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ON THE DIOPHANTINE EQUATION d;z? + 4dy = y™

FADWA S. ABU MURIEFAH

ABSTRACT.The object of this paper is to prove the following Theorem:
The diophantine equation

diz® + 4dy = y",

where di, d2, z, y, n are positive integers such that (di,dz) = (z,y) =
(2,y) = 1,d1,ds are square -free integers, n is an odd integer > 3 and
(n,h) = 1 where h is the class number of the field K = Q (v/—d1dz2), has

no solutions in (d;,d2,z,y,n).

1. INTRODUCTION

Let dy, da, z, y, p be positive integers. Many special cases of the diophantine
equation

(1) dia® +4dy = yP, (dyz,dp) = 1, p prime>3, (z,y) = 1,pt h

where d, dy are square-free integers and h is the class number of the field
Q (m), have been considered in the last few years. The first result
regarding this equation is due to Nagell [9], who proved that when d; = dy = 1,
then equation (1) has only the positive solutions x =y = 2, p = 3 and = = 11,
y = 5,p = 3. Ljunggren [6] studied this equation in full generality and he
has found interesting theorems concerning its solutions. Also Le Maohua [§]
proved that if p > 8.5.10° then equation (1) has no solution with 24y. In 1]
we proved that if d; is odd, dy = 2% and p = 1 (mod4), then equation (1) has
no solution with  odd. Recently Luca [7] proved that when d; = 1, dy = 32,
then (1) has no solution. In the interesting paper [3] Bugeaud and Shory

Mathematics Subject Classification. Primary 11D09,11D25, Secondary 11B37, 11J68,
11J86, 11Y50.

Keywords: Diophantine equations; Lehmer sequence; primitive divisor.



2 FADWA S. ABU MURIEFAH

studied equation (1) where y is a fixed odd integer k coprime with dids and
they gave a necessary and sufficient conditions on d;, do and k under which
this equation has at most 2¥(*)~! solutions where w (k) denotes the number
of distinct prime divisors of k. In this paper we solve equation (1) completely.

2. Preliminaries

We start by giving some important definitions.

Definitions
A Lehmer pair is a pair («, B) of algebraic integers such that (« + ﬁ)2 and

af3 are non-zero co-prime rational integers and «/ is not a root of unity.Given

a Lehmer pair (o, 3)one defines the corresponding sequence of Lehmer numbers
by

n _ Qan
aa_g if n isodd,

Un (a, ,3) = a™ — ﬁn
if n is even.

a? — 32

A prime number p is a primitive divisr of u, (o, f) if p divides u,, but
does not divides (a? — ,62)2 ULUD . . . Un—1.

A Lehmer pair (e, 8) such that wu, (o, ) has no primitive divisors will be
called n—defective Lehmer pair.

Now we reproduce the following results for future use.

Lemma 2.1 ([2]). For n > 30, the nth term of any Lehmer sequences has a
primitive divisor.

Lemma 2.2 ([10]). Let n satisfy 6 < n < 30. Then up to equivalence all
parameters of n-defective Lehmer pairs are given as follows:

i.n=7, (a,b)=(1,-7),(1,-19),(3,-5),(5,=7),(13,-3),(14,—22) .
ii. n=9,(a,b) = (5-3),(7,-1),(7,-5),
iii. n =13, (a,b) = (1,-7),
iv. n =14, (a,b) = (3,-13),(7,-1),(7,-5), (19, 1), (22, —14)
v. n=15,(a,b) = (7,-1),(10,-2),(1,-7),(3,-5), (5,—7),
vi. n =18, (a,b) = (1,-7),(3,-50), (5,-7),
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vii. n =24, (a,b) = (3,-5),(5,-3),
vili. n = 26, (a,b) = (7,-1),
ix. n =30, (a,b) = (1,~7), (2,~10).

3. MAIN RESULTS

Theorem 3.1. The diophantine equation
(2) d1272 + 4d2 = yn,

where dy1, do, =, y, n are positive integers such that (d1,d2) = (z,y) = (2,y) =
1, di, do are square -free integers, n is an odd integer>3 and (n,h) = 1 where
h is the class number of the field K = Q(v/—didz), has no solutions in
(d1, do,z,y,n).

Proof. Let (dj,dg,z,y,n) be a solution of (2). The impossibility of the
equations 372 + 4 = y™ and x? + 12 = y", with  odd has been proved in [1,
Theorem 1.8] and [4] respectively. We may therefore assume djds # 3. Now
factorize (2) in the field K,

(m\/a + 24/ —d2> (x\/a -2y —dz) =y"
The principal ideal [z /d] + 2v/—d3] and its conjugate ideal are co-prime, so

[a:\/a+2\/:72} =",

for some ideal 7 in K. It follows that #™ is principal and since (n,h) = 1,
therefore 7 is principal ideal, say m = [¢] for some element £ in K. So we get

the equation
[oVdi +2v/=da] = [e]",
(ev/dr +2v=ds) = €,

for some ¢ in K. Therefore we have the following two cases:

x\/a+2,/_d2=<g—@—+2b— '_d2> , a=b=1(mod?2)

v/ +2v/=ds = (a/di +bV/=d3)

for some rational integers a and b.

and consequently
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By equating the coeflicients of \/—d3, we deduce that the first case is im-
possible.

Now we consider the second case. Again equating the coefficients of v/—dj,
we get the relation

n—1

2 as1_,
(3) 9 — Z < n )an—1—2rb2r+1d12 (_d2)r,

= 2r +1

such that y = a%d; + b?dy, and (ads, bdz) = 1. Since y is odd, therefore, a
and b have the opposite parity. Let

a = a\/dy +by/~dy, B =a/di — by/~dy.

Then we get
a™—-pg" 2
4 =2
(4) PR
It is easy to verify that («, 3) is a Lehmer pair. Further, let
ot — Bt ’
ut(avﬁ) = a__—g‘v tZ 0

be the corresponding sequence of Lehmer number.

By Waring’s formula [5, Formula 1.76], we get

n—1
an_ﬁn_ 2 n 9 n—12—2i i
a_ﬁ —;[’L]( 4bd2) Yy,
where
nl  (n—i—1)n . n—1
il (=2t T T

are positive integers. This implies that (a™ — ") /(a — ) is an odd integer.

So b==%2, hence ad; is odd, and from (4) we get
al — ﬁn
) -
It implies that u, (o, ) has no primitive divisor. By Lemmas 2.1 and 2.2, we
see that if (5) holds, then n < 5. So we have n = 5, then from (3), we get

2
5
+92 — 4—2r22r+1d2—r —do)"
S (g0 R

+1.
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[

dividing this equation by 2, we get
(6) +1 = 5ad? — 40a%d,dy + 1643

Considering equation (6) modulo 8, we get a contradiction. This completes
the proof of our theorem. O

Now we consider the case n = 3.

Corollary 3.1. The diophantine equation (1), may have a solution with x
and n odd only when n =3, dy odd and 31 dy. Furthermore the solution (if it
exists) is given by y = a*dy + 4da, where a satisfies a® = (4dy £ 1) /3d;.

Proof. From the above theorem it sufficient to consider n = 3, then from (3)
we get

+1 = 3dya® — 4ds,
From this relation we deduce that d; odd and 3 { ds. O

Examples:

(1) Consider the diophantine equation 3z%+28 = y™. Here h = 4, (n,4) =
1 for all odd integers n, so from the Theorem, there is no solution for
n > 3. If n =3, then a® = (28 + 1) /9 which impossible. So the
equation has no solution in odd integers z and n for all n > 3. This
is first shown by Ljunggren in [6].

(2) Consider the diophantine equation 3z% + 8 = y". Here h = 2, so
from the Theorem, there is no solution for n > 3. If n = 3, then
a’=(8+1)/9=1. Hence

y=a%d +4dy =13+42=11. z =21

So the equation has a unique solution in odd integers = and n.
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INTERSECTION, FIXED POINTS AND MINIMAX INEQUALITIES

WITH A GENERALIZED COERCIVITY IN H-SPACES

SOUHAIL CHEBBI!

ABSTRACT. We introduce a generalized coercivity type condition for corre-
spondences defined on topological vector spaces endowed with a generalized
convex structure. An extension of the Fan’s matching theorem is obtained
and used to prove results on fixed points and minimax inequalities with a

weakned compactness condition.

1. INTRODUCTION

This paper is a study of a coercivity type condition for correspondences
defined on topological spaces endowed with a generalized convex structure.
We introduce the concept of coercing family in H-spaces and we propose the
systematic development of the method based on the Fan’s matching type the-
orem.

We firstly recall the structure of H-convexity defined by Horvath in [10]
and H-KKM correspondence defined by Bardaro and Cepitelli in [4]. We then
introduce the notion of H-coercing family for correspondences defined in H-
spaces and give some examples from the literature. In section 3, we prove a
Fan’s type theorem on the intersection of correspondences defined in H-spaces
and satisfying a weakened compactness condition. Theorem 1 and Theorem 2
of this section generalize recent results of Lassonde [ [12], Theorem I}, Horvath
[[10], Theorem 1] and Bardaro and Cepitelli [ [4], Theorem 1 and Theorem 2] as
mby the Science Research Center of College at King Saud University (project
No. Math/2005/09)

Mathematics Subject Classification. 54H25.
Keywords: H-spaces, H-compacts, H-coercing, fixed points, minimax inequalities.
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well as corresponding results obtained in Fan [8], Ben El-Mechaiekh, Deguire
and Granas (3], Ben El-Mechaiekh, Chebbi and Florenzano [2] when the H-
convexity is replaced by the usual convexity of a topological vector space.

In Section 4, we generalize the results on coincidence and fixed point ob-
tained by Horvath in [11], Bardaro and Cepitelli in [5] and Lassonde in [12]
to coercive correspondences defined on non-compact H-spaces and we prove
minimax inequalities for functions defined on H-spaces and satisfying a gener-
alized coercivity type condition. Our results generalize minimax inequalities
obtained by Allen in [1], Granas in [9], Ben El-Mechaiekh, Deguire and Granas
in [3], Lassonde in [12], Horvath in [11] and Ding and Tan in [6].

2. PRELIMINARIES

Let (X) denote the family of all non-empty finite subsets of X. In order to
define the setting of this paper, we firstly recall some basic concepts:

Definition 2.1. (a) (X,T) is said to be an H-space if X is a topological
space and T : (X) — 2% a map such that I'(4) c T'(B) if A C B and
assumed to have non-empty C*° values

(b) Asubset C'C X is said to be H-convez if for every A € (C),I'(A) c C.
(c) A subset K C X is said to be H-compact if for every A € (X), there
is a compact H-convex set D such that AUK C D.

Note that the class of H-spaces, which was firstly defined by Horvath in [11],
contains topological vector spaces as well as a number of spaces with abstract
topological convexity (the pseudo-convexity of Horvath in [10] and the concept
of convex space due to Lassonde in [12] for example). For More details about
generalized convexity, refer to [12], [10], [11], [4], [5] and [13]. The notion of
H-compactness generalizes the c-compactness in [12].

_Am of a topological space is said to be C*° (or co-connected) if for each integer

n, any continuous function f : A, — X can be continuously extended to a continuous
function g : A, — X.
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Definition 2.2. Let (X,T) be an H-space. A set-valued map (simply called
correspondence) F : X — X is called H-KKM if and only if:

VA€ (X), T(4)c | F(=)
T€EA

Definition 2.3. As was defined in [12], we say that a subet A of a topological
space X is compactly closed (open, respectively) in X if for every compact set
C C X, the set ANC is closed (open respectively) in X.

We now introduce the concept of a generalized coercivity condition for cor-
respondences as follow: '

Definition 2.4. Let (X, ") be an H-space and Y a topological space. A family
{(Ci, K;) }ier is said to be H-coercing for a correspondence F': X — Y if and
only if:

(i) For each i € I, C; is an H-compact subset of X and K; is a compact
subset of Y;
(ii) For each 7,5 € I, there exists k € I such that C;|JC; € Cy;
(iii) For each i € I, there exists k € I such that:

z€Cy

Example 2.1. If F : X — X is a correspondence satisfying the following
condition given in [11]: For some z¢ € X, F(xo) is compact. Then F admits
a coercing family.

Proof. Take, for all 1 € I, C; = {zo} and K; = F(xo). a

Example 2.2. If F : X — X is a correspondence satisfying the following
condition given in [6]: There exists an H-compact subset X of X such that

mZEXo F(.’I;)

is compact. Then F' admits a coercing family.

Proof. Take, for all i € I, C; = {Xo} and K; = Nzex, F(x). O
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Note that when X is a subset of a topological vector space, the notion
of coercing family in this generality was used by Ben El-Mechaiekh, Chebbi
and Florenzano in [2] and generalized the concept of coercivity (with two sets
K and C) used in [1],[3] and [8]. For more details about coercing family in
topological vector space, see [2].

3. INTERSECTION THEOREMS

The main result of this paper is the following extension of Theorem 4 in [8]:

Theorem 3.1. Let (X,I') be a an H-space, Y any topological space and F :
X =Y a correspondence such-that:

(1) For every x € X, F(z) is compactly closed in X.
(2) For some continuous map s : X — Y, the correspondence G : X — X

given by :
G(z) = s} (F(x))
s H-KKM. .
(3) There exists an H-coercing family {(C;, K;) }ics for F. Then (| F(z) #
zeX
0.

Proof. For j = (i,a) € J = I x (X), let C; = C; Ua and K; = K;Ua. Since
C; is an H-compact subset, the family {(C‘j, K i)}jes is also H-coercing for F
and, furthermore, X = |J C;.
jEJ
For every j € J, let Z; be the compact and H-convex set containing C'j and
Let Yj = s(Z;). We consider the correspondence G; : C; — Z; defined by :

Gj(z) = 571 (F(z)NYj)

where s; is the restriction of s to Z;.

By (1), for each z € C'j, Gj(z) is compact and it is easy to check that Gj is
H-KKM since Gj(z) = G(z) N Z; and G is H-KKM. It follows from Corollary
lin [10] that () Gj(z) is not empty, so () F(z) is also not empty . Using

Iééj :EEC'J'
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condition (ii) of Definition 2.4, we can see that the family { (| F(z)};es has
IEC']'
the finite intersection property. Since for some j € J, (| F(z) is contained in
:J:Eéj
a compact set, we conclude that (| () F(z) is not empty. Since X = |J Cj,
i€ zec; j€J
we just have to notice that (| (| F(z) = () F(z), in order to complete the
je]meé’j z€X

proof. a

Theorem 3.1 extends Theorem 1 in [4] which in turn generalizes Corollary
1 of Horvath in [10]. When I is a singleton and the H-convexity is replaced by
the convexity of Lassonde, then Theorem 3.1 is reduced to Theorem I in [12].

For any correspondence F : X — Y let F* : Y — X be the correspondence
defined by:
F*(y) = X\ F'(y)

The following result is more specially adapted to the study of minimax
inequalities:

Theorem 3.2. Let (X,I') be an H-space and F,G : X — X two correspon-
dences such that:

(a) For every z € X, G(z) is compactly closed and F(z) C G(z).
(b) For every x € X, z € F(x)
(c) F*(x) is H-convez .

)

(d) There ezists an H-coercing family {(Cs, K;) }ier for G. Then (| G(z) #
zeX

0.

Proof. By virtue of Theorem 3.1, it suffices to show that G is H-KKM. Suppose
that for some finite subset A C X, there exists y € I'(A) and y ¢ G(z) for
every z € A and so A C G*(y). Since G*(y) C F*(y) and by (c) I'(4) C F*(y),
hence y € F*(y) which is equivalent to y ¢ F(y) and this contradicts (b). [

Note that Condition (d) of Theorem 3.2 extends the non-compactness con-
dition of Theorem 2 in [10] and Theorem 1 in [11].
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4. FIXED POINTS AND MINIMAX INEQUALITIES

As application of section 3, we prove a generalization of Ky Fan’s fixed point
theorem as presented by Ben-El Mechaiekh, Deguire and Granas in [3]:

Proposition 4.1. Let (X,I") be an H-space, Y a topological space and S :
X —'Y a correspondence such that:

(i) For each z € X, S(z) is compactly open in Y.
(ii) For each y € X, S7(y) is non-empty and H-convexz.
(iii) There exists an H-coercing family {(C;, K;) }ier for the correspondence
F:X =Y defined by F(z) = Y\S(z), Vr € X.

Then, for each continuous function s from X to Y, there exists an o € X
such that s(xzg) € S(xo). In particular, S has a fived point.

Proof. By (i), F(z) is compactly closed for each z € X. Let s : X — Y be any
continuous map and G : X — X a correspondence defined, for all z € X, by
G(z) = s7!(F(z)). G is not H-KKM, otherwise condition (ii) is not satisfied.
Thus, there is a finite set A C X and zo € I'(A) such that s(xg) € NyeaS(x)
and so s(zg) € S(zg). O

Theorem 3.2 can be also used to prove results on minimax inequalities:

Proposition 4.2. Let (X,I') be an H-space and let (E,C) be an order com-
plete topological Riesz space, where C' is the closed positive cone with a non-
empty interior int(C). Let f, g: X x X — (E, C) be two functions satisfying
the following conditions :

(a) For every (z,y) € X x X, g(z,y) < f(z,y).

(b) For everyy € X and any X € E, the set {zx € X : f(z,y) € A +int(C)}
is H-convez.

(c) For everyx € X and any X € E, the set {y € X : g(z,y) € A+int(C)}
is compactly open.

(d) There exists a family {(C;, K;)}icr satisfying condition (i) and (ii) of
Definition 2.4 and the following one:

Vie I, 3k € I such that {y € Y : g(x,y) ¢ A +int(C) Vx € Cx} C K;
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Then, for every X\ € E, the following alternative holds:
(1) There exists yo € X such that for every x € X, g(z,yo) ¢ A + int(C).
(2) There exists xg € X, such that f(zo,x0) € X + int(C).

Proof. For fixed A € E, we define F(z) = {y € X : f(z,y) ¢ A+ int(C)} and
G(z) = {y € X : g(z,y) ¢ X +int(C)}. Condition (a) implies F(z) C G(z)
for every z € X; indeed if y ¢ G(z), then g(z,y) € X + int(C) and there
is a neighborhood V of 0 € E such that g(z,y) +V C X + int(C). But
g(z,y) < f(z,y) implies X < g(z,y) +v < f(z,y) + v, for every v € V thus
f(z,y) +V C A+ int(C), that is y ¢ F(z).

If there exists zg € X with z9 ¢ F(x0), then f(zo,z0) € int(C) so we
have (2). Otherwise z € F(z) for each z € X. Hence all assumptions of

Theorem 3.2 are satisfied, then (| G(z) # @ which implies property (1) of
z€X
the alternative O

Corollary 4.1. Let (X,T) be an H-space, (E,C) a completely ordered topo-

logical Riesz space. Suppose that f : X x X — (E,C) is a function satisfying
the following properties:

(a) f is upper bounded on the set A = {(z,z):z € X}.

(b) For everyy € X and any A\ € E, the set {x € X : f(z,y) > A} is
H-convez.

(c) For every x € X and any X\ € E, the set {y € X : f(z,y) < A} is
compactly closed.

(d) There exists a family {(C;, K;) }ier satisfying condition (i) and (i) of
Definition 4.2 and the following one:

Vie I, 3k € I such that {y € Y :f(x,y) <A Vxe'Ck}CKi VA€ E

Then: inf,e x sup,cx f(z,y) < sup f(z,x)
(whenever the “inf” in the left-hand side exists).

Proof. Take A = sup,cx f(z,z) which is well defined. By Proposition 4.2,
there exists yp € X such that:

f(z,y0) < sup f(z,z) VrelX
x€X
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Since (E, C) is completely ordered, it follows that sup,¢ x f(x,yo) exists and
the result follows. O

Note that Proposition 4.2 generalizes Theorem 3 in [3] and Proposition 5.1
in [10] by relaxing the compactness condition. In case E = R, Corollary 4.1 is
reduced to minimax inequalities obtained in [1] and [7].

10.
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APPLICATIONS OF BRIOT - BOUQUET DIFFERENTIAL
SUBORDINATION TO SOME CLASSES OF MEROMORPHIC
FUNCTIONS

F. M. AL-OBOUDI AND H. A. AL-ZKERI

ABSTRACT. The object of this paper is to define and study some classes
of meromorphic functions using a new differential operator. Inclusion re-
lations, integral operators, and other results are found by the application

of Briot - Boquet differential subordination

1. INTRODUCTION

Let A be the set of all functions analytic in the unit disc E = {z : |2| < 1}.
Let g,G € A. We say that g is subordinate to G written g < G, if G is
univalent, g (0) = G (0) and g(F) C G(E).

Let 3 be the set of all meromorphic functions f in E and having in D =
E| {0}, the the Laurent expansion f(z) = 1 + > ax2*. The convolution or

k=1
Hadamard Product f * g of two functions f and g in ¥ is defined as follows

If f(z) =14+ > axz* and g(2) =1+ 3 bz, then
k=1 k=1
1 o]
(f*x9)(z) = S + Zakbkzk.
k=1

If follows from the definition of the Hadamard Product that

AMS subject classification: 30C 45.

Keywords: Analytic, meromorphic, close to convex, differential subordination, differential
operator.
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2(f xg)'(2) = (2f * g)(2) = (f * 2¢')(2).

In [1], the first author defined the operator DY f, which generalizes the well-
known Salagean operator [7]. In this paper we modify the operator D} f for
meromorphic functions as follows

DY f(2) = f(2),

Dif(z) = (1= M) f(2) + X
= Dy f(2),
D3f(z) = DA(D}f(2)), ...

2f(2) = DA(DY ' f(2)) = (1= DY f(2)

(D31 f(2))

(22f(2))

z

» A20,

(1.1) + A , meN

Using the operator DY f, we introduce three subclasses ¥ (m; n; A\; h), Q (m; n;
A;h) and T (m;n; A; k) of meromorphic functions and investigate certain prop-
erties of functions belonging to these classes. We require the following lemmas
to prove the results of this paper.

Lemma 1.1 ([3]). Let 3,0 € C. Let h € A be convex univalent in E with
Re[Bh(z)+0]>0,z€ E, h(0) =1 and P € A with P(2) = 1 +p12 + paz? +
- 1s analytic in E, then
zP'(z)
P(Z) + m < h(z) — P(z) < ]'L(Z)

Lemma 1.2 ([5]). Let 3,0 € C. Let h € A be convex univalent in E with
h(0) = 1 and Re[Bh(z)+0] > 0, z € E, and q € A with q(0) = 1 and
q(z) < h(z), z € E. If P(2) = 1+ p12 + +p22% + - -+ is analytic in E, then

zP'(2)

P(z) + m < h(z) = P(z) < h(2)
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2. THE CLASS ¥ (m;n; \; h)

Definition 2.1. Let f = {f1, fo, ..., fm}, fi € £, 1 <1 < m be such that
i(2)]

—77{1—————-<h(z), 2z€E, i=1m,
5 55 D3t

where z > D% f;(z) # 0 in E, h is convex univalent in E with h (0) = 1.
j=1

We say that f = {f1, f2, ..., fm} belongs to the class ¥ (m;n; A; h).

Remark 2.1. If m =1 and A = 0 or n = 0 and h(z) = 132, then D} f(z) =
f(z) and Z (1;n;0; h) = *, the class of meromorphic starlike functions which

has been studied by Clunie [2], Pommerenke [6] and others.

Theorem 2.1. Let f = {f1, fa, .., fm} € D_(m;n; A\, h) and F(z) = % > fi(z).
Then F satisfies the condition
—2[D3F(2))

(2.1) R

< h(z), z€E

Proof. Let f ={f1, f2, .-, fm} € >_(m;n;A;h). Then for any 29 € E,
—20[D3 fi(20)/'
m 2 D3 fi(=0)

J=1

€ h(E)

and hence equal h (w;) (say) for some w; € E, i = 1, m. Hence

20[DX fi(z0)]  m

o

!
3~ [T
2
I
>
&

foj(zo) =1

1

J

Let f(z) =1+ 3 axz*. Then, from (1,1) we see that
k=1

Dif = f(z {;4-214-/\]»4'1 }
k=1

= (f *kn)(2),
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where
(2.2) =% Zl+,\(k+1]nk n e No.
k=1
Hence i
—Zo[Df\LF(zO)]’ _zO[kn * z; fi(zo)]’
D7} F(2) * ilfj(zo)
j=
Since ) i
DY fiz) =) Difi(z),
i=1 i=1
we have
Dy () 1 | PR
- DyF()  m

% 3 DRfi(a0)
_ %Zh(wi) — h (wp).
=1

for some wy € E, since h is convex in E. This completes the proof of the

theorem.

O

Remark 2.2. If f = {fy, fo,..., fm} € > (m;n; A\;h) and h(z) = 1+z, then
Theorem 2.1 shows that DYF € X*, where F(z) = = Y fi(z), and hence
i=1

D} f; are close-to-convex meromorphic functions [4].
Theorem 2.2. Let f = {f1, fa2,..., fm} € D_(m;n;\; k). Define

y+1

E(Z) = W /t’H_lfi(t)dt, (’)’ S C, Re'y > O), 1= I,_m

0

IfRe h is bounded in E and Re(y+2) > max Reh (z), then F = {Fy, F>, ..
zE

€ Y (m;n; A h).

Proof. From the definition of Fj (z2) it follows that
2F(2) + (v + 2)Fi(2) = (v + 1) fi(2)

- Fn}
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and on taking convolution with k,, given by (2.2), we obtain

(2.3) 2[DYE(2)] + (v + 2)DYEi(2) = (v + 1)D3 fi(2),  i=1,m.
Let

(2.4) P(z) =

mz[DYF(2)]
> DRE;(2)
1=1

From (2.3) we get

(2.5)

+ (v +2)DXFi(2) = (v + DR fil2)

Differentiating the equahty (2.5) with respect to z, we obtain

B S Dyp) +
j=1

Z [DRF;(2)] + (v + 2) [ Dy Fy(2))

= (v + DIDR(2))
From (2.4) we have

S o), S RE T DIRE) P(2) 3 DyFy(2)
O = ) —
= (v + D[DLi(2))
Hence
Pl(2) + P;-rz) S P2 + (’Y+2)Pi£Z) _ +Ti)[D§fi(Z)]"
=1 LY~ DrFj(2)
j=1
Then
PGy O DADMRG) 1
LS P(z) +7+2 LS DpFy(z) LY P(e)+7+2
i=1 =1 =1
—(y + D)2 D} fi(2)]
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From (2.5) we have

(26) GO = SO DADRGEN
m o PR 42 w(1+1) 2 DRfi(2)
since f = {f1, fa, ..., fm} € >_(m;n; X\;h). Now we can write for any 29 € E,
—L20P!(20) 1 1

™ — —P;(20) = —h(wi),
- 2 i(z0) + v +2

for some wg € E. This is true for ¢ = 1,m. Since h is convex, there exists a
w; € E such that

a4 Qle0) = hwo),
where Q(z) = -1 i_n:le(z)
Hence B ,

?Q% + Q(2) < h(2).

Since Re h is bounded and Re (A + 2) > max Re h (2), it follows by Lemma 1.1
that Q(z) < h(z), z € E.
From (2.6) we have

_[(54-—’)’)]—;—2 + [—H(Z)] = h(z),

where Q(z) < h(z), i = 1,m. An application of Lemma 1.2 gives —P;(z) <
h(z), z€ E,i=1,m.
That is . ,
CDRREN e,
m 2 DLF;(2)
1=1
Now

1 [
Fi(z) = Z;Q / 1 f,(t)dt, v € C, Rey > 0.
0

It can be proved, easily, that, for every i, 1 < i <m

pie) = 2 [ovipgsc,
0
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and hence

S DR = L] / +12Dm
=1

— 2
- z'Y+2 /tg

0

where g(t) =t )" D} fi(t) # O,for t € E by assumption.
i=1
Now define

Q(z)=i7+1z"—1 Revy > 0
n:1’y+n b b

Then an easy calculations shows that

zZD';F = (Qxg)(z) #0.
Thus F = {F, Fy, ..., m} € > (m;n; \;h). O

Theorem 2.3. if f = {f1, fo,..., fm} € 2 (m;n+ 1;A;h), A > 0 and Reh is
bounded in E, then f = {f1, f2,..., fm} € D2(m;n;\;h) holds for (1+ 3) >
d= maExReh(z) in E.

z€E

Proof. Let

(27 () = AN

- , z€ k.
> D3fi(z)
J=1

From (1.1), we know that

(28) 2 (DRA()) = 3 DR i) — (14 3) DRA().
From (2.7) and (2. 8) we obtain

iz ZDAfJ )= T35 i)~ (L4 3) DRAC2)

Differentiating w1th respect to z, we get
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2 m > m
—pi(z (2) Y Dfy(2) + —pilz Z (DX fi(2))

=3 = (D fi(2) - 21+ )(D fi(z))".
Using (2.7), we have

25 S DR () +pile) | 2 S (D3 5(2) + 53 Drr(e)
m = m i /\ =
= 2 (D3 ste)

Then

Jj=1 1=1
Using (2.8), we get
29l (z 3 DY f:(z ,
(29) mpz( )ng )\fj( ) +pi(z) _ P (D;‘H—lfz(z)) .
w2 (DR1i(2) + 7 (1+3) Z D3 f5(2) m 2 DI f(2)
7= i=
Using (2.7) in the left hand side of (2 9), we have
—2zp;(2) —pi(2) = —% (D;\H_lfi(z))l_
m L pi2) + 1+ 3 m 2 DY ()
Jj=1 j=1
Since f = {f1, fo,..., fm} € Y_(m;n + 1;A; h), then
/ — n+1 g, 5 !
2.10) —2pl(2) () = (DX fi2) hz),

™ ZIPJ(Z)+1+§ - ZIDS’“JZ‘(Z)
j= j=
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for i =1, m.
Therefore for any zg € E, we have
—2pi(20) 1

%i (o) +(1+3) ™

for some wp € E. Since h is convex, there exists a w; € E, such that

m
_an 2> Pi(20) 1 m
=1

™ o sz‘(zo) = Z h(w;) = h(wp).
o ; pi(z0) + (1 + 3) i=1 =1

Setting Q(z) = — % Z i(z), we have
Q) o ne
Q)+ (17 OB e

Which by Lemma 1.1, implies that Q(z) < h(z).
From (2.10), we have

—2zp;i(2) ,
—Q()+(1+ %) —pi(2) < h(z),

where Q(z) < h(z). An application of Lemma 1.2 gives —p;(z) < h(z), which
implies that f = {f1, f2, ..., fm} € 3_(m;n; A} h) O

3. THE CLASS Q (m;n;A;h)

Definition 3.1. Let Q (m;n; A; k) denote the class of all functions f € ¥ such

that
—mz[D} f(2)]'

2. D3g5(2)
71=1
where g = {g1, 92, ..., gm} € D (m;n; A h).

Theorem 3.1. Let f € Q(m;n; A\;h). IfReh is bounded in E and Re (¢ + 2) >
maécReh(z), then
z€

< h(z),z € E.

1
F(z) = Cz:Q / tc+lf(t)dt, z€ E, ce C, Rec >0,

0
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also belongs to Q(m;n; \; h).

Proof. Since f € Q(m;n;\; h), there exists a g = {g1,92, ..., gm} € D (m;n; \; h)
such that - ,

~<{DR /()

- Z D3g;(z)

< h(z), z € E.

Let

1
Gi(a) = / e gi(t)dt, ¢ > 0.
0

Then by Theorem 2.2 G = {G1,Ga, ..., G} € Y. (m;n; A; ).
Let

(3.1) P(z) = ADRFGEI

135 DG ()

j=
Now, from the definition of G; and F', we have
(3.2) 2[DYG(2)] + (¢ + 2)DYGi(z2) = (c+ 1) D¥g;(2),
and
(3.3) 2[DYF(2)]' 4+ (¢ + 2)DYF(2) = (c + 1) DY f(2).
From (3.1) into (3.3), we obtain
ZD:G + (¢ +2)DYF(2) = (c+ 1) DY f(2).

Differentiating w1th respect to z we obtain

—p' ZD”G Z (2)] + (c+ 2)[DYF(2))

J=1
=(C+1)[ ()
Then
(34) =Pz Z 8Gy(2) + = P(2) Y [DRG;(2)) + 2(c + 2) DL F(2)]

j=1

= Z(C+ 1)[ M)


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


APPLICATIONS OF BRIOT - BOUQUET DIFFERENTIAL SUBORDINATION TO ...

From (3.1) into (3.4) we have

—P’ ZD"G (z) + = P( ) IDRG;(2)] + c+2p(z > DRGj(2)

j=1 j=1 j=1
=2(c+ 1)[DXf(2)].

Hence

2 P/(2) Y DRGy(2)

0 e +P(2)
& X IDRG () + 552 3 DY (2)

(c+1)2[D}f(2))
[DYG;(2)) +£ﬁZD"G< )
1

From (3.2) we get

_ —2P'(2) ~P(2) = —Z;I[lDX‘f(Z)]' < h(2),
= 2 Qi(2) +c+2 m 2 Dg;(2)
J=1 1=1
Where QJ(Z) — Z[D"Gj(z)]l

m 2 DRG;(2)
i=1

27

Now (=Q;(2)) < h(z), j =1,m, since G = {G1, G2, ..., G} € 3 (m;n; ;)

and h is a convex function. Since Re (c+ 2) > Reh, an application of Lemma

1.2 implies that —P(z) < h(z), hence F € Q(m;n; \;h).

O

Theorem 3.2. If f € Q(m;n+1;A;h), A > 0 and Reh is bounded in E, then

f € Q(m;n; \; h) holds for (1+3) >d = mz%(Reh(z) in E.
EAS

Proof. The proof of this theorem is similar to that of Theorem 2.3 and is

therefore omitted.

O
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4. THE CLASS T (m;n; A;a; h)

Definition 4.1. Let T (m;n;X\;a;h), @ > 0 denote the class of functions
f €3 satisfying the condition

—aa(DFH ()|~ (1= a)e(DRS )

1 21 Dt lgi(z) — ; DYgi(2)

S(a;faglag2u 7gm) =

m
where g = {g1,92, ..., gm} € D.(m;n; A;h) and 2 Y DY gi(2) # 0 in E.

=1

Remark 4.1. If we put a = 0, we get T'(m;n; X;0;h) = Q(m;n; A; h).

Theorem 4.1. If f € T(m;n; X\;a;h), A > 0 and Reh is bounded in E, then
f € T(m;n; X\;0;h) hold for (+ +1)>d= rneabz(Reh (2).

Proof. For a = 0, the theorem is trivial and hence we can assume that a # 0.

Let " ,
P(Z) — Z[D)\ (Z)] )

- 21 D%gi(2)
Then an easy calculations shows that
/ Dn+l i
- ZP (Z) + P(Z) — Z[m)\ f(Z)] )
- ;qz'(z) +3+1 - ZlD?Hgi(z)

where ¢;(z) = ADRe N Also -1 %5 4i(2) < h(2).
- ;Dilgi(z) i=1

Hence

—azP'(2)

m
-1 Zlqz'(z)+§+1
1=

since f € T(m;n;\;a;h). Now an application of Lemma 1.2 gives —P(z) <
h(z) which complete the proof. O
>

S(a; f;91,92, -+ Gm) = — P(2) < h(2),

Theorem 4.2. For a > >0, A > 0, Reh is bounded in E and (1 + %)
d = maxReh (2), T(m;n; X 05h) C T(min; A; B; h).
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Proof. The case 3 = 0 was treated in the previous theorem. Hence we assume
that 8 # 0, f € T'(m;n; X\;o; h) implies that

(41) S(a;faglaQQa"'7gm) < h(z)
By Theorem 4.1, we have

(4.2) DN,
- ;1 D} gi(2)
Now
ﬂ&ﬁ&ﬂ%w@w:—O—g%igﬁkﬂ—+§ﬂmﬁmgwq%ﬂ

o ; D39i(2)
From (4.1) and (4.2) it follows that
—z[D}f(21)]

T € h(E)
- ; D3gi(21)
and " ) /
— oz [ DY n
ait[ by f(zl)] _ (1 _ C!) zl"[‘nD,\f(zl)} = h(E)
= ZIDngi(Zl) - ; D3gi(z1)
Now h is convex and g— < 1, hence we have S(5; f, 91, 92, .-, gm)(21) € h(E),
showing that f € T'(m;n;\; 8; h). a
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BREAKDOWN OF SOLUTIONS OF A SYSTEM DESCRIBING HEAT
PROPAGATION WITH SECOND SOUND

SALIM A. MESSAOUDI AND AHMED A. AL-JUHANI

ABSTRACT. In this work we consider a hyperbolic quasilinear system describing the propa-
gation of heat waves for rigid solids at very low temperature. We establish a blow-up result

for classical solutions.

1. INTRODUCTION

In the classical theory of thermodynamics, heat conduction is viewed as a
purely diffusive process, typically described using Fourier’s Law. As a result we
get the usual heat equation. This equation provides a useful description of heat
conduction under a large range of conditions and predicts an infinite speed of
propagation, that is any thermal disturbance at one point has an instantaneous
effect elsewhere in the body. Experiments showed that heat conduction in
some dielectric crystals at low temperatures is free of this paradox (infinite
speed propagation) and disturbances which are almost entirely thermal, may
propagate in a finite speed. This wave-like of heat propagation is known as
second sound. It was first detected in the He, and then in high purity dielectric
crystals of sodium fluoride, NaF, and bismuth Bi. The range of temperature,
for which the second sound is detectable, is in fact quite small and normal
diffusive propagation takes place above it.

In this theory it is assumed that the heat flux satisfies Cattaneo’s law
(1.1) 7(0)q + g = —k(0) bs,

AMS subject classification. 35L45, 35Q72.
Keywords: blow-up, classical solutions, hyperbolic, second sound.
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where 6 is the absolute temperature, g is the heat flux, and 7 and k are strictly
positive functions depending on the absolute temperature. With this relation,
the internal energy, given by

(1.2) e =¢(h),
is no longer compatible with the second Law of thermodynamics. Coleman,

Fabrizio and Owen [1] showed in 1982 that, if (1.1) is adopted then compati-
bility with thermodynamics requires that (1.2) should be replaced by

e=&(6,q) = a(d) + b(6)¢?,

where b is a function determined by 7 and k. In particular b() > 0. As a
consequence, we obtain the system governing the evolution of 6 and ¢

gz — (/' (6) + V' (0)g*)0; + 2b(6)g g =0
(1.3) 7(0)q; + q + k(8)gz = 0.

Global existence and decay of classical solutions to the Cauchy problem,
as well as to some initial boundary value problems have been established by
Coleman, Hrusa, and Owen [2]. In their paper, the authors used a classical en-
ergy argument to prove their result. Concerning the formation of singularities,
Messaoudi [4] studied the following system

7(0)q = q+k(0) 0, =0
6(0) 9t +qm =0

and showed, under the same restrictions on 7, c and k, that classical solutions
to the Cauchy problem break down in finite time if the initial data are cho-
sen small in L* norm with large enough derivatives. This result has been
generalized by Messaoudi (5], [6] to the system (1.3).

Another approach to second sound is the one presented in [3], [8] and [9],
where the authors introduced an internal parameter which accounts for the
history memory effects of the heat flux. This approach gave rise to a new
theory of heat conduction which we discuss in the next section.
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2. DERIVATION OF EQUATIONS

In this section, we investigate the breakdown of classical solutions for the
following quasilinear system:

(2.1) v —pz =0

(2.2) pr = (0 (v))z = f(v)p
This system describes the propagation of heat wave for rigid solids at very low
temperature, below about 20°K.

Equation (2.1) comes from the balance of energy which in the one-dimensional
case takes the form

(2.3) (e()): + 4= =0,

where v > 0 is the absolute temperature, € is the internal energy, and q is
the one-dimensional heat flux. Equation (2.2) is the evolution equation for
an internal parameter p, which is introduced to account for memory effects

the heat flux. The effect of memory may be considered, for example, as a
functional of a history of temperature gradient,

t
(2.4) q= ——a(v)/ e 7ty (z,8)ds, a(v) >0, o>0.
By setting
t
(2.5) p= / e (t=%) y (z, 5) ds

equation (2.4) can be equivalently replaced by

g =—a(v)p,

and a simple derivation shows that

Equation (2.6) is linear and does not fully describe the properties of heat
propagation in solids. To improve the model one may generalize the history
dependence of ¢ by modifying equation (2.4) as in [7] or, by introducing a
suitable nonlinear dependence in (2.6) as in [8]. Namely,

(2.7) Pt = 91(v) vz + g2(v)p,
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The functions «, g1, and go are material dependent. The second law of
thermodynamics imposes the restrictions that a.(v) = kv? g1 (v) and gz(v) < 0,
where the constant k > 0 comes from the Helmoltz free energy 1 which has
the form ¢ = 1, (v) + 1 kv p? We also make an assumption that g1(v) > 0.
Combining (2.3), (2.4), and (2.7) we get the following system.

(e(v): = (a(v)p)

z=0
pt+ (G1(v)z = g2(v)p, Gi(v) =

—g1(v).

If we set (v) = v, a(v) = 1,0 = -Gy, and f = go, system (2.1), (2.2) follows.
3. FORMATION OF SINGULARITIES

This section is devoted to the statement and the proof of the blow-up of
solutions for the problem

{vt—px=0, zeR, t>0

(3.1) e — (0(v))z = f(v)p, zeR, t>0

v(z,0) =w(z), p(z,0)=po(z), z€R.
We first begin with a theorem which gives a pointwise upper bound on the
solution in terms of the initial data.

Theorem 2.1 Assume that o’ and f are C! functions, with

a(y) >0, |f(y)|<co, Yy €R.

Let vo,po € H?(R) be given. Then any solution (v,p) of problem (3.1)
satisfies

(32 _max_ {jv(@,t)] + Ip(z, 0]} <7 max {oo()] + [po(@)]}

where 7 is a positive constant which depends only on ¢ and T'.

Proof. We introduce the quantities

33) (@) =p@t) - Alu(z,1),  s(z,t) =pz,t) + A(v(z, 1),
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where

Alw) = /Ov Vo' (€) dE

and the differential operators

(3.4) a;:%Jr\/W%, o =29 _ a’(v)—a—.
We then compute
35)  8r = 1+ (v)rg
= [-VI@ v+ p| + VW) [~V W) v+ 1]
= [—\/U'(_U)Ut + sz] + [pe = o' (v) v
= Vo' (v) [~vr + pa] + [pt — 0’ (v) v .

By using (2.1), (2.2), estimate (3.5) becomes

(3.6) o r = f(v)p.
Similar computations also lead to
(3.7) ors = f()p

We then define
(3.8) R(t) := max |r(z,t)|, S(t) := m$x|s($, t)|

The maxima in (3.8) are attained because r and s go to 0 as z — oo since
they are H!-functions. In this case, for any t € (0,T), we can choose z; and

9 so that
R(t) = |r(z, )], S(t) =|s(z2,t)].
Therefore, for any h € (0,t), we have
R(t— h) > |r(z1 — hy/d'(v),t — h)]
Consequently
R(t) - R(t—h) < (1] - r(@1 — /@ (@), t = b)|
< r(z1,t) — r(z1 — hy/0'(v), t — h)].

By dividing by h and letting h go to 0, we obtain, for almost each t € (0,7),
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(3.9) R(t) < [0 | = f(v) pl.

Similarly, we can show that

(3.10) S'(t) < o7 s| = 1f(v)pl

We then add (3.9) to (3.10) and use (3.3), (3.8), and the boundedness of f, to
get

d

ZBO)+SW] < 2f()pl = colr(z, 1) + s(z,1)]
(3.11) < oo [R(t) +S(t)],
for almost every ¢ € [0,T). Integration of both sides of (3.11) gives

RO+ S(0) < (RO)+ SO) +¢ [ (R + s(a) dy

and Gronwall’s inequality leads to

(3.12) (R(t) + 5(t)) < (R(0) + S(0)) e®t, YVt € [0,T].
Therefore, (3.2) follows by using (3.3) and (3.8).

Theorem 2.2 Let ¢/ and f be as in Theorem 2.1. Assume further that
0" > 0. Then given any L > 0, there exist initial data vy, py € H?(IR), for
which the solution (v, p) blows up in finite time T* < L.

Proof. We take an z—partial derivative of (3.6) to get

B13) (@), = (n+ Vo))
= 7+ % 0" (v) 0" 2 (V) Vg g + \/ 0'(v) "oz
- (s T 0 L
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1

= 0f ra +50"(0) " (1) ve e = (f)P)e

From (3.3), we have

Sg — Tz Sz + Tz
3.14 Vgp = , r = .
(3.14) NCION 5

We substitute (3.14) in (3.13) to obtain

Ore = = "<>2\/Tz '3 () o + f'(v) <N—) (*)

(3.15) +f(v) (%) .
Now, we introduce w = a(v)r; and compute
Ofw = 9 (a(v)ry) = [0 a(v)] 72 + a(v)d; o

_ [at(v) + \/m%c(v)] Tz + a(v) {_7] a"(v) a’—l( ( Sz — Tz )

2/0’(v)
oo 3585) () a0 (5%
= o [UHL\/— ]Tﬁa q—a”(v)(sz—u)rx]

40’ (v)

%{ﬂms)w(w(”;s*))-

At this point we choose a(v) so that

o' (v) [vt + o' (v) vx} Ty — g”(vl)lif—(?“;)a(m =0

By using (2.1), we arrive at

0" (v)8g Tz V)

40’ (v) =0

o (v) [pm + /o' (v) vl} _—
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and exploiting (3.14) we get

o (v) [px + \/a’(_v)'uz] . = 0" Wa@)p: + /o' (V) ve]

40'(v)
Therefore o satisfies

xT-

o (v) — "(v) (v)

40’ (v)
hence

o' (v) 2
1 f)(r+s)  f
+ ('U)4 ( 0-'[(1)) 5) T

Sz

The last terms in (3.17) can be handled as follows:

(r+s)| sz =

. =o' (v)h [—\/Q 2+ 24(v ))}
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By using )
sgc=_48t+ r—s
2y/0’'(v) ( )
we obtain from (3.18),
o' (v)4 r'w r+s)| s, = oi(v fw 2r +2A(v (:M)
v) L T+ o ) 28+ 2a0) (S
(319 = TEO)T IO+ AW (- s),

By recalling (3.3), direct calculations yield

o (r =) = o (-2400) = 07 (-2 [ VI de ) = ~2/Tw) 0 o

Thus (3.19) becomes

(3.20) =

w3t |5 [ ©F o]
By substituting (3.20) in (3.17) we deduce

1,002 /
(3.21) Ow = Z:% - (455(7' +s) — g) w

300 (r [ o ©F r©ie) - @) [ ©F rea
+o; B/vaf'(f)_

B o_l/,w2 B f/ B I
- (reo-g)
-1 (52) [0 reyde+or,

*‘IH
~
Poun)
Iy
N

N
Vo
72y
N

W
Ay

-
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where » "
0= [rOFrows [[do7 e
Jo Jo
By setting kK = w — g, (3.21) takes on the form
o"(v)(k +g)°

. OO
(3.22) 0ok = 40%(1)) <4\/E( + s) 5 )(k+g)

- {rts) | (@ 1) @

_ W) (o"(v) fE+s) | f@),
40’ (v)1 2074 2,/0'(v) 2
A (f'<v><r+s> O
20'4 2/ (v) 2

J@)(r+3)

By choosing initial data small enough (in L*® norm), we are guaranteed to

have

and by setting

W) 2 (fl(v)(r - M) g Hlore) ,/(:(U’f')(é) g

m = max 5 9 g/(v) 9

2074
'(v)  f)(r+s)

24 g 2,/0'(v)

ok > ak? — Mk —m.
We then exploit Young’s inequality

M = max +g

we get, from (3.22),

a 1
Mk < = k? + — M?
-2 +2a,M
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to arrive at

a 1

8:_]6(15) 2 ak2f§k2—%M2—m

a 1
2 > k% (t) — (=— M? .
(3.23) > SR - (5 M +m)

It suffices to choose vg and pp small enough in L° norm with derivatives large
enough so that
a 1
- k*(0) > — M?

4 ©) 2a +m, ak(0)
consequently, (3.23) reduces to:

(3.24) 0 k(t) > %kQ(t).

<L

Integration along the forward characteristics then yields

Ko >
o) 4!
Therefore, k(t) — oo, as t — T* < 4/ak(0) < L. Hence, 7, blows up in finite

time.

Remark 2.1. The blow up of r, implies that either u; or v, (hence v; or uy)
blows up in finite time. However, the solution (u,v) remains bounded in the
L norm.

Remark 2.2. A similar result can also be obtained for certain initial bound-
ary value problem.

Remark 2.3. We obtain the same blow-up result, if ¢ < 0. In this case we
study the evolution of s, over the backward characteristic.

Remark 2.4. The blow-up result also holds for ¢(0) # 0. In this case a slight
modification in the proof is needed.

Acknowledgment: The authors would like to express their sincere thanks
to King Fahd University of Petroleum and Minerals for its support. This work
has been funded by KFUPM under Project # MS/ SOUND 238.
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