A42) + (A13 + A42)(A31 + A:z4)} 

1 2 2 +S{(A23 + A32 + A14- 3A4I) + (A14) + A41 + A23- 3A32) 

( 2 2 + A14 + A41 + A32- 3A23) + (A23 + A32 + A41- 3A14) } 

Next, we calculate the second term of (3.1 ). Taking account of Proposi­
tion 2.3, we have 

() ( 2 2 2 2 2 2 3.4 - 4 R1212 + R1313 + RI414 + R2323 + R2424 + R3434) 

Lastly, we calculate the last term of (3.1). Taking account of Proposition 
2.3, we have 

(3.5) ( 2 :2 2 ) 8 Rl231 + R1324 + R1423 
2 1 ( * )2 3c ( * ) T* - T ( ) = 3c + - T - T + - T - T + A13 - A31 - A24 + A42 . 

16 8 4 ' 

Therefore by (3.1) and (3.3)-(3.5), we have 

Lemma 3.1. Let M = (M,J,g) be ajo11r-dimensional almost Kahler 
manifold of pointwise constant holomorphic sectional curvature c = c(p) 
(p E M). Then we have 

2 17 ( * ) 2 T* - T ( ) 12c + - T - * + A13- A31 - A24 + A42 
64 2 
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+(A12- A21) 2 +(Au + A22)2 + (A34- A43)2 + (A33 + A14) 2 

(3.6) +~{(A13- A3!)2 + (A24- A42) 2 + (A13 + A12)2 + (A31 + A24) 2} 

3 
+4{(A13- A31)(A21- A42) + (A13 + A42)(A31 + A21)} 

1 { 2 2 +S (A23 + A32 + (A14- 3A4I) + (A14 + A11 + A23- 3A32) 

+(AI4- A11 + A32- 3A23)2 + (A23 + A32 + A11- :3AI4)2} 

Now we replace {e3 , e4 } by {e4 , -e3 }. Then by virtue of (2.8), we see 
that A1:1, A:.:n, A24 and A42 is changed respectively into 

(3.7) A13 f--t g(ei,(VqN)(e~,e4)) 

A24- ~{g(N(ei, e:J), e3) 2 + g(N(e1, e3), e4)2} 

A31 f--t g(e4,(V,1 N)(e1,e4)) 

-A11 + ~{g(N(e1, e3), et)2 + g(N(e1, e3), e2) 2} 

A21 f--t -g(e2,(Ve3 N)(e1,e4)) 

-Au+ ~{g(N(e1, c3), c3) 2 + g(N(ci, c3), e4) 2} 

A12 f--t -g(e:J,(Ve2 N)(el,e4)) 

1 { 2 2 -A42- 2 g(N(e1, e3), c!) + g(N(e1, e3), e2) } 

Thus from (2.6) and (3.7) we have 

(3.8) A13- A31 f--t A24 + A31 - ~( T* - T ), 

A21- A42 f--t A13 + A42 + !(T*- T), 
2 

AJ:3 + A42 f--t A24- A42 - ~( T* - T ), 

A31 + A24 f--t A13- A31 + ~( T* - T ). 

Replacing {e3 ,e4 } by {e4 , -e3 }, we have further 

(:L9) 
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(3.10) 
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An + A22 f---+ - A12 + A21, 

A34- A43 f---+ A33 + A11, 

A33 + A11 f---+ - A31 + A13, 

A23 f---+ -Al4, 

A32 f---+ - A32, 

A11 f---+ - A23, 

A11 f---+ - A11· 

Taking account of (3.9) and (3.10), we see that 
l{(A23 + A32 + A11- 3A4I)2 + (A14 + A11 + A23- 3A32)2 + (A11 + A11 + 
A32- 3A23)2 + (A23 + A32 + A11- 3AI4)2} 

and 
(A12-A21) 2+(An +A22)2+(A34-A43)2+(A33+A11)2 are both invariant 
by the change { e3 , e4 } into { e4 , -e:~}. On the other hand, from (3.8) we 
see that 

(3.12) (A13- A3!) 2 + (A21- A12) 2 + (A13 + A12)2 + (A11 + A21) 2 

f---+ (A13- A31)2 + (A21- A12)2 + (A13 + A12) 2 + (A31 + A21) 2 

+2(T*- T)(Al3- A3l- A24 + A42) + (T*- T) 2, 

(3.13) (AI3- A31)(A21- A12) + (A13 + A12)(A31 + A21) 

f---+ (A13- A3I)(A21- A12) + (A13 + A12)(A31 + A21) 

-(T*- T)(Al3- A3l- A24 + A12)- ~(T*- T) 2. 

Since IIRII 2 is invariant by the change { e3 , e4} into { e4 , -e3}, taking ac­
count of Lemma 3.1 and (3.11)-(3.13), we have 

(3.14) 
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Suppose that M is not Kahlerian. Then there exists a point p E M such 
that r*- r > 0 at p. From (3.14) it follows that 

(3.15) At3- A3t- A24 + A42 = _!(r*- r) 
2 

at p. From (3.2) and (3.15) we calculate at p 

""' 2 9 2 1 ( )2 1 ( )2 L...J R1atb 8c + 8 A12 - A21 + 8 Au + A22 
a,b 

+ 26 (r*- r?- 3c (r*- r) + :_(At3 + A24) 
322 32 4 

(3.16) 1 )2 1 ( )2 +4(At3- A3t + 4 At3 + A42 

+ 1
1
6(r*- r)(At3- A3t) + 1

3
6(r*- r)(At3 + A42) 

+ 1 ~8 ( r* - r.? + 3
1
2 (A23 + A32 + At4- 3A4t)2. 

Since La,b R~atb depends only on e1 (invariant by the change { e3, e4} into 
{ e4 , -e3} ), taking account of (3. 7) - (3.10) and (3.15) we have 

(3.17) (r*- r)(A42 + A3t) = 0 

at p. Thus from (3.17) we have 

(3.18) 

(3.19) 

So, (3.18) and (3.19) yield 

(3.20) At3 + A24 = 0 

at p. On the other hand, Proposition 2.3 yields 

T 1 
(3.21) Pn 4 + 2(At3 + A24), 

T 1 
P22 4- 2(A13 + A24), 

T 1 
P33 4- 2(A3t + A42), 

T 1 . 
P44 4 + 2(A3t + A42), 
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where we set Pii = p(ei, ej)· From (3.18), (3.20) and (3.21) we see that 

(3.22) Pii = ~ (1 ::::; i::::; 4). 

Thus we have 

Lemma 3.2. Under the same hypothesis as in Lemma S.l, if M is not 

Kiihlerian, then the open subspace M 0 = {p E Mjr*- T > 0 at p} zs an 
Einstein manifold. 

We put M 1 = {p E Mjr*- T = 0 at p}. Then M = M 0 U M 1 . If the 
interior M{ of M1 is non-empty, then M~ is a Kahlerian and has constant 
holomorphic sectional curvature, and is Einsteinian. Thus we have 

Proposition 3.3. Let M = ( M, J, g) be a four-dimensional almost 
Kahler manifold of pointwise constant holomorphic sectional curvature, 
then M is an Einstein manifold. 

Now, we suppose that M 0 is non-empty, and we discuss on M 0 . Then 
(3.15), (3.18) and (3.20) yield 

(3.23) A13- A31 -~(r*- r), 

~(r*-r). 
4 

From Proposition 2.3 and the Einstein condition we have 

(3.24) 

(3.25) 

A33 + A44, 

A34- A43, 

Also, from Proposition 2.3, (3.23) and the definition of p* we have 

p;3 = -p~l = -~(A12- A21), (3.26) * P14 

p;4 = -p;1 =-~(Au+ A22). 
2 
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Here, we recall the following general formula which holds m a four­
dimensional almost Hermitian manifold ( cf. [1 ]); 

p(x,y) + p(Jx,Jy)- p*(x,y)- p*(Jx,Jy) = r* ~ 7 g(x,y), 

for any tangent vector x, y on the manifold. So, since M 0 is an Einstein 
manifold, we have 

(3.27) p*(x,y) + p*(y,x) = ~* g(x,y), 

for any x, y E TpMo and any p E M 0 . From (3.16), taking account of 
(3.15), (3.18), (3.20), (3.23), (3.24), (3.25), (3.26) and (3.27) we have 

92 111*112 1 *2 3c(* ) 8C + 8 p - 32 T - 32 T - T (3.28) 
a,b 

18 ( * )2 1 ( )2 + 322 T - T + 8 A14 - A41 . 

Also, from Lemma :3.1 together with (3.15), (3.18), (3.20), (3.23), (3.24), 
(3.25), (:3.26) and (3.27) we have 

(3.29) IIRII 2 = 12c2 + 654 (r*- r) 2 + 2(At4- A4t) 2 + 2(IIP*II 2 - ~7*2 ). 

From (3.29) we see that (A14 - A41 )2 is a function on M 0 , and hence 
from (3.28), I:a,b Rialb is independent with the choice of e1. Thus we 
see that M 0 is a 2-stein space. Further, since (A14 - A41 ) 2 is a function 
on M 0 , (A 14 - A41 )2 is independent with the choice of a unitary basis 
{ e;} =--= { e1, e2 = J e1, e3 , e4 = J e3}. Thus, from (2.8), (3.18), (3.20) and 
(3.23) we have 

{g( cos tel + sin te2, (Ve4 N)( cos tel + sin te2-, e3)) 

-g( e4, (V cos te1 +sin te2 N)( cos tel + sin te2, e3) )} 2 

(A14- A4t)2 cos2 2t 

for all real number t. So, we see that 
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and hence from (3.28) and (3.29) respectively we have 

(3.30) 9 2 111 * 112 1 *2 SC + S p - 32 T 

3c ( * ) 18 ( * )2 
- 32 T - T + 322 T - T 

and 

(3.31) 

Now, let f denote the smooth function on M 0 defined by 

J = L:Rialb· 
a,b 

Then for any tangent vector x E TpMo (p E M0 ) we have 

(3.32) LR;axb = f(p)g(x,x)g(x,x), 
a,b 

where we set Rxaxb = g(R(x, ea)x, eb)· By taking twice Euclidean Lapla­
cian in TpM in both members of (3.32), we have 

(3.33) 
1 1 

f(p) = 96 T2 + 1611RII2. 

Thus from (3.30), (3.31) and (3.33) we have 

(:3.34) 

At last, from (2.9) and (3.34) we have 

7 ( * )2 322 T - T = 0, 

and hence T* - T = 0 on M 0 . This is a contradiction. Therefore we 
conclude that M 0 is empty, and we have proved our Main Theorem. 
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HYPERSURFACES IN THE EUCLIDEAN SPACE R4 

SHARIEF DESHMUKH 

ABSTRACT. For a compact and connected hypersurface M in the Eu­
clidean space R4 , it is proved that, if the mean curvature is nowhere 
zero and the scalar curvature S satisfies II1/III 2S = 6, where .,P is the 
position vector field of M in R4 , then M is isometric to a sphere. It is 
also proved that if the Ricci curvature of the hypersurface M satisfies 
0 < Ric :S ~ )q, where A1 is the first nonzero eigenvalue of the Laplacian 
on M, then M is isometric to a sphere. 

1. INTRODUCTION 

In the geometry of compact hypersurfaces of a Euclidean space Rn, 
one of the interesting questions is to obtain conditions under which the 
hypersurface is isometric to a sphere in Rn. This problem becomes more 
interesting for the hypersurfaces of even-dimensional Euclidean spaces 
R2n owing to the complex geometry of R 2n and, in particular, of R4 

which has quaternion structure. The motivation for the present paper 
comes from the following considerations: 

Let Sn( c) be then-sphere of constant curvature c in Rn+l centered at 
the origin and 7/J : sn(c) -+ Rn+l be the inclusion map. Then the mean 
curvature o: and the scalar curvature S of sn satisfy: 

a= -nJc < 0 and II7/JII 2S = n(n- 1). 

This raises the question: Is a compact and connected immersed hyper­
surface 7/J : M -+ Rn+I whose mean curvature a is nowhere zero and 

1991 Mathematics Subject Classification: Primary 53C40, Secondary 53C42, 
53C20 
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whose scalar curvature 5 satisfies 11~11 25 = n(n-1 ), necessarily isometric 
to a sphere in Rn+ 1? 

Also the Ricci curvature Ric of ~ : 5n(c)----+ Rn+l satisfies 
0 < Ric = (n~l) A1, where At is the first nonzero eigenvalue of the Lapla­
cian on 5n(c). This raises another question: Is a compact and connected 
immersed hypersurface ~ : M ----+ Rn+l whose Ricci curvature Ric sat­
isfies 0 < Ric = (n~t) At, where A1 is the first nonzero eigenvalue of the 
Laplacian on M, necessarily isometric to a sphere in Rn+ 1 ? 

In this paper we answer these questions in the affirmative for com­
pact and connected hypersurfaces of R4 . Indeed, we prove the following 
theorems: 

Theorem 1. Let 1/J : M ----+ R4 be a compact and connected immersed 
hypersurface. If the mean curvature a of M is nowhere zero and the 
scalar curvature 5 of M satisfies 11~1! 25 = 6, then M is isometric to a 
sphere. 

Theorem 2. Let ~ : M ----+ R4 be a compact and connected immersed 
hypersurface. If the Ricci curvature of M satisfies 0 < Ric:=; ~At, where 
A1 is the first nonzero eigenvalue of the Laplacian on M with respect to 
the induced metric, then M is isometric to a sphere. 

The proof of Theorem 2 depends heavily on the quaternion structure 
of R4 • However, it is surprising to note that we use no quaternion struc­
ture of R4 in the proof of Theorem 1 though the proof works only for 
this dimension and cannot be extended to ~ : M ----+ Rn+l. 

2. PRELIMINARIES 

Let < ·, · > be the inner product on R4 and '\!' be the Euclidean 
connection on R4 . Let ~ : M ----+ R4 be an orientable hypersurface with 
unit normal vector field N. We denote by g and \7 the induced metric 
and the Riemannian connection on M, respectively. Then we have 

(2.1) ~xY = 'VxY + g(AX, Y)N, ~xN =-AX, X, Y E ~(M), 
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where A is the shape operator of M and 3:(M) is the Lie algebra of 
vector fields on M. The shape operator A satisfies 

(2.2) ('V X A)(Y) = ('Vy A)(X), 

(2.3) g(('V x A)(Y), Z) = g(('V x A)(Z), Y), X, Y, Z E ':I(M). 

For a local orthonormal frame { e1 , e2 , e3 } on M, the mean curvature 
a is given by a= ~ I:r=1 g(Ae;, e;) and it satisfies 

(2.4) 
1 3 

X(a) = 3 l::g(('Ve,A)(ei), X), X E 'l(M). 
,=1 

The Ricci curvature tensor Ric and the scalar curvatureS of M are given 
by 

Ric (X, Y) = 3ag(AX, Y)-g(AX, AY), S = 9a2-IIAII 2 , X, Y E~(M), 
(2.5) 
where IIAII 2 = trA 2 . 

For the orientable hypersurface '1/J : M ---+ R4 , we can treat '1/J as the 
position vector field of M in R4 and therefore it can be expressed as 

(2.6) '1/J = t + pN, 

where t E ~(M) and p =< '1/J, N > is called the support function of M. 
Using (2.1) and (:Ui) one immediately obtains 

(2.7) 'V xi= X+ pAX, X(p) = -g(AX, t), X Ex(M). 

If M is compact, we have Minkowski's formula 

(2.8) 

We denote by .!1 , .!2 and h the complex structures on R4 which define 
the quaternion structure of R4 . Then we have 
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(2.10) "\JJ; = o, < J;' J; > = <' >' i = 1' 2' 3 0 

Define the vector fields e1 , 6, 6 on M bye; = -J;N, i = 1, 2, 3 and set 
J;X = cjJ,X + ry;(X)N, where¢; is a (1,1)-tensor field on M and T/i is a 
1-form dual to ei on M,i = 1,2,3. It is easy to verify that each triplet 

(cPi,ei,T/i) satisfy 

(2.11) 

(2.12) g( c/J;X, c/J; Y) = g(X, Y)- Tti(X)ry;(Y), X, Y E ~M). 

For a local unit vector field eon M satisfying g( e, e;) = 0 for a fixed i, 
{ e, ¢;(e)' ei} is a local orthonormal frame and such a local frame will be 
referred to as an adapted frame. Using (2.1) and (2.10) with ei = -J;N, 
we obtain \7 xe; = c/J;AX, X E '£(M). From this equation, using an 
adapted frame, we get 

(2.13) div ei = 0, i = 1,2,3. 

Using the complex structures J; and the position vector field 1/J of M 
in R4 , we define the smooth functions Pi : M ---+ R by Pi = < J;'lj), N > 
and the vector fields i; E 'l(M) by setting J;'lj; = t; + p;N. Using (2.1), 
(2.10) and J;'lj; = ti + p;N, we now obtain 

\7 xt; = c/J;X + p;AX, X(p;) = -g(At;, X)+ ry;(X), X E :f(M). 

(2.14) 

We also have 

g(ti,~i) =< J;'lj;- p;N,~; >=- < 7/J. J~i >=- < 1/J, N >= -p. 

(2.15) 

3. PROOF OF THEOREM 1 

Let 1/J : M ---+ R4 be a compact and connected immersed hypersurface 
of R4 . We define F : M ---+ R by F = ~II7/JII 2 . Then, using (2.6) and 
(2. 7), we obtain 
(3.1) tlF = 3(1 + pa), 
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where .0. is the Laplacian operator on M. Using (2.6) and (2.7), we 
compute .0.p to obtain 

(3.2) .0.p = -3t(a)- 3a- PIIAII 2 -

We have X( F) = g(t, X), X E 'X(M), and consequently grad F = t. 
Also from the second equation in (2.7), we get grad p = -At. Thus, 
using (3.1) and (3.2), we obtain 

.0.(pF) F.0.p + p.0.F + 2g(grad F, gradp) 

- -3Ft( a)- 3aF- pFIIAII 2 

+3p(l + pa)- 2g(At, t) 
Since div (!X) X (f)+ f div X, X E (M), f E c=(M) and 

t(p) = -g(At, t), we have 

.0.(pF) -3[div (Fat)- a div(Ft)] 

-3aF- FpiiAII 2 + 3p + 3ap2 + 2[div(pt)- pdivt] 

-3div(Fat) + 2div(pt) + 3a[t(F) + Fdiv t] 
-3aF- FpiiAII 2 + 3p + 3np2 - 2pdivt 

-3div(Fat) + 2div(pt) + 3aiit11 2 + Fp[ga2 -IIAII 2] 

where we have used t(F) = 11tll 2 and divt = 3(1 + pa). Consequently, 
with 111/;11 2 = 11tll 2 + p2 , we have 

.0.(pF) + 3div(Fat)- 2div(pt) 3n(iltll 2 - p2 + 2F) + FpS- 3p 

6alltll 2 + ~lllv)ll 2 - 6]. 

Integrating this last equation over M and using the hypothesis of the 
theorem we get 

JM nlltl! 2dv = 0. 

Since a is nowhere zero and M is connected we must have a < 0 (as there 
is a point where all eigenvalues of A are negative; indeed this point is 
where the height function of M attains its maximum). Hence the above 
integral gives t = 0 on M. Then, the equations in (2. 7) yield pAX = -X 
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and p = constant. That p =/- 0 follows from 7/J = pN (as t = 0). Hence 
A = -l I, that is, M is a totally umbilical hypersurface of R 4 and, as 

p 

such, it is isometric to a sphere. 

Remark: If we take M to be a hypersurface of Rn+l and proceed with 
the computation as in the above proof, we arrive at 

!:::J.(pF)+3div(Fat) -2div(pt) = na(iitli 2 ( n + 1 )+p2 (n- J) )+p( F S -n ), 
2 2 

which suggests that the conclusion of the theorem works only for n = 3, 
and therefore this cannot give information beyond dimension 3, unless 
some additional assumptions are made. It will be an interesting problem 
to generalise the theorem for a compact and connected hypersurface of 
Rn+l. 

4. PROOF OF THEOREM 2. 

First we prove the following 

Proposition. Let 7/J : M -----t R 4 be a compact and connected immersed 
hypersurface of R4 with non-negative Ricci curvature. If p; = 0, i = 
1, 2, 3, then M is isometric to a sphere in R4 • 

Proof. Note that for an adapted frame {e,</>;(e),~;}, for a fixed i, we 
can use (2.11) to obtain </>7( e) = -e as e _l ~i· Thus if { e1 , e2 , e:>} is such 
a frame, we have 

3 

(4.1) L9(<Pi(ej),A(ej) = g(</>;(e),Ae) + g(</>;(</>;(e)),A(</>;(e)) = 0, 
j=l 

Since P1 = P2 = p3 = 0, the second equation in (2.14) gives At;=~;, i = 
1, 2, 3. As ~i are globally defined unit vector fields on M and A is a 
linear operator, it follows from At; = ~i, that t; are nowhere zero on M. 
Moreover, using (2.9), we have 

g(tl, t2) =< lt7/J, ]27/J >=- < 7/J, Jt127/J >=- < 7/J, .h7/J >= 0, 

and similarly g(t2,t3) = 0, g(t3,t1) = 0, that is, the vector fields h,t2,t3 
are mutually orthogonal. Thus the unit vector fields t; along t; give the 
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orthonormal frame {i1 , i 2 , t3 }. Using (2.13), and At;= e;, we get 

3 3 

0 = div(Ati) = Lg(\7e1 Ati,ej) = L[g((\7e1A)(t;),ej) + g(\7e1 i;,Aej)]. 
j=l j=l 

Using (2.4), (2.14) and (4.1) in the above equation we get 3t;(a) = 0 
or ti(a) = 0, i = 1, 2, 3. This proves that the mean curvature a is a 
constant. 

Then the equation (:l.2), after integration, gives 

( 4 .2) 

The integral formula (2.8) with a a constant can be restated as 

( 4.3) jM(3a + 3pa2 )dv = 0 

The integrals (4.2) and (4.3) give 

( 4.4) JM p(3a2 - tr A 2)dv = 0. 

We use (2.5) and At;= e;, to arrive at Ric (it,tt) = 3ag(ti,ei) --lle;ll 2 , 

or Ric (t 1 , t 1 ) = -3ap- 1 2: 0, as the Ricci curvature is non-negative 
from the hypothesis. This last inequality suggests that there is no point 
p E M such that p(p) = 0. Thus, M being connected, we have either 
p > 0 or p < 0. Moreover the Schwarz inequality states that 3a2 :::; tr A 2 , 

with equality holding at a point if and only if it is an umbilic point. 
The integral (4.1) gives 3a2 = trA2 , proving that M is an umbilical 
hypersurface of R4 , and this proves the proposition. 

Now we proceed to prove Theorem 2. Let '1/J: M ~ R4 be a compact 
and connected immersed hypersurface of R4 . We assume that the center 
of mass of M is at the origin of R 4 (for otherwise an isometry rjJ : R4 ~ R4 

can be chosen which maps the center of mass of M to the origin of R\ 
and then '1/J' = </; o '1/J will be the desired immersion). Thus, using the 
minimal principle with fM '1/Jdv = 0, we get 
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where A1 is the first nonzero eigenvalue of the Laplacian operator on M. 
Consequently we have 

(4.5) 

We use (2.3), (2.4), (2.14) and (4.1) to compute div(At;): 

3 

div(At;) = L g(\7e1 At;, Ej) = 3t;( a)+p;IIAII 2 = 3[div( at;)-adivt;]+p;IIAII 2 . 

This gives 
( 4.6) 

j=l 

where we have used div(t;) = 3p;a as a result of (2.14). Now the second 
equations in (2.14) and (2.15), yield 

div(p;at;) = p;div( at;) + at;(p;) 

= p;div(al;)- ag(At;, t;)- ap, 

that is, 
(4.7) 3p;div(at;) = 3div(p;at;) + 3ag(At;, t;) + 3ap. 

Finally we use (2.14), (4.6) and (4.7) to compute div(p;Ati) and ob­
tain 

div(p;At;) = At;(p;) + p;div( At;) 

- -g(At;, At;)+ ry;(At;) + 3p;div(at;) + p;[IIAII 2 - 9a2 ] 

= -11At;ll 2 + g(At;,e;) + 3div(p;at;) + 3ag(At;, t;) 

+3ap- p7S. 

Sinceg(At;,e;) = -[-g(At;,e;)+TJ;(e;)-1] = -[e;(p;)-1] = -div(p;e;)+ 
1, (where we have used (2.13)), the above equation becomes 

(4.8) div[p;At;- 3piat; + p;ei] =Ric (t;, t;)- pfS + 3pa + 1. 

Let t; be the unit vector field defined on the open subset of M where 

t; =/: 0. Using II1/JII 2 = 11t;ll 2 + P7, which follows from J;1/; = t; + p;N, in 
equation ( 4.8), we arrive at 

div[piAti-3p;at;+p;ei] = -p7[Ric(ii,i;)+SJ+II7/JII 2 Ric(i;,i;)+3ap+l. 
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From the hypothesis of the theorem that 0 < Ric :::;; ~ ..\1 , we obtain 

Integrating the above inequality and using formula (2.8), we get 

r PT[Ric(ii, ii) + S]dv :::;; -2vol(M) + ~..\1 r 117J)II 2dv. }M 3 }M 

This, together with ( 4.5), give 

Since Ric > 0, this integral inequality gives p; = 0 i = 1, 2, 3, and the 
above proposition completes the proof. 
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ASYMPTOTIC TEST FOR MONOTONE VARIANCE 

RESIDUAL LIFE 

A.l. KANJO 

ABSTRACT. In this paper we give an outline of the main properties 
of decreasing (increasing) variance remaining life distributions, DVRL 
(IVRL). The connections of this class with DMRL and equilibrium dis­
tributions are displayed. An asymptotic test for exponentiality against 
DVRL (IVRL) class is developed. It can be used to test exponential­
ity against DMRL (IMRL) property of the associated class of renewal 
distributions. 

1. INTRODUCTION 

Let T, denote the life time of an equipment with distribution function 
F(t) = P(T::; t) and survival function F(t) = P(T > t), where F(O) = 
1. We assume that the density f( t) can be obtained by differentiating 
F(t). The failure rate r(t) = f(t)/ F(t). The mean life f.l = f0

00 F(t)dt 
and the variance life 0" 2 = var (T), will be assumed finite. It is well 
known that f.l(i) = E(T- tiT > t) = ftoo F(x)dxj F(t), and 0"2(t) will 
denote var (T- tiT > t) = var (TIT> t). 

A distribution function F is said to have decreasing (increasing) vari­
ance residual life DVRL, (IVRL) if 0" 2 (t) is nonincreasing (nondecreas­
ing) function oft on (O,oo). Launer [9]; Gupta [4]; Gupta, Kirmani and 
Launer ( 5); studied characterization of this class and used it to find bet­
ter bounds on moments and survival functions. In section 2 below we 
outline some known results for the convenience of reader, although some 
of them are derived in a new different way. In section 3, some preliminary 
work is presented and in section 4 an asymptotic test for exponentiality 
against DVRL (IVRL) class is derived and an example is given. 
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2. CHARACTERIZATION OF DVRL(IVRL) AND SOME USEFUL RESULTS 

(a) Consider E(u2 1t) =- f000 u2dF(ult). Integrating by parts we have, 

Let u + t = x, then, 

CT 2(t) + 11?(t) = [2/ P(t)J100 (x- t)P(x)dx 

= [2/ .f'(t)J100 1x P(x)dydx 

(2.1) = [2/ F(t)]100 100 F(x)dxdy. 

(b) As in Hall and Wellner [6], let 

(2.2) }'(r)(t) = 1 00 J<'(r-l)(x)dx, r = 1, 2, ... ; f'(O) = P = 1- F. 

and let ¢,.(t) = r!f(r)(t)/P(t). Then from (2.1) and (2.2) we have 

</>1(t) = fL(i);¢2(t) - [2/P(t)]100 100 F(x)dxdy 

(2.3) = CT 2(t) + fL2(t). 

CT 2 (t) = [2/ F'(t)]100 ~00 P(x)dxdy- p 2 (t) 

(2.4) = ¢>2(t)- fL 2 (t) 

or, using the definition of fL(y): 

(2.5) 

(2.6) 

- [2/F(t)J1= F(y)fL(y)dy- fL 2 (t) 

= [2f(t)/P2 (t)] 1 00 F(y)fL(y)dy 

-[2/ P(t)]F(t)~L(t)- 2fL(t) !L'(t) 

= r(t)[CT2(t) + ft 2(t)]- 2jL(t)[l + !L'(t)] 

= r(t)[CT2(t)- fL 2 (t)] 
= r(t)fL 2 (t)['/(t) -1], where[2 (t) = CT 2 (t)/fL2 (t). 
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Hence F E DVRL (IVRL) iff 

(2.7) 

(c) It can be easily shown that ft[<f>2 (t)l</>1(t)] = 1 2(t)- 1; so that 

(2.8) 

(2.9) 
[ 4>2 ( t) I <PI ( t) ]1 {::} F E D VRL 

[<P2(t)I<P1(t)] i{:} FE IVRL 

67 

(d) To see the connection with the equilibrium (renewal) distribution, 
let g( :c) = F( x) I 11, x > 0, be the density of the equilibrium (or renewal) 
distribution corresponding to F, then G(t) = [11 p] ft00 F(x)dx, where 
p, a 2 , r without subscript are ttp; a}, and rp respectively. 

;\ow, 

or, using (2.3), 
(2.10) 

21= 100 F(x)dxdyl 100 F(y)dy 

2100 pG(y)dylpG(t) = 2pa(t). 

pc(t) = [a}(t) + p}-(t)]l2pp(t) 

From (2.8), (2.9) and (2.10) we have immediately: 

FE DVRL {::} GE DMRL 

(2.11) FE IVRL {::} GE IMRL. 

(e) From (2.5) we have: 

[2/F(t)]100 F(y)[p(y)- p(t)]dy = a 2 (t) + tt 2(t)- 2p2 (t) 

(2.12) = a 2 (t)- tt2 (t), 

thus, p(y)- p(t) :::_:; 0 Vy > t '* 1 2 (t) :::_:; 1 {::}FE DVRL; so that 

(2.13) F E DMRL '* F E DVRL. 
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1.c. the class DMIU.~ of a subset of the class DVRL. From (2.12) and 
(2. n) we have: 

FE NBUE ¢=FE DMRL --+ FE DVRL {:} G E DMRL 

(2.14) --+ G E NBUE. 

(f) Solving (2.6) as a differential equation in CJ 2 (t) we get: 

1 2 it 2 -
--=;-----( )[CJ (0)- r(x)f.L (x)F(x)dx]. 
Jl t 0 

(2.15) F( t) 1 it 2 ( ( = 1 + ~( - ( ) ( ) fl· :.r )f .T )d.T F t) CJ 2 0 F t o 

If 11(x) is 1 we can write (2.15), using the mean value theorem for 
integrals as 

F(t) f.L2(0) lot . . 
1 + ~( - 2 ( ) ( ) j ( :r; )d.T F t) CJ 0 F t o 

(2.16) 
F(t) F(Bt) 

I+ F(t)- r 2 (0)F(t)' O < (} < 1 

b ~ ut F E DMRL =* F E DVRL =* a 2 (o) < 1, V t > 0, this leads in 
turn to, 

F(t) F(Bt) O 
F(t) - 1 2 (0)F(t) < ' v t > 0. 

or 1 2 (0) < ?tt? S 1. Thus we have the result 

(2.17) FE DMRL =*FE DVRL =* 1 2 (0) < 1. 

(g) Further we have from (2.10), 

(2.18) 

so that 
(2.19) 

1 [ 2 lfo(t)/ lfF(t) = 2 rF(t) + 1]. 

P.c(t) < lfp(t) iff l}(t) < 1 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



ASYMPTOTIC TEST FOR MONOTONE VARIANCE RESIDUAL LIFE 69 

or 
(2.20) ll·a(t) < pF(t) ¢:? FE DVRL. 

From the definition of the equilibrium distribution G(t) we can see 
easily that: 
(2.21) FE NBUE ¢:? G(t) < F(t), V t > 0. 

But G(t) < F(t) =} J.Lc(O) < pF(O). Using (2.18) again we have the 
result: 
(2.22) FE NBUE ==? 1 2(0) < 1. 

3. PRELIMINARIES 

Let :r1, x2, ... , Xn be a random sample from 

(3.1) 

Let z; = ¥, i = 1, 2, ... , n; where T = 2::£= 1 X;. It is well known 
(see [3]) that the joint distribution of any r( < n) of these variables is: 

f( ) (n-1)! ( )n-r-1 
Z1, ... 1 Zr = ( )I 1-zl-Z2-· . . -Zr , 

n-r-1. 
r=1,2, ... ,n-1 

This is a Dirichlet distribution D(l, ... , 1, n- r ), (see [1 0]) from which 
E(z;) = 1/n; E(z[) = 2/n(n + 1); E(ztz}) = 4/p(n); E(z() = 24/p(n); 
where 
(3.2) p(n) = n(n + l)(n + 2)(n + 3) i,j = 1, ... , r. 

We notice that 2::£=1 zt- ~ = r;;: where s2 = ~ l:~(x;- x) 2 so that 

2 n 
'2 s '""' 2 I = X2 = n ~ zi - 1 

1 
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4. TEST FOR DVRL (IVRL) CLASS 

We notice from (2.10) that 

( 4.1) () a}(t) + 11}(t) 
f.l G t = ---=--...:.......:...----=---'---'-

2J1p(t) 

It can be shown that, (see [6]) 

(4.2) 11 it du F(t) = -(-) exp[- -(-)] 
fli 0 JlU 

Thus 11( t) determines uniquely, a continuous survival distribution with 
finite mean. From (4.1) it is clear that 1 2 (t) = 1 <=? Jlc(t) = JlF(t) and 
this leads to F(t) = G(t) leading to F(t) is exponential. Thus 1 2 (t) = 1 
is a characteristic property of exponential distribution . Consider now 
the hypothesis: 

H0 : F(x) is exponential; against H1 : F(x) is DVRL (IVRL). Since 
1 2 (t) = 1 characterizes exponentiality, while 1 2 (t) < 1 (> 1) character­
izes DVRL (IVRL) class of survival functions, it is reasonable to adopt 
as a measure of departure from H0 , the parameter 

fa= (12(t)- 1))dF(t) =fa= 1 2(t)dF(t)- 1. 

In other words, small (large) values of 

(4.3) 

will indicate the rejection of H0 leading to the claim that F(t) E DVRL 
(IVRL). In terms of 6, the hypothesis can be formulated as: 

H0 : 6 = 1 ag. H 1 : 6 < 1 (> 1). 

C "d '2 2;-2 ons1 er now, lk = sK xk, k = 0,1, ... ,n1 ~ n- 2. 

n n 

(4.4) io = i = L:xdn;s6 = s 2 = 'L)xi- in) 2 /n. 
i=l i=l 
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Notice that 1l is based on the last ( n - k) observations, of tl1c sample, 
k = 0, 1, ... , n 1 , (Remember that life time data is naturally ordered) 
Consider the test statistic: 

( 4.5) 
1 ll] -1 ' 

Q = - '""" ,:;12 ~ lk 
nt k=O 

which is the sample analogue of 6 in ( 4.3). 

Lemma 4.1. Let x and s 2 be the mean amd variance of a random 
sample of size n fmm a distribntion with mean 11 and uanance a 2 then: 

(4.6) 

where '"'( 2 and o:4 are square coefficient of variation and the kurtosis 11 4 / a 4 . 

respectively. In case of exponential 

(4.7) 

Proof. It is well known that fo(s 2 - a 2 ) !.!... N(O, 111 - a 4 ); see [8]: from 
which 

using Slutsky's theorem. In exponential 1 2 = 1, o:1 = 9, hence we have 
(1.8). D 

Now, by lemma 1.1 we have, under H0 : 

(4.8) V(n- k )[it - 1] !.!... N(O, 8) 

Thus the test statistic Q = __!_ ntl if has a normal limiting distribution 
nl k=O 

for every value of n 1 ~ 1. Since ik 's arc not independent for different 
values of k, it is not easy to compute the variance of Q. This difficulty will 
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be overcomed by considering another statistic which is asymptotically 
equivalent, and whose variances and covariances can be computed more 
easily. 

n2 n 

Lemma 4.2. 1f + 1 has the same limiting distribution as -- L zf 
n- k i=k+l 

Proof, 

( 4.9) 

'2 + 1 fk 

n 2 n 2 

Th "'""""' 2 n U2 (, 2 ) I . l h us -- L..J z; = (n _ k) 2 k fk + 1 . t IS c ear t at 
n- k i=k+l 

2 2 T2 -2 
n uk2 = n . ___!_ = xk ~ 1 

(n-k)2 (n-k)2 7'2 i;2 · 

Since both x% & x2 converge in probability to the same f.-L 2 . The required 
result follows by Slutsky's theorem. D 

For n large enough, one can write, 

(4.10) cov (1~, 1]) ~ cov (~Yk, ~Y1) 
n-k n-J 

n 

where Yk = L zf. 
i=k+l 

The product Y1Yk, j > k, contains (n- j)(n- k- 1) pairs like 
z;zz(r -=f. t), and (n- j) pairs like z{. From (3.2), we have therefore, 

( 4.11) (y; Y) _ 4(n- j)(n2 +link- n + 6k) 
cov k, J- n(n+1)p(n) . 

Asymptotically, one has, 
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4n4 (n- j)(n2 + 4nk- n + 6k) 
( n - :i) ( n - k) n ( n + 1) p( n) (n- k)(n + 1)2(n + 2)(n + 3) 

(4.12) 

which is of tht: order n~k as n -+ oo, and k fixed. 

V(Q) 

(4.13) 

1 n1-l 

For n- n 1 large enough, the statistic Q = - L 1~ could be used to 
nl k=O 

test H0 vs H 1 , using the standardized normal table. Small (large) values 
of D = (Q -1)/IJQ indicate that F(t) belongs to DVRL (IVRL). From 
(2.11) we can say that this test is at the same time a test of H~ : G( t) 
is exponential vs If~ : G(t) belongs to DMRL (IMRL), where G(t) is the 
renewal distribution corresponding to F(t). 

Notice that Q is the average of n 1 asymptotically normal variables, 
so that it approaches normality for every n 1 ~ 1. For this test n - n 1 

should exceed 30, and n 1 should be fairly large. 

Example: Bryson & Siddiqui (1969) have analysed data which are 
survival times, in days from diagnosis of patients suffering from chronic 
granalocytic leukemia. The order statistics X 1 < ... < X43 (n = 43) are: 
7, 4 7, 58, 74, 177, 2:)2, 273, 285, 317, 429, 440, 445, 455, 468, 495, 497, 
532, 571, 579, 581, 6.50, 702, 715, 779, 881, 900, 930, 968, 1077, 1109, 
1314, 1334, 1367, 1.5:31, 1712, 1784, 1877, 1886, 2045, 2056, 2260, 2429, 
2509. 
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We shall test here whether this data is exponential against, the data 
belongs to DVRL (IVRL) class. 

Using n1 = 13, so that we leave n - n1 = 30, (i.e. n - k > 30), 
allowing the use of asymptotic results stated above. 

Q 
1 n1-l 

- :L 1~ = o.4oo255727; a-q = o.3335o6121 
n1 k=O 

D -1.798, p-value = 0.036. 

A significant result indicating that F(t) E DVRL class and that the 
corresponding renewal distribution belongs to DMRL class. 
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CHARACTERIZATION OF FUZZY T0 AND Ro 

TOPOLOGICAL SPACES 

M.A. AMER 

ABSTRACT. It is the purpose of this note to suggest new definitions of 
fuzzy T0 and fuzzy R 0-spaces using the Wong defintion of fuzzy points. 
It will also be shown that these new definitions are equivalent to those in­
troduced by Srivastava. Moreover, the properties of T0-ness and Ro-ness 
are shown to be both productive and hereditary and that a topologically 
generated fuzzy topological space is To or R 0 if the original topological 
space is To or R 0 , respectively. 

1. INTRODUCTION 

The fundamental concept of a fuzzy set was introduced by Zadeh in 
1965 [9]. Since then, intensive studies offuzzy sets have been developed. 
In particular, the definition of a fuzzy point was first given in 1974 by 
Wong [8]. It is notable that, with this definition, an ordinary point of a set 
is not a special case of a fuzzy point. In 1980, Pu and Liu [5] remedied 
this drawback by redefining fuzzy point in a way that can be used to 
develop the theory of fuzzy topology in a satisfactory way. In 1984, R. 
Srivastava, S.N. Lal, and A.K. Srivastava [5] studied the concept of fuzzy 
Trtopological space using the Wong fuzzy point [8]. Latter in 1988, they 
introduced an equivalent definition (depending upon the ordinary points 
of a set) of a fuzzy T1-space [7]. On the other hand, a fuzzy T0-topological 
space has been defined and studied by Hutton and Reilly [2], Pu and Liu 
[4], R. Srivastava, S.N. Lal, and A.K. Srivastava [6]. Hutton [2] and 
Srivastava [6] studied, in addition, the concept of a fuzzy R0 topological 
spaces in order to establish a satisfactory relationship between fuzzy T1 , 

T0 , and R0-spaces. It can be seen that in papers [2,3,4] the authors 
investigated fuzzy T0 and fuzzy R0 -spaces depending upon the ordinary 
points of a set and not the fuzzy points. In 1990, Ali, Wuyts, and 

77 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



78 M.A. AMER 

Srivastava introduced and intensively studied fuzzy R0 -spaccs [1]. It 
is the purpose of this note to suggest new definitions of fuzzy T0 and 
fuzzy R0-spaces using the Wong definition of fuzzy points [8]. These new 
definitions can be extended in a straightforward manner to the case of 
fuzzy T1-spaces studied by Srivastava in [5]. It will be also shown that 
the new definition of fuzzy T0-spaces is equivalent to that introduced by 
Srivastava [6]. The new definitions of fuzzy R0 -spaces are shown to be 
equivalent to that introduced by Ali in [1], but they are more general 
than that introduced by Srivastava in [6]. Moreover, the properties of 
T0-ness and R0 -ness are shown to be both productive and hereditary and 
that a topologically generated fuzzy topological space is T0 or R0 iff the 
original topological space is T0 or R0 , respectively. 

2. BASIC DEFINITIONS AND PROPERTIES 

A function U from a non empty set X to the unit interval [0,1] is 
called a fuzzy set in X. The fuzzy set that takes the value 0 at all points 
x E X is denoted by <P and that which takes the value 1 at all points of 
X is denoted by X itself. A fuzzy topology T on X (in Lowen's sense [3]) 
is that contain, in addition to the above properties, all constant fuzzy 
sets. The term "fuzzy topological space" will be abbreviated as fts. A 
fuzzy point p in X is a fuzzy set in X such that p(xp) = t for x = xp, 
and p( x) = 0, otherwise. The point Xp is called the support of p and t 
its value, t E (0, 1). A fuzzy point pis said to belong to a fuzzy set U in 
X(p E U) iff p(xp) < U(xp)· Two fuzzy points are said to be distinct iff 
they have different supports. For a fuzzy point p in X and a fuzzy set U 
in X, we say that p n U = 0 iff U(xp) = 0. We denote the characteristic 
function of a singleton set {X} by lx and its closure by rx. 

3. FUZZY T0-TOPOLOGICAL SPACES 

Definition 3.1. (Pu and Liu [4]). A fts (X, T) is said to be fuzzy T0 
iff for any s, t E [0,1) and x,y EX, x #- y, 3U E T such that U(x) = s 
and U(y) > t, or U(x) >sand U(y) = t. 
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Definition 3.2. (Hutton and Reilly [2]). A fts (X, T) is said to be 
fuzzy T0 iff each fuzzy set in X can be written as sup; infj U;j, where 
i E I, j E J, and each U;j is fuzzy open or fuzzy closed in (X, T). 

Definition 3.3. (R. Srivastava, S.N. Lal, and A.K. Srivastava [9]). A 
fts (X, T) is said to be fuzzy T0 iff for all x, y EX, x =/:- y, 3U E T such 
that either U(x) = 1 and U(y) = 0, or U(x) = 0 and U(y) = 1. 

Now we introduce our new definition of a fuzzy T0 topological space 

Definition 3.4. A fts (X, T) is said to be fuzzy T0 iff for any two distinct 
fuzzy points p and q in X, 3U E T such that either p E U and q n U = 0 
or q E U and p n U = 0. 

We now compare the above four definitions of fuzzy T0-ness in the fol­
lowing theorem: 

Theorem 3.1. Consider the following statements for thefts (X, T): 

(I) For any distinct fuzzy points p, q in X, 3U E T such that p E U and 
q n U = 0, or q E U and p n U = 0. 

(II) V x, y EX, x =/:- y, 3U E T such that either U(x) = 1 and U(y) = 0, 
or U(y) = 1 and U(x) = 0. 

(III) Each fuzzy set in X can be written in the form sup; infj U;j where 
each U;j, i E I, j E J, is a fuzzy open or a fuzzy closed set. 

(IV) For any two distinct points x, y E X and for all s, t E [0, l) , there 
exists U E T svch that either U(x) = s and U(y) > t, or U(x) > s and 
U(y)=t. 

We have the following implications: 

(I) ¢:? (II) 

(I) ==> (III) 

(III) =/;- (I) 
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(!):::;. (IV) 

(IV)~ (I) 

M.A. AMER 

Proof. It suffices to prove that (I) {:::} (II). The remaining implications 
follow directly using [6, Theorem 2.1 J. 

(I) :::;. (II). Let x, y E X, x =/= y and let Pn, qn be fm~zy points in X with 
supports x, y, respectively, and such that Pn(x) = qn(Y) = 1- 2

1n, n EN. 
Since x =/= y then Pn =/= qn for every n E N and by (I) :lUn E T such 
that either Pn E Un and qn n Un = 0, or qn E Un and Pn n Un = 0. 
Assume that there is an infinite subset J of N such that Pn· E Un and 
qn n lJ n = 0 for all n E J (the other case can be treated similarly) then 

Un(x) > 1 - 2~, Un(Y) = 0 for every n E J. Define U =n~J Un then, 
u U E T and U(x) = 1, U(y) =nEJ Un(Y) = 0. So we have (II). 

(II) :::;. (I). Suppose that p, q are two distinct fuzzy points in X with 
supports x, y, and values r, s E (0, 1 ), respectively, then x =/= y and by 
(II) :JU E T such that either U(x) = 1 and U(y) = 0, or U(x) = 0 and 
U(y) = 1. Assume that U(x) = 1 and U(y) = 0 (the other case can be 
treated similarly). Since p(x) = r < 1, and q(y) = s > 0, it follows that 
p E U and q n U = 0. So we have (I). 

Remark 3.1. Definition 3.4 can be replaced by an equivalent definition 
where we replace the fuzzy open set U by a fuzzy closed set V. In this 
case all the implications of theorem 3.1 remain valid. 

The following theorem shows that the property of T0 -ness of a fuzzy 
topological space is productive. 

Theorem 3.2. Let {(X;, T;) : i E I} be a family of fuzzy topological 

spaces, then the product space (X, T) = II;(X;, T;) is fuzzy T0 iff each 

coordinate fts is fuzzy T0 (in the sense of Definition 3.4). 

Proof. Let ( X 1 , Tj) be fuzzy T0 , for j E I and let p, q be two distinct 
fuzzy points in X, p =< pj >, q =< qj >. Then p; =/= q; for at least 
one i E I. Then :3 U; E T; such that p; E U; and q; n U; = 0 or q; E U; 
and p; n U; = 0. Suppose that p; E U; and q; n U; = 0 (the other case 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



CHARACTERIZATION OF FUZZY T0 AND Ro TOPOLOGICAL SPACES 81 

can be treated similarly). Let U = II1Uj, where Uj = Xj, for j =1- i, 
u; = ui for j = i. It is clear that u E T and p E u, q n u = 0. Hence 
(X,T) is fuzzy T0 . Conversely, let (X,T) be fuzzy T0 and consider any 
(Xi, Ti), i E J. Let Pi, qi be two distinct fuzzy points in xi and construct 
the two distinct fuzzy points p =< pj >, q =< qj > in X where pj = qj 

for j =1- i and p~ =Pi, q: = qi. Then :3 U E T such that either p E U and 
q n U = 0, or q E U and p n U = 0. Suppose that p E U and q n U = 0 
(the other case can be treated similarly). Then we can find a basic fuzzy 
open set IIjUj such that p E TijUj C U. It follows that Pi E U;, and since 
q n U = 0 then q n IIU1 = 0 and hence II1q1 n II1Ui = 0. Since qi = Pi 

for j =f- i and P1 E U1 then qi n U1 =f- 0, for j =f- i. Hence, we must have 
that qi n ui = 0. This proves that (Xi, Ti) is fuzzy To. 

Using the definitions of a fuzzy subspace introduced by Pu and Liu 
[4, Definition 8.1 J and the topologically generated fuzzy topological space 
(introduced by Lowen [3]) together with Definition 3.4 we can easily prove 
the following theorems. 

Theorem 3.3. Every fuzzy subspace of a fuzzy T0 -space is also a fuzzy 
To-space. 

Theorem 3.4. Let (X, T) be a topological space. Then (X, T) is 10 
iff (X, w(T)) is fuzzy T0 ) where w(T) is the topologically generated fuzzy 
topology generated by the topology T {5) Definition 2.8}. 

4. fUZZY R0-TOPOLOGICAL SPACES 

Fuzzy Ra-spaces have been defined by Hutton and Reilly [2], R. Sri­
vastava, S.N. Lal, A.K. Srivastava [6], and D.M. Ali, P. Wuyts, and A.K. 
Srivastava [1] as follows: 

Definition 4.1. (Hutton and Reilly [2]). An fts (X, T) is said to be 
fuzzy Ro iff each fuzzy open set can be written as a supremum of fuzzy 
closed sets. 

Definition 4.2. (R. Srivastava, S.N. Lal, A.K. Srivastava [6]). A fts 
(X, T) is fuzzy R 0 iff Yx, y X, x =1- y, whenever there is a U E T such 
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that U(x) = 1 and U(y) = 0, there is also VET such that V(x) = 0 and 
V(y)=l. 

Definition 4.3. (D.M. Ali, P. Wuyts, and A.K. Srivastava [1]). A fts 
(X,T) is said to be fuzzy Rb iff V(x,y) E X(2) it follows that lx(y) = 
ly(x) E {0, 1}. 

It has been shown in [6] that Definitions 4.1, 4.2 are totally independent 
and that the latter definition is a good extension of the concept of an R0 

topological space. In 1990 Ali, Wuyts, and A.K. Srivastava [1] introduced 
and studied carefully many fuzzy R0 topological spaces. We propose here 
more general definitions offuzzy R0 topological space and show that these 
new definitions are not implied by that introduced by Srivastava in [6], 
but are equivalent to Rb introduced in [1]. 

Definition 4.4. A fts (X,T) is said to be fuzzy Rg iffVx,y E X,x -:f. y 
if ly(x) < 1 then lx(Y) = 0. 

Definition 4.5. A fts (X,r) is fuzzy R0 iff Vx,yX,x -:f. y, whenever 
there is aU E T such that U(x) -:f. 0 and U(y) = 0, there is also VET 
such that V(x) = 0 and V(y) = 1. 

Definition 4.6. A fts (X, T) is said to be fuzzy R0 iff for every two 
distinct fuzzy points p, q in X, whenever there is a U E T such that p E U 
and q n U = 0 there is also V E T such that q E V and p n V = 0. 

Theorem 4.1. For a fts (X, T) consider the following statements: 

{1) Vx, y EX, x -:f. y, whenever there is aU E T such that U(:r) = 1 and 
U(y) = 0, there is also VET such that V(x) = 0 and V(y) = 1. 

(2} V(x, y) E X( 2) it follows that Ix(y) = ly(x) E {0, 1}. 

(8) V.T,y E X,x # y ifly(x) < 1 then Ix(Y) = 0. 

(4) Vx, y E X, x # y, whenever there is a U E T such that U(x) # 0 and 
U(y) = 0, there is also VET such that V(x) = 0 and V(y) = 1. 

(5) for every two distinct points p, q in X, whenever there is a U E T 
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such that p E U and q n U = 0 there is also V E T such that q E V and 

p n V = 0. Then the following implications hold: 

(i) (2} <=:} (3} <=:} (5) 

(ii) (5) ::::} (1) and (1) -=/? (5) 

(iii) (1) <=:} (4). 

Proof. (i) (2)::::} (3). Let x,y E X,x -:f. yare such that ly(x) < 1, 
then by (2) it follows that ly(x) = 0, this implies that lx(Y) = 0. Hence, 
(X, T) satisfies (3). 

(3) ::::} (2). Suppose that x,y E X,x -:f. y are such that lx(Y) = 0. 
Since lx(Y) = 0 < 1 then, again by (3) we must have that ly(x) = 0. 
Therefore, ly(x) = lx(Y) = 0. Now, suppose that ly(x) = 1. If Ix(Y) < 1 
then by (3) it follows that ly( x) = 0 which is not true. So lx(Y) must be 
1. Hence, ly(.x) = lx(Y) = 1. 

This proves that (X, T) satisfies (2). 

(3)::::} (5). Let (X,T) be fuzzy R0 . Suppose that x,y E X,x -:f. yare 
such that ly ( :z;) = 1 < 1. Choose the real number t such that l + 1 < 1. 
Let p be a fuzzy point in X supported at x and with value t. Va < 1, let 
qa be a fuzzy point supported at y and with value a. Let U =co (ly), 
then U(y) = 1- ly(Y) = 0, U(x) = 1- Iy(x) = l-1 > t. Therefore, 
p E u, qCi n u = 0, hence 3Va E T such that qa E Va, p n Va = 0. Take 

u 
V =a Va. It follows that V(y) = 1, V(x) = 0, Hence, 1:L ~ co (V), 
lx ~ co(V) = co(V). Therefore, Ix(Y) ~ co(V)(y) = 0, this implies that 
lx(Y) = 0. . 

(5) ::::} (3). Let p, q be two distinct fuzzy points in X with supports 
.1:, y E X and values r, s E (0, 1 ), respectively. Let U be such that p E U 
and q n U = 0. Therefore, co(U(y)) = 1, IY ~ co(U) = co(U). lienee, 
Iy(x) ~ jco(U(x)) = 1- U(x) < 1-1 < 1. So, by Rg we get Ix(Y) = 0. 
Take V = co(Ix)· Hence, V(x) = 1- L(x) = 0, V(y) = 1- lx(y) = 1. 
This implies that q E V and p n V = 0. 
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(ii) (5) :::?(1 ). Let x, y E X, x =/:- y, and suppose that there is a U E T 

such that U ( x) = 1 and U (y) = 0. Let Pn and qn be fuzzy points in 
X with supports x andy, respectively, and such that Pn(x) = qn(Y) = 
1 - 2

1n, n E N. It is clear that Pn E U and qn n U = 0 for all n E N. 
Hence, by (1) 3Vn E T such that qn E ~~ and Pn n Vn = 0, for all n E N. 
Let V = Un Vn· Then, V(y) = 1 and V(x) = Un ~,(x) = 0. so we have 
( 1). 

( 1) -::/? ( 5). Consider the following counterexample: Let X = { x, y} be 
a set of two points x and y, and let T = { U : U is a fuzzy set such 
that U(x) = U(y), or t 2: U(x) > U(y)}. Clearly, (X,T) is a fuzzy 
topology on X, in both Chang's sense and Lowen's sense. Thefts (X, T) 
satisfies (1) because, the premise U(x) = 1 and U(y) = 0 and the premise 
U(y) = 1 and U(x) = 0, are both impossible. On the other hand (X, T) 
does not satisfy ( 5). Take the two distinct fuzzy points p and q in X such 
that p(:r) = ~' p(y) = 0 and q(y) = ~' q(x) = 0. Then, there exists U E T 

such that U(x) = ~ > p(x), U(y) = 0. Clearly, p E U and q n U = 0. 
But, for all vET, if q E v, then V(x) 2: V(y) > ~'and sop n v = 0. 

(iii) ( 1) {:::} ( 4). This can be shown easily by applying the same technique 
used in (ii). 

If the fuzzy open sets U and V in Definition 1.6 are replaced by fuzzy 
closed sets U' and V', respectively, then the statement of Theorem 4.1 
remains valid. 

Theorem 4. 2. Let {(Xi, Ti), i E I} be a family of fuzzy topological 
spaces. Then their product space (X' T) = IIi (xi' Ti) is fuzzy Ro iff each 
coordinate fts is fuzzy Ro 

Proof. Let (Xj,Tj) be fuzzy R0 for all j E I and let p,q be any two 
distinct fuzzy points in X,p =< Pj >,q =< qj >(see Srivastava [7]) and 
U E T such that p E U, q n U = 0. Then Pi and q; are distinct for at 
least one i E J, and there exists a basic fuzzy open set ITjUj such that 
U = IIiUi. Therefore, Pj E Uj , j E J. Also, qi n Ui = 0, for at least 
one i E I. Then 3\;i E T; such that qi E Vi and p; n Vi = 0. Construct 
V = II1 Vj', where VJ = Xi, for j =/:- i, and V;' = \li. Clearly, q E V, and 
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p n v = 0. Hence, (X, T) is fuzzy Ro. 

Conversely, let (X, T) be fuzzy R0 • Suppose that p; and q; are distinct 
fm~zy points of xi, U; E Ti, Pi E ui and qi n U; = 0. Construct p =< 

I I I I · -1- · I I d u r·r u~ u~ x Pj >,q =< qJ >,pj = qj,J 1 z, Pi= Pi,qi = qi, an = j J' j = j, 
for j # i, and Uf = Ui. Then p and q are distinct fuzzy points of X, and 
p E u' q n u = 0. Then 3V = ITj Vj E T such that q E v, p n v = 0 . 
Then by the construction of p and q we must have that qj E Vj, j E I, 
and Pin V; = 0. This proves that (Xi, T;) is fuzzy Ro. 

Using Definition 4.6, Theorem 3.1 of [6] and Proposition 3.2 of [7], we 
can easily prove the following theorems: 

Theorem 4.3. J1 fuzzy subspace of a fuzzy R 0 space is also fuzzy R 0 . 

Theorem 4.3. A topological space (X, T) is R 0 iff thefts (X, w(T)) is 

fuzzy Ro. 
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ON NEW RENEWAL BETTER THAN USED 

CLASSES OF AGEING 

M.I. HENDI AND A.F. MASHHOUR 

ABSTRACT. Suppose that a device is subject to shocks occurring ran­
domly in time according to the counting process N = {N(t), t 2: 0}. 
Let Pk, be the probability that the device survives the first k shocks, 
k = 0, 1, 2, ... , where 1 = Po 2: P1 2: . . . . The probability that the 
device survives beyond t, fi(t) = 2::::;;"= 0 P{N(t) = k}Pk> is proved to 
have the new renewal better (worse) than used NRBU (NRWU) prop­
erty under some conditions on {Fk}f=o when N is homogeneous and 
nonhomogeneous Poisson processes. Laplace transform and generat­
ing function characterizations for these NRBU (NRWU) properties are 
given. 

1. INTRODUCTION 

Suppose that a device is subject to shocks occuring r<.'lndomly in time 

according to the counting process N = { N ( t), t ~ 0}. Let the device 
have the probability Pk of surviving k shocks k = 0, 1, 2, ... , where 1 = 

Po ~ F1 ~ ... The probability H( t) that the device survives beyond t is 
given by 

( 1.1) H(t) = L P{N(t) = k }Pk. 
k=O 

Such shock models have been studied by Esary et al. (1973) when N is 
a homogeneous Poisson process and by A-Hameed and Proschan (1973, 
1975) when N is a nonhomogeneous Poisson process. In all these cases 
the authors prove that H(t) is IFR, IFRA, DMRL, NBU, or NBUE un­
der suitable conditions on N if { Pk}~0 has the corresponding discrete 

property. Klefsjo (1981) has considered (1.1) for the HNBUE class. 
Abouammoh et al. (1988) have studied some shock models for NBUFR 
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and NBAFR classes. Abouammoh and Hendi (1991) considered shock 
models for the new better than used renewal failure rate (NBURFR) and 
the new better than average renewal failure rate (NBARFR). Recently 
Abouammoh and Ahmed (1993) studied NRBU (NRWU) closure proper­
ties under some reliability operations such as convolutions, mixtures and 
coherent systems. They examine also, the relationships between these 
classes and other classes. 

The main theme of this paper is to establish different results of shock 
models for the class of new renewal better than used (NRBU) distribu­
tions and its dual class of new renewal worse than used (NRWU) dis­
tributions. In section 3 the survival function H( t) is studied when N 
is a homogeneous and nonhomogeneous Poisson processes. The Laplace 
transforms for these classes and characterization of generating functions 
of the renewal failure rate classes are established in section 4. 

2. THE NEW RENEWAL BETTER THAN USED PROPERTIES 

Let H be a life distribution, that is H(O-) = 0 and fr(t) = 1- H(t), 
Vt ~ 0 be its corresponding survival function and f-LH = J000 ii(u)du. The 
new renewal better than used (NRBU) and the new renewal worse than 
used (NRWU) properties are given below. 

Definition 2.1 : A life distribution H with H(O-) = 0 and finite mean 
JLH = f000 H(u)du is said to have the NRBU(NRWU) property if 

(2.1) f-LHH(t + x) ~ (~)fl(t) 100 H(u)du, V t, x ~ 0 

Classes of life distributions with these properties are introduced by 
Abouammoh and Ahmed (1993). Their behaviour under some reliabil­
ity operations such as convolution, mixing and formation of coherent 
systemes has been also studied. Moreover, they investigated the rela­
tionships between these classes with other classes. 

Now consider a device with life distribution H which is replaced in­
stantaneously upon failure by a sequence of mutually independent de-
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vices. These devices are independent of the first device and each has the 
same life distribution H. In the long run the residual life of a device 
under operation is given by 

(2.2) t ~ 0 

the stationary renewal distribution of H. Using (2.2) relation (2.1) can 
be expressed as 

(2.3) H(xit) ~ WH(x); t,x ~ 0 

where WH(x) 
name NRBU. 

1- WH(x). The last inequality (2.3) account for the 

Now we give the following definition of the discrete NRBU and NRWU 
properties. 

Definition 2.2 : A life distribution or its survival h 
0, 1, 2, ... is called NRBU (NRWU) if 

00 

(2.4) f1Pt+k ~ (~)Pt L pj k ~ 0, 1, ... 
j=k 

3. A POISSON SHOCK MODEL LEADING TO NRBU 

In this section we consider the shock model given by ( 1.1) such that 
the arriving shocks to the device occur according to a counting process 
N which is a homogeneous and nonhomogeneous Poisson processes. 

Assume first that a device is subjected to shocks occuring randomly in 
time according to a homogeneous Poisson process with constant intensity 
>.. Thus the shock model ( 1.1) is reduced to the form 

(3.1) 
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Now we prove that the discrete NRBU property of Pk, k = 0, 1, 2, ... is 
preserved for li(t) under the model (3.1). 

Theorem 3.1. The suTvival fl(t) in model (8.1) is NRBU if {Pk}k=O 
is discTete N Rfl U. 

Pmof. By(:).l) 

la
cxl _ laoo cxl (>.u)k _ 

H(u)dv. = L e-.\u_k1-· Pkdu 
0 0 k=O . 

(3.2) fl. 
;.· 

Note that fl E NRBU if 

(3.3) 

!!_ f= e->-(t+x) [>.(t + x)]k pk 
,\ k=O k! 

oo k (k) (,\t)J(,\x)k-j 
f!..c->-(t+x) L pk L J I 
,\ k=O j=O k. 

!!_ -.\(t+x) ~ p ~ (>.t)j (>.x)k-j 
,\ e L...t k L...t .1 (k .) 1 

k=O j=O J. - J . 

!!_ -.\(t+x) ~ (>.t)j ~ (>.x)k-j p 
, e L...t .1 L...t (k ")I k, 
A j=O J. k=j . - J . 

!!_ -.\(t+x) ~ (>.t)j ~ (>.x)l p. 
,e L...t .1 L...t [I 1+1· 
A J=O J. l=O . 
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By reversing all inequalities we get a dual theorem in the NRWU case. 

Next, let the shocks in ( 1.1) occur according to non-homogeneous 
Poisson process, with mean value function A( t) and event rate A'( t). Let 
Pk, k = 0, 1, ... , be the probability that the device survives the first k 
shocks, in this case model (1.1) is reduced to 

(3.4) H- (t) = ~ e-A(t) [A(t)Jkp_ 
LJ k' k, t ~ 0. 
k=O . 

Now we investigate the preservation of discrete NRBU (NRWU) property 
of Pk, k = 0, 1, 2, ... for l!(t) under the model (3.4). 

Theorem 3.2. Pk, k = 0, 1, 2, ... are preserved for l!(t) under model 

(3.4} if {Pk}k:,0 is discrete NRBU, A'(O) =/:- 0 and A'(oo) = oo if 

00 00 

k=O j=k 

Proof. The survival function Pk has the discrete NRBU properties if 

11P1+k ~ P1 'L'f=k Pj, l, k = 0, 1, 2, ... i.e. 

00 

PI~ Jlpl+ki(L: Pj), l,k=0,1,2, ... 
j=k 

Multiplying both sides of the above inequality by kernal e-A(t) A'1~t) and 
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taking summation over l = 0, 1, ... we get 
00 

(3.6) ll(t) 2 11fh(t)!Ci:. P1) k > o, 
j=k 

where 
- ~ -A(t) N(t) -
lh(t) = ~ e - 1,-Pk+t, k = 1,2, .... 

The survival function ii(t) has continuous NRBU properties if 

(3.7) 

Note that 

dA(u) 
where du = A'(u). 

- fi(t+x) 
H(t) 2 /1H f:' H(u)du . 

Applying 2Tld mean value theorem for the above equality and taking 
A'(O) -j. 0 and A'( oo) = oo, we get JlH = ~ and (3. 7) may be written 
as follows: 

(3.8) t, X 2 0. 

From (3.6) and (3.8) we conclude that lJ(t) satisfies the assumption of 
NRBU property if 

The proof is complete. 

The proof for the NRWU case can be obtained by reversing all the 
inequalities in the above proof. 
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4. LAPLACE TRANSFORMS AND GENERATING FUNCTIONS FOR NRBU 

Here we establish the necessary and sufficient conditions for the life 
distribution to have the NRBU properties by using the laplace trans­
forms. These conditions can be used to investigate the closure under 
convolution. 

Now let F be a distribution function such that F(O-) = 0 and let 
4;(s) = f000 e-sudF(u); s 2: 0 be the Laplace transform of F(x). Define 

( 4.1) ( ) = ( -1 )n .!!!:__ ( 1 - 4;( S)). 
an s I d ' n. sn s 

n2:0, s2:0 

Let bn+ 1 (s) = sn+Ian(s) for n 2: 0 and b0 (0) = 1 for s > 0. The 
transforms an( s) and bn+I ( s) have the forms 

(4.2) 

(4.3) 

an(s) 

n 2: 0, s 2: 0 

Venogradov (1973) characterized the IFR property in terms of bn(s). 
Block and Savits (1980) obtained similar characterization for the IFRA, 
DMRL, NBU and NBUE properties. Abouammoh et al. (1988) have 
characterized the NBAFR property by bn(s). Abouammoh and Hendi 
(1990) characterized the NBURFR and NBARFR properties by bn(s). 
In the following we establish the corresponding characterization for the 
new renewal better than used (NRBU). 

Theorem 4.1. Let F be a life distribution with F(O-) = 0, then F has 
the NRB U property if and only if (iff) 

00 

( 4.4) F(t) L bj+I(s) 2: JLCn+I(s, t) for n > 0, s > 0 
j=n+l 

where 

l oo (su)n _ 
Cn+I(s, t) = s e-su __ 1-F(t + u)du, 

o n. 
t > 0. 
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Proof. Assume that F is NRBU, then by using the form (4.3) for n > 0, 
s > 0, 

00 

L bj+l(s)· = 
j=n+l 

00 roo (u)i L sj+l Jn e-su-.-, F(u)du 
j=n+l 0 J. 

roo ~. 00 (su)1 
s Jo F(u)( L -.1-e-su)du 

0 j=n+l J. 

s roo F(u)( ru e-sv(sv)n dv)du, 
Jo Jo n! 

z.e.' 
oo roo ( SV )n roo -L bj+l(s) = s Jn e-sv_1-(}, F(u)du)dv. 

j=n+l 0 n. v 

Since F is NRBU i.e. JLF(t + u)::; F(t) J::O F(v)dv, then 

~ bJ·+l(s) > roo -su(su)n F(t+u)d 
LJ 8 lo e --:;;!f.L F(t) u j=n+l 

JLS roo -su ( SU )n -
F(t)Jo e --:;;!F(t+u)du, 

z.e. 
00 JL 
L bj+l(s) 2: ~( )Cn+l(s,t). 

j=n+l F t 

This completes the proof of necessary part. 

To prove that the condition ( 4.4) is sufficient, note that it may be 
written in the form 

( 4.5) 

where 
oo ( SU )j -su 

Gn(u) = s L -/1-e . 
j=n+l J · 

It is obvious that 
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where Y1, Y2 , ... , Yn+l are mutually independent and exponential with 
rate s. Hence Gn ( u) represent a gamma distribution function with pa­
rameters ( n + 1, s) and its characteristic function is given by ¢n+l ( w) = 
( 1 _ i: )-(n+l). 

Letting (n+1) -----+ x, it can be shown that 
s 

that is 

( 1.6) 

lim ¢n+I(w) = exp(iwx), 
n-+oo 

for u < x, 
for u ~ x. 

On the other hand, by Lemma (2.3) due to Block and Savits (1980), 

(1.7) lim Cn+I(s, t) = F(t + .r). 
n-+oo 

The condition ( 4.5) implies that 

lim {oo Gn(u)P(u)du ~ lim -1(1 )cn+1 (s, t). 
n->oo Jo n-+oo F t 

From (4.6) and (4.7), it follows that 

l oo F(u)du ~ _!1( )F(t + x). 
I F t 

This complete the proof. 0 

The corresponding Laplace transforms of the dual NRWU properties 
are satisfied with inequalities sign reversed. 

In the following we translate NRBU (NRWU) properties in terms of 
generating functions. 

Let Po = 1 - P0 and p; = P;_ 1 - P;, i = 1, 2, ... be the probability 
rnass function (prnf) of a nonnegative random variable X. The probability 
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generating function of X is 

00 

( 4.8) 1/;(0) = E[Ox] = 1- I:(l- O)Oi Pi. 
j==O 

Relation ( 4.8) may be written in the form 

00 

( 4.9) 1/;(0) = 1- L P(Y = j)Pj 
.i==O 

where Y has the geometric distribution 

(4.10) .9k = P(Y = k) = (1-0)0k, k = 0,1,2, ... 

Let }i, i = 1, 2, ... , n be iid random variables with common pmf given by 
n 

( 4.10). The variable V = L }i has the negative binomial distribution, 
i==l 

j = 0, 1, ... 

Next define 

{ 
'\""'= ( n + j- 1 ) Oi(1- O)np-. 

Bn(O)= ~.i==O j 1' 
for n = 1, 2, ... 

for n = 0. 
(4.12) 

The form ( 4.12) has the following interesting physical meaning. Sup­
pose that a device is subjected to two different types of shocks wl and 
W2 say. At every time unit a shock of type W1 occurs with probability 
1-0. If Yi denote the number of wl shocks between the ( i- 1 )ih and ith, 
i E N of W2 shocks, then Yi has geometric distribution with pmf given 
by (4.10) and V has a negative binomial distribution given by (4.11). 
Hence Bn(O), n EN, represents the probabilities that the device survives 
n shocks of type wl type, where pj represents the probability that the 
device survives the first j shocks of type w2. 
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Using the form ( 4. 9) A bouammoh and Hendi ( 1990, 1991) found con­
ditions for discrete life distributions, namely IFR, IFRA, NBU, NBUFR, 
NBAFR, NBURFR and NBARFR in terms of Bn( B). Next, we trans­
late the NRBU (NRWU) properties in terms of En( B). The proof of the 
following Theorem is direct and therefore omitted. 

Theorem 4.2. Let Bn(B) be given by (4.12} 1 and 

C (B) = ~ ( n + l- 1 ) Bt(l - O)n p 
n,m L [ l+m' 

l=O 

l,m=1,2, ... ,. 

Then {Pj}~0 is NRBU (NRWU) iff 
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