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IMPROVED CONVERGENCE ORDER FOR FINITE VOLUME
SOLUTIONS. PART I: 1D PROBLEMS

BILAL ATFEH AND ABDALLAH BRADJI

ABSTRACT. We improve the convergence order of finite volume solutions
approximating some second order elliptic problems in one dimension. The
problem domain is discretized using an admissible mesh T with size h.
We introduce the finite volume scheme of three points. The finite volume
solution uT, of order h, can be computed using a tridiagonal matrix AT,
To obtain a new O(hg)-order finite volume approximation u? of u, we
use the same matrix used for computing uT and we combine Fox’s idea of
difference correction with three facts namely: the finite volume solution uT
is of order O(h) in Hol-norm, the finite volume approximatioh depends on
the second derivatives of the unknown solution % and the second derivatives
can be expanded as a combination of U and its first derivative. In order
to obtain finite volume approximations of order O(hk+1), we repeat the
same procedure, for k correction starting from uT, and we use the same

matrix with slight changes in the second member of the original system.

1. INTRODUCTION

We consigler finite volume discretization, over arbitrary admissible meshes
T, of linear second order elliptic problems in R. We introduce the finite vol-
ume scheme of three points. The approximation leads to a system of algebraic
equations denoted by A7u7 = 7 where A7 is a tridiagonal matrix. The con-
vergence order of the finite volume solution u? is O(h) in discrete Hi-norm.

AMS subject classification: 65L10, 65B05.
Key words: Second order elliptic boundary problems, Finite volume solution, Finite vol-
ume scheme of three point, Admissible meshes, Higher convergence orders.
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2 BILAL ATFEH AND ABDALLAH BRADJI

Our aim in this article is to improve the convergence order of 47 by using
the same matrix A7 and by changing the second member f7 only. Improv-
ing the convergence order by using lower order schemes seems to be worthy.
There is well developed literature concerning this subject in the framework of
both finite difference and finite element methods. However, this topic has not
attracted the attention it merits in the framework of finite volume methods.

Let us mention some works related to finite difference/element methods that
we believe closest to ours. In order to use low order scheme to produce higher
accurate approximations in finite difference methods, Fox [13] introduced a
difference correction technique. In brief, he considered the discretization, (by
central second-order differences on an equidistant grid), of the following second
order boundary value problem on the interval (a,b)

200 (2) + p(@)2(2) = g(2), @ € (a,D),

z(a) and z(b) given.
The truncation error can be expanded as a sum of higher order central dif-
ferences. He replaced the values of the unknown solution of this sum by the
values of the basic finite difference solution. The resulting truncation error was
then used to produce an iterative process to correct the basic approximation
in such a way that in each iteration one obtains a new approximation of higher
order, (called correction), of the unknown solution by using the same matrix
of the original system and by changing only the second member. Pereyra
(1967-1973) was interested in the theoretical justification of Fox’s idea in or-
der to see what order of accuracy could be gained for each correction. In a
series of papers [16, 17, 18, 19], he established a general principle for difference
correction, from both theoretical and practical viewpoints. These ideas have
been revived by many other techniques, such as Lindberg’s deferred correction,
Zadunaisky’s global and Frank’s local defect corrections (for more information
see [6] and [20]). The theoretical justifications of these methods are mainly
based on the existence of a smooth asymptotic expansion of the global
discretization error. While the maximum principle has been the main tool
in proving the existence of error expansions. In finite element methods, the
defect correction technique was used to produce higher convergence orders. It
was introduced by Barrett and Moore [5] and Moore [14], (in a one dimen-
sional space), by using uniform meshes. They proved that, starting from
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the linear finite element solution of order O(h?) in higher divided difference
norms and using the same tridiagonal matrix, one can obtain linear finite ele-
ment approximations of order O(h?**2). Recently Butcher et al. [7] defined a
defect correction technique for second-order two boundary value problems on
nonequidistant meshes, i.e. those satisfying the so-called supra-convergent
mesh conditions . Their idea is based on mono-implicit Runge-Kutta for-
mulae [8]. Moore’s approach [14] was reconsidered later by Chibi and Moore
[10] in the two dimensional case. They proved, (always on uniform meshes),
that one can do only one correction on the rectangle, (i.e. linear finite el-
ement approximations of order O(h*)), and as many corrections as desired
for semi-periodic problems, (i.e. linear finite element approximations of order
O(h?%+2)). Tt is clear that the finite volume method is quite different from,

(but sometimes related to), finite difference/element methods. The above re-
sults cannot be extended directly to the context of finite volume methods. For
example, one reason is that the mesh considered in finite volume methods is
arbitrary admissible, (in the sense of [11]), and the convergence order of u7 is
just O(h) in L? and H} norms. Nevertheless, we propose here the following
approach to improve the convergence order of the finite volume solution w7 .
Namely, we prove that the convergence error of the finite volume solution de-
pends on the second derivatives of the unknown solution u. The classical idea
for approximating the second derivative in finite difference/element methods
is to use the fact that the divided difference of order two of the numerical
solution (finite difference or finite element solution) converges to the second
derivative of the unknown solution (see [14]). While in finite volume methods
the divided difference of order two of the finite volume solution does not con-
verge to the second derivative of the unknown solution (cf. subection 5.2 of
[11]). Howeyer, the second derivative u., can be expanded as a combination of
the solution itself, its first derivative as well as the given data. Combining this
with the fact that the convergence order of u7 is O(h) in H}-norm and using

the values of the basic finite volume solution uZ

, we obtain an optimal ap-
proximation of the second derivative. This approximation allows us to correct
47 and to obtain a new approximation u{ which can be computed by using
AT, Tt is called the first correction and it is of order O(h?) in the discrete
Hj-norm. Another way to compute an optimal approximation of uz, is to

use the fact that it satisfies the same equation as the solution itself but with
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4 BILAL ATFEH AND ABDALLAH BRADJI

different second member and boundary conditions. This allows us to obtain
an optimal approximation of the second derivative of the unknown solution by
using the matrix A7. We repeat this process successively to obtain, (for each
integer k), a finite volume approximation uf of order O(h**!) by using only
the matrix A7 of the original system. The new approximation u;{ is called
the ktH correction.

Our paper is organized as follows: in Section 2, we introduce the finite vol-
ume scheme of three points and we give the convergence order of the finite
volume solution. In Section 3, we define the first correction and we prove that
its convergence order is O(h?). The convergence analysis is done in the frame-
work of Sobolev spaces. To simplify the presentation, we begin with desribing
the first correction and then we give the general formulation of higher order
corrections. In Theorems 3.1 and 4.1, we prove that on arbitrary admissible
meshes the convegence order of the basic solution can be improved by O(h)
per correction. At the end of the paper, we provide several numerical tests
showing that the first correction defined by (3.7) improves the basic conver-
gence considerably. Finally, we should mention that the approach used here
can be used, (work in progress), to improve the convergence order of finite
element solutions on arbitrary non uniform meshes.

2. BASIC RESULTS AND PRELIMINARIES

The problem domain is the interval I = (0,1). The results of this article
are presented in the spaces of continuous functions and in Sobolev spaces. For
integers m, denote by H™(I) (resp. C™(I)) the Sobolev space of functions
which together with their generalized derivatives, up to order m inclusive, are
in L?(I) (resp. the space of continuous functions which together with their

derivatives up to order m inclusive are in C(I)). The norms are respectively
defined by
1
2
fwllms = | 3 [ @®)2az]
kj<m 1

o (k)
1wl 00,7 ,Lﬁ‘gﬁ(m?xiw D,
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where w(*) denotes the usual derivative of order k of w. The space H}(I)N{v :
v(0) = v(1) = 0} is denoted by HJ(I). Basic results given here can be found
in Eymard et al. [11]. Let f be a given function defined on (0, 1) and consider
the following problem

— Uz (z) + auz(z) + Bu(z) = f(z), z € 1 =(0,1),
(2.1) |
u(0) = u(l) =0,

where (o, 8) € RT x RT.
Remark 2.1. For § > 0, Problem (2.1) admits always a unique solution

u € H}(I). Indeed,

1. In case a > 0, thanks to Lax-Milgram theorem, there exists a unique
variational solution u € H3(I) such that

(2.2) /qu(m)vx(m)d:c+a/1ux(:c)v(m)d:c+ﬁ/1u(:c)v(:c)dm

_ /If(x)v(x)dx, vu e H(I).

2. When a < 0, it suffices to change the variable z in (2.1) by 1 —z. The
resulting equation satisfies hypothesis of Lax-Milgram theorem.

In order to compute the finite volume approximation of the solution u of
(2.1), we use the following definition of the admissible mesh (cf. [11]).

Definition 2.1. (Admissible one-dimensional mesh) An admissible mesh
of (0,1), denoted by 7, is given by a family (Kj)i=1,..~, N € IN* with K; =
(:ci_%, xH_%) and a family (z;);=0,.. ~y+1 such that

To=21=0<z1 <23 <...<z_ 1<z <21 <.
2 2 2 2
<$N<$N+%=$N+1=1,
and
hi = m (K;) =Tyl =T fori e {1,..., N},
- .+.— . _ — —_
h; —xi_xi—%7hi =Tl T for i € {1,..., N}, hg = hy,; =0,

hﬂ_% =Tip1— 24,1 =0, ..., N and size (7) = h = max{h;,i =1,...,N}.
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Let us introduce the space of piecewise constant functions and the discrete
H{ norm, in which we shall analyse the convergence of finite volume approxi-
mations.

Definition 2.2. (Finite volume space and discrete H} norm) Let 7 be
an admissible mesh in the sense of Definition 2.1 and X(7") be the space of
functions from I to R which are constant over each K;. For vr € X(T), we
define the discrete H}-norm by

1

2

2
Vi1 — U;
(2.9 orlhr = | 32 Lzl
0<i<N it+3
where v; denotes the value taken by vy on the control volume K; with vy =

UN+1 = 0

Remark 2.2. We shall naturally identify the set R with the set X (7).

The discrete unknowns of the finite volume solution u? are denoted by
u;, ¢t = 1,..., N, and they are expected to be some approximation of the so-
lution v (of (2.1)) in the control volume K;. To define the equation satisfied
by u;, i =1,..., N, we integrate Equation (2.1) over each control volume K;.
This yields
(2.4)

'—’LL_T(:EH-%) + ux(xz—%) + au(xi-{-%) - au(xi——é—) + /}{ ﬂu(.’E)d.’E, 1= 17 sy N.

We remark that

u(:z:i_'_;) —u(z,_1)
— 2 2 N,
(2.5) Uz($i+%) = s + Ri+%, 1=0,.., N,
2
where, provided that u € H%(I), Ri+% satisfies
2. ) ;=
(2.6) IRH_%L ch, 1=0,...,N.

This allows us to approximate u,(z, 1 ) by using the discrete flux =" for
it

any i € {0, ..., N} where, (thanks to the boundary condition u(0) = u(1) = 0),

we have

(27) U = UN+1 = 0.

The convective term au(z;, %) is approximated by cwu; because of stability
consideration. Indeed, this choice with the fact that a > 0 yield a stability
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result. The term | K Bu(z)dx is approximated by fh;u;. Therefore, the three
point numerical scheme related to the approximation of Problem (2.1) reads
as

AT 4T =b
2.8 ’
(28) {UO=UN+1:07
where u? = (w1, ...,un)t, b = (b1, ..., b )t with A7 and b are defined by
(2.9) (AT uT)i = -1 = BB T a(u— i)+ Bhii, i= 1, N,
hi+l hi_l.
2 2 -
(2.10) b; = f(z)dz,i=1,..,N.
JK;

Remark 2.3. In case @ < 0 and in order to get the stability result, the
previous choice awu; to approximate ou(z; 1 ) should be replaced by au; 1 (cf.
Section 7 of [11]).

To make our exposition clearer, we introduce the following:

Definition 2.3. Define the linear mapping .A7 from C(I) into RY by
(211) (A'T g)i — _g(xi+1) - g(ml) + g(xl) — g(l'i—l)
hi+% hi«%

+ a(g(ml) - g(mi—l)) + ﬂhig(xi)a 1= 1’ ey N>
where (A7 g);, i = 1,..., N denote the components of AT g.

Remark 2.4. Throughout this paper, we use the following notations:

1. 3! (resp. 32,) denotes ST=N (resp. SOIE0).
2. The letter c stands for a generic positive number possibly different at
each appearance but ‘constant’ in that it is independent of discretiza-

tion parameters {h, hi,h; 1, h;_1,,...}.
2 2

In the sequal, we shall use the following properties of the discrete Hg-norm:

Lemma 2.1. (Discrete Sobolev’s inequality) Let 7 be an admissible mesh
in the sense of Definition 2.1 and vy € X(7), then

(2.12) lvrllLee(ry < loTllT
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Proof. Let vy = (vi)fil and vg = vy41 = 0, then

(2.13) v; = Z (Uj - 'Uj—l), Vi € {1, ,N}
1<5<

The latter together with Cauchy-Schwarz inequality yield

(2.14) ;] < <Z hi+%) lvrllsz-

Since > . h., 1 =1 in (2.14), one deduces (2.12). O
AR

Lemma 2.1 with the fact that 3, hi+% =3 .h;=1imply

Lemma 2.2. (Discrete Poincaré’s inequality) Let 7 be an admissible
mesh in the sense of Definition 2.1 and vy € X(7T), then

(2.15) lvrllos < [lvrllyT,
and
1/2
(2.16) hegt?| <ozl
1<i<N

Remark 2.5. Inequality (2.15) means that

) 1/2
(2.17) (Z h; v?) < vzl

which is different from Inequality (2.16).

Combining Lemmata 2.1, 2.2 and Theorem 7.1 of [11], we get

Theorem 2.1. (Convergence order of the basic finite volume solu-
tion) Let o, 8 > 0 and f € L%(I). Let u be the (unique) solution u € H}(I)
of (2.1). Let T be an admissible mesh in the sense of Definition 2.1. Then
there exists a unique solution u7 of (2.8). Assume that the solution u satisfies
u € HY(I). For each K; € T, let ¢; = u(z;) — u;, and define er € X(T) by
er(T) = e;, a.e. z € K;. Then the following error estimates hold:

(2.18) lerllvr < chllullar,

(2.19) lerllor < chlluflz,r,
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1
2
(2.20) (Z hi+%e?) < chllulla,r,

(2.21) e llLoe(ry < chllullz,r.

Remark 2.6.

1. Estimates (2.18), (2.19) with (2.20), and (2.21) can be respectively
regarded as discrete H3, L? and L*-estimates on the error.

2. Estimates (2.19) and (2.20) can be deduced from Estimate (2.18) us-
ing discrete Poincaré inequalities (2.15) and (2.16), whereas Estimate
(2.21) can be deduced from Estimate (2.18) using the discrete Sobolev
inequality (2.12).

Remark 2.7. The above Theorem gives an error estimate of order O(h) in
H} and L%-norms. Indeed, in general, the convergence order is O(h) in both
norms. To justify this, consider &« = § = 0 and v = sin(nz) with an admissible
mesh defined by Ty = %1—?""—1 fori=1,..,N -1 and hi+% = h. The
numerical tests, (see tables 6 and 7 of Section 5), show that the order is O(h)

in both H} and L%norms. But, in case o = 8 = 0, sometimes the error can
be O(h?).

1. In case u € C4(J) and z; is the center of K for all 4 = 1,...N, Forsyth
et al. [12] proved that the order is O(h?) in L* and hence in L?-norm
too, while it is only O(R) in Hi-norm (see tables 3 and 4 of Section 5).

2. If iyl is the center of [@;,z;41], for all 2 € {1,..., N — 1}, and z; =
0,zy = 1, then the convergence order is O(h?) in H3-norm and con-
sequently in L? and L®-norms (cf. [11]).

In order to give general formulation of an arbitrary correction, i.e. finite
volume approximation of u of order O(h¥+1) which can be computed by using
the same matrix A7, we are required to investigate the first correction .
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3. THE FIRST CORRECTION

By integrating both sides Equation (2.1) over each finite volume K, we get

(31) ~us(y,y) + us(z, )+au(mi+%)—au(mi_%)+ﬂ/ ud:z::/ fdz.
JK; i

Then, the convergence order of the finite volume solution depends on the

orders of the approximation of the flux, u(:zH_%), u(zi_%) and [K1 udz. We

shall use this idea combined with Fox’s one to improve the convergence order

7 on the same scheme, i.e. using the same matrix A7

of the basic solution u
that is used to compute the basic solution 47 and changing only the r.h.s of
(2.8). Now, we look for an expansion of the error. Assuming u € H*(I), by
Sobolev’s imbedding this implies that u € C2(I). Using Taylor’s formula and

the fact that D(I) is dense in H3(I) we obtain

(3.2) / fdz — 1+1 umz(mi+%)

— h+
+ —Q—*UII(%_%) — a(hfug () — b jug (1))
— é (hi*—?uz(l‘i) — h;guz(zi_1)>

2
1 1 1 1 1
(Rz+2 Ri—-%) - O‘(Swé - Si—%) - BT}
where
1
2
(3.3) (Z hi+%(R3+%)2) < ch?|ulla 1,
(3.4) 8%, < chi?luly oo 1, Vi € {0, ..., N}.
(3.5) T} < ch®hiluly o0 1, Vi € {1,..., N}.

Remark 3.1. In order to prove that the forthcoming improvements are valid
for a general admissible mesh without additional conditions, we write Inequal-
ities (3.4) and (3.5) as well as the forthcoming ones in the above manner
(namely, they are estimated not only with respect to A but with respect to
hi, by, ... as well). For instance, see the estimate of the second term of (3.14).
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Because u € C%(I), Equation (2.1) makes sense for all z belonging to I, thus
Equality (3.2) becomes

Tu); = ' T
(36) (AT w; /Ki fd

=kt

B (o) + Bula ) — Siey)
-t

2

= (e g) + Bule,_y) - flziy))
— a(hfuz(:ri) - h'j__lucc(l‘i—l))

= (0 Vst - 7 Pz

(R, Ry (Sl ~ 8Ly - AT

=+

1
2
— ._(pl  _ pl
_ /Ki fdz+d; - (R, = RL))
1 1 1
——a(Si+% - Si_%) — BT}
After having found an appropriate expansion of the error, straightforward
approximation d;? of the defect d; can be done by replacing v by u7 and ug

Uip1—Ug

with (;’%)1, where u; are the components of u7. The resulting defect d;7
it

can be used to correct u? in order to produce first correction u! = (u})X¥,

(which will improve the basic finite volume solution ). Thus, 47 can be defined
by the boundary condjtions u} = U}V+1 = 0 and the equation, Vi € {1, ..., N}

ho,
(3.7) / fde — =1 (a@luz + Bui - f(z,1))
h; —hi

+ T (a@luz 1+ Bui—1 — f(%_%))

- a(h;*alui hae hi_lalui_l)

— g ((h;*)zalui — (hi—)zal’u,i_1> s
where O u; = u—z%ul and A7 is the matrix defined by (2.9).

i+)

3.1. THE CONVERGENCE ORDER OF THE FIRST CORREC-
TION. To analyse the convergence of the first correction, we follow the same
proof used in proving the convergence order of the basic solution u7 (see [11]).


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


12 BILAL ATFEH AND ABDALLAH BRADJI

Consider now the Error e} = (e}

(3.8) el =ul —u(z;), i€ {1,..,N}.

By subtracting (3.6) from (3.7), side by side, we see that the error e} =

u} — u(z;) satisfies

Lol el gl

)i in first correction

e e e; —e
3.9) -4 2=l (el —el )+ Bhiel —'7+1—'y 1+611,
hi+% hi—%
where
- +
(3.10) AL, =- M(a(alw—u (z,.1)) + Blu; — u(z, 1)))
. i+l 2 1 TA\Tits ? 1+3

— ahi (01u; — ug () + R}+% + aSZ.1+%

(3.11) 611 = ——g— ((h:_)Q(alui - uz(:ci)) — (h:)Q(alui-l - uz(xi_l))) + ﬁTil.

Multiplying both sides of (3.9) by e! and summing from i = 1 to i = N, we
get \

(3.12) —Zlem &) +Zw}h——e'e.
1—+—2
+O‘Z (e} — e} e+ﬁZh612
= Zlfy}+%e} — Z 'yi_%ei +Z otel
i B i

Noting that eg = eyy1 = O and reordering by parts, this yields

(3.13) Z(ZH ) +O‘Z (e} — el |)el +ﬁz he12
—Zv+1e ~Zv €l +Z§

N—+—1

Zlel(e —el ) 226'—6

i

This together with the fact that (o, 8) € R+ x R* in (3.13) imply

(3.14) ne%nifs<zhz~+ém;> ler e +13 olell.

T»—ﬂ
—_
S

tol»—‘

Remark that
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Inequalities (3.3) and (3.4) combined with the triangular inequality give the
following estimate

2
(Z’%%‘m% )

[SIE

(3.15

~—

3

< ch (Z E; + h““”B,I) ,
=1

where

(3.16) E; = (Zhi+%(ui - u(%%))g) ,

N

(3.17) Ey = (Zhi+%(61ui - um(a:i+%))2> ,

1
2

(3.18) (Zh (Bru; — (xi))2>

Combining the triangular and Cauchy-Schwarz inequalities with Inequality
(3.5) and using Sobolev imbeddings, we get

1

(3.19) |Zlage}[ < ch (Zlhj(alui—ux(xi))2)2

(Shrer)

+ch (Zlhi—(alui_l — uz(xi_l))2> 2

?
1

x (Zlhz<e3>2) §

+ ch?||ullz 1]|e" 2.
But

1
2

(3.20) (Zlhf(aﬂti - Ux(Ii))Q) < Es,
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and

(3.21) (Zlh; (B1ui-1 — uz(xi_l))2) 2

N-1 3
= (Z hi_+1 (61ui - uz(xi))2) < Es.
=0

Combining the fact that h;,h]” < h; with (3.20), (3.21) as well as discrete
Poincaré’s inequality (2.15), we obtain

(3.22) Z §iei| < ch (B3 + hllullzr) llez |7

Combining Inequahtles (3.14), (3.15) and (3.22) yields

3
(3.23) lefllir <ch | Y B+ hllullsr
5=1

To estimate the r.h.s of Inequality (3.23), we need the following estimates

Lemma 3.1. Let u?7 = (u;) be the basic solution defined by (2.8) and u be
the solution of (2.1). Let E; be the expansions defined by (3.16), (3.17) and
(3.18). Assume that u satisfies u € H2(I). Then, the following estimates hold

(3.24) Ej < Ch“u“g’], Vi € {1,2, 3}

Proof.

1. By the triangular inequality, we have

(3.25) (Zh% : — u(z;) 2) + (Zhi+%(u(a:i) — u(:cH%))Q)
< (Zm;?) 2 +chfjull2,r-

Using Estimate (2.20) to majorize the first term of the the r.h.s. of
(3.25), we obtain the desired estimate of E; .
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2. Using the same technique yields

E; < (Zhi+%((91ui_U($i+}ll)_u($i))2)

1
i+3

N

i (ZhH_% (u($z+}ll) - 'U«(l'z) _ uz($i+%))2) < ChHUHQ,I-

4L
1+2

3. E3 can be estimated similarly; which completes the proof.
O

Combining Lemma 3.1 with Inequality (3.23) yields the following O(h)-
improvement:

Theorem 3.1. Let o, 8 > 0 and f € L*(I). Let u be the (unique) solution
u € H{(I) of (2.1). Let T be an admissible mesh in the sense of Definition
2.1. Then there exists a unique solution u? of (2.8) and a unique solution u”,
(called first correction), of Equation (8.7). Assume that the solution u satisfies
uw € H3(I). For each K; € T, let €} = u(x;) — w; and define ek € X(T) by
el (z) = el, a.e. z € K;. Then the error ek is of order O(h?). In other words,
the following error estimates hold:

(3.26) lerllr < ch®[luls
(3.27) lerlize < ch®|lufjs,r.
Remark 3.2. 1. According to Remark 2.7, (i.e. the convergence order

is O(h) in general), Theorem 3.1 means that the first correction (3.7)
considerably improves the basic finite volume solution (2.8) on general
admissible mesh.

2. In the particular case a = 8 =0 and if z; = 0,2y = 1 and if Tipl
stands for the center of [z;, z;41] for ¢ € {1,..., N — 1}, the second
member of Equation (3.7) does not contain any "correction", i.e. (3.7)
and (2.8) have the same second member. This means that the first
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correction ulT concides with the finite volume solution u? and there-

fore, (thanks to Theorem 3.1), the convergence order of the basic finite
volume solution u7 is O(h?). This confirms the second item of Remark
2.7.

3.2. ANOTHER WAY TO ESTIMATE THE SECOND DERIVA-
TIVE OF THE UNKNOWN SOLUTION. Insome cases, like the model
—Ugz + fu = f, we have another possibility to approximate the second deriv-
ative uy, of u. Indeed, u,, satisfies the following problem

_'sz(x) -{—ﬁU(iE) = fII(w)a rel= (07 1)’

v(0) = - f(0),

v(1) = —f(1).
Then, u,, satisfies the same equation satisfied by u. This allows us to get a
finite volume approximation of u,,, provided that u € H*(I) (see Theorem
2.1), by using the same scheme used to compute the basic solution u7. More
precisely in order to compute a finite volume approximation of u,., we use
the same matrix used to compute 7. This idea can be also used to compute
higher order corrections.

Remark 3.3. The numerical results, (see Section 5), show that the use of the
previous variant to define the formulation of the first correction gives better
accuracies than the use of that one given by the formulation (3.7) in L?-norm.
Whereas in Hg-norm, the formulation (3.7) is better than the new variant (see
Table 5 of Section 3).

Remark 3.4. In the finite element method, the convergence order of the
linear finite element solution is O(h?) in discrete Hi-norm even if the mesh
is non-uniform, ie. [[u? — wul1; < ch?|ulas, where u” is the linear finite
element solution and 7u is the linear the interpolant of u. This implies that
(thinks to an inverse inequality) ||[u — 7u| p2 < chlula s (cf. [14]), where || p2
is the divided difference norm of order two. Therefore, we can perform the
corrections with O(h)-improvement, provided that u and f are smooth enough
(see section Generalization in Moore [14]). Whereas, in the finite volume
method, we do not have this smoothness of the error; as Theorem 2.1

asserts we just have ||u* — wull; ; < chljulls,s-
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4. HIGHER ORDER CORRECTIONS

In this section, we give the general formulation of an arbitrary correction.
The proof of the convergence order is the same as of the first correction. To
do so, assuming that v € H**2(I) implies by using Sobolev imbedding that
u € C*TI(I). By using the fact that D(I) is dense in H**2(I) and Taylor’s
formula, we obtain

‘ k+1 k+1

@D A= [ fir= 3 e e) + 3 a e,
K m=2 m=2

k +ym k h+ m
—a (Z B o - 3 L) ““”’(o«v-l))

m==1 m=1

)

o=

— (Rf s — R} ;) - a(SE, ~aSf ) - BT,
2 2 2 2

where the coefficients af, are defined by

m—1
i 1 - j m—1—j

(4.2) G = — z (hiy Y (—=hF) 1,

"\ =
and

%

(43) <zhz+%(Rf+%)2) = Chk+1|lu|lk+2,1’
(44) lsﬁ_%l < Chf+11|ullk+1,oo,1_a
(4.5) ITF] < chih™ Hlullgr 00,7

After having found an appropriate expansion approximating Equation (3.1),
we now need the following useful Lemma

Lemma 4.1. Let u be the solution of Fquation (2.1). Assume that u €
H*2(I), then each mth derivative, with 2 < m < k + 1, of the solution u
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can be expanded as a linear combination of the solution itself, its derivative
and the derivatives of the given function f up to and including (m — 2)”d
derivative, i.e. there exist reals {0/-"}7.":_02 U {al,al'} such that

m—2
(4.6) o] ™0 (2) + aPu(z) + @ u,(z).

3=0

Proof. Tt can be proved by induction on m together with the fact that u
satisfies Equation (2.1). O

Remark 4.1. The coefficients {a]"} 72, S uU{ar,ap} can be defined by induc-
tion on m.

Assume now that we have obtained the (k— 1) correction u}_, = (uf™1);,

where ul = u7 is the basic solution. According to Equality (4.1), to obtain a
correction of order O(h**1), we have to find approximations of the pointwise
derivatives of the solution u up to and including the £+1-th order. The idea we
will present is similar to that used in computing the first correction. At first, we
seek "optimal" approximations of uzz(z;),..., u**1(z;), (optimal in the sense
that they provide a correction of order O(h¥*1)). To do so, we assume that
uz— , is obtained and that certain approximations of uz.(x;),.. L ulk) (x;) are also
available. Such approximations are denoted by (u b= 1) (u;c]c 1)1- and their
orders in discrete L?-norm are respectively O(h’c 1y, ...,O(h). Because the
coeficient of u**+1)(z;) in (4.1) is of order O(h¥), it suffices to approximate
it by an order O(h). This can be done easily through Lemma 4.1, i.e. an
approximation defined by

k41 —k+1 k=14 ghtlg o h=1 vy
(4.7) u,chl E o £ u, + oy Oiu; Vi€ {0,..., N},
k—1 k—1
— U —U,
where we recall that 9; uf 1 — —ﬂ—hl-—f——
i+7

Note that in (4.7) we can use the basic solution u7 instead of the (k — 1).
For any integer 8 such that 2 < 8 < k, we seek now an O(h*+2~#)-order
approximation ug’k of the pointwise derivative (u”(z;));. This is because the
coefficients of this derivative in (4.1) are of order O(h#~1). By Lemma 4.1, for
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i€ {0,..., N} we have

Z of fO) (i) + a5 u(w:) + 65 ue ()

= z a?f(j)(:ci) + &P u(zs)

=0
_p [ u(zis) — ulz;) gchy K
+ o h1+ Z +r;,
2 71=2
where
k 2
(4.8) rf] < ch., T ull s B,00,T"

An obvious approximation of the pomtw1se derivative (uf(z;)); can be given
by, for i € {0,..., N}

(4.9) u zaﬁf“ 5/13 -1

uk—l gkl k—p+2

B Yig1 Y% “
+ &
2 h.

i+3 j=2

At this stage, we shall need the following

Lemma 4.2. Let u be the solution of Equation (2.1). Assume that u €
H&+2(I). Then the approzimations ug’k = (ugk)i; where 2 < B < k+1,

defined by the expansions (4.7) and (4.9) satisfy the following estimate
2
(4.10) (Z ey (s — ul® ><m>2> < R B2l p .

Proof. 1t can be proved by induction on k. O

After having found optimal approximations of the "fundamental" pointwise
derivatives (u? (2;));, we now derive optimal approximations of (u® (z,, 1)),
. 2
2 < B<k+1and (ug ()N, We have

k—fB+1

+
(4.11) u(ﬁ)($i+%): > (hj’) uB+)(z;) + sk, vie {0,..., N},
j=0.
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where

1
2

(4.12) (Zh”% (sf)Q) < chF A2yl o ).

We suggest the following approximation of (u(ﬂ)(sci 1 )i

k—fp+1 FRN
i+ .k (hi ) ik .
(4.13) ug 2=y ] Vi e {0,..., N}.
3=0
Finally, from the approximations of the fundamental pointwise derivatives
(uP(z;))i, 2 < B < k+ 1, we deduce an approximation, (expected to be of

order O(h*)), of the pointwise first derivative (u(z;));, namely

o) = u(w) o
+1) — U(T; i+3
(4.14) Uz (z;) = “h' - —ZTzuU)(xi) + tk
L =2 )
p J

where
(4.15) tF] < chg%nuukHMJ-, Vi e {0,..,N}.
This enables us to consider the following approximation of (ugz(z;));

k=1 _ k-1 k RIT

. u: —u. FRTEE G
(4.16) ubk = 1+1h — -y :2 ub*, Vi € {0, .., N}.
i+% j=2 J:

We make use of the following useful lemma.

Lemma 4.3. Let u be the solution of Equation (2.1). Assume that u €
it+3 ;
H**2(I). Then the approzimations (u;”k)i, where 2 < B < k+1, and (u*);

defined respectively by the expansions (4.13) and ({.16) satisfy the following
estimates

1
N 2

i+1k _

L. (E iy (ug ? —u“”(ocﬁ%))?) < kg .

=0

N 2
2. (Z hiv1 (uy* - ur(:cz))2> < ch¥|lullksa,r-
i=0

Proof. Combine the triangular inequality with (4.10)-(4.16). O
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Now we are able to define the k*" correction u} = (uf¥)NF!, where uf =
uX,.; =0and for i € {1,..., N}, we have

(4.17) (AT uT); = /K fda

- (m+ 1! = ! mtj
Next, consider the following expansions
ca S
(4.18) F=- Z_Qamum?’ —u™ ()
SRR ‘ ¢
—ay L (u —u(m)(wz))+Ri+%+aSi+%
m=1
k ()™ (m)
(4.19) 6 =—p mZ: CESY (uht = u ()

k _ J
(_h’z ) 1:—l i, mai
_ Z (m - 1)' ]go j‘ 2 (umk-i-j _ 'LL( +])($i—1)) + ﬁT—L’k-

Let e® = u¥ — u(x;) be the error in the k%" correction, thus
k k_ ok
eX — e” e — ef
(420) il i ] i—1

i+3 h

x

: + aeéc - aef_l -+ 5hiei~° = - fyf_l + df.
=3
Using the convergence proof of the first corrections and Lemmata 4.2 and 4.3

together with (4.2)-(4.5), we get the following

Theorem 4.1. Let a,8 > 0 and f € L?(I). Let u be the (unique) solution
u € H(I) of (2.1). Let T be an admissible mesh in the sense of Definition
2.1. Then, for any k > 2, there ezists a unique solution ul = (uF); (called
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kth correction) to Equation (4.17). Assume that the solution u satisfies u €
H*2(I). For each K; € T, let ¥ = u(z;) — u* and define ek € X(T) by
ek (z) = €f, ae. z € K;. Then the error ek is of order O(h*+1), i.e. the

following error estimates hold:

(4.21) lefllr < ch™* ™ ullkyar,
(4.22) ¥l r2 < k™Y ufiga,r-
Remark 4.2.

1. If the admissible mesh 7 satifies the condition wh; < h, +1 < khy,

where w, k are two positive real numbers 1ndependent on % and h, the

kth correction u;c[ can be reduced to

k+1 1 k+1

Do [ gte= S anite 3 et

= (BO™ ()™ v

o O e 3
m=1

m=1

k _
(hj—)mﬁ—l . (_hi )m+1 i
_’B(Z (m+1)' umk) .

m=1

2. The results obtained above can be extended to the linear convection-
diffusion equation —(Auz)z(x)+au,(z)+bu(z) = f(x), where A, a,b andf
are supposed to be smooth enough (about the finite volume discretiza-
tion of this equation, we refer to [11]).

5. NUMERICAL TESTS

To justify the efficiency of our technique, we perform a few simple numerical
experiments using two types of meshes, namely:

1. A uniform mesh: it is an admissible mesh 7, (in the sense of Definition
2.1), such that the following conditions are fulfilled:
1.1. (zo,xn) = (0,1), (recall that the domain I = (0,1)).
1.2. h¢+1 = h and h;l = hj, (this last condition means that T, 1 1s
2 2
the center of [x;, zi11]).
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2. A cell centered mesh: it is an admissible mesh 7, (in the sense of
Definition 2.1), such that the following conditions are fulfilled:

2.1.
b= h,i is even,
T &iis odd.
2.2. hy =h.

To find the convergence orders of the first correction and the basic finite
volume solution, we compute the ratio
log(e(h)) — log(e(ho))
log(h) —log(ho)
where hq is the initial value of h in each numerical test and e(h) is the error
corresponding to h. In the uniform mesh case, we use the rule
log(e(1/2¥+1)) — log(e(1/2%))
B log 2

ratio =

ratio =

Remark 5.1. The numerical tests are performed using Matlab and the inte-
grals [Kz f(z)dx are computed without any numerical quadrature of integra-
tion. Of course, when we use numerical integration, we should choose conve-
nient quadratures, (for instance see [14]), which allow us to obtain convergence
orders expected from the corrections .

5.1. First Test. We consider Equation (I) : —ugz, = f with homogeneous

boundary conditions, namely u(z) = sin(7z) and f(z) = n?sin(rz).

Remark 5.2. In case of the cell-centered finite volume mesh defined above,
the divided difference of order two of finite volume solution does not converge
to the second derivative of the solution u of (I) (see Subsection 5.2 of [11]).
The improvements we obtain, (on this type of meshes), show the efficiency of
our technique in comparision with the classical techniques, (this fact is already
pointed out in the Introduction).

Remark 5.3. In case of (zg,zn) = (0,1) and Tiyl is the center of [z;, Z;y1],
(for —uzz = f), and in particular for a uniform mesh, the first correction
concides with the basic finite volume solution (see Remark 3.2 (2)). Thus we
are interested in the following tests, (for the case of the uniform mesh), with
the second correction instead of the first one.
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TABLE 1. The convergence orders of the first correction and the basic
solution in L%-norm on the uniform mesh.

h second correction basic solution
order | error /h* | order | error /A%
1/32 0.0359 0.0298e+-04

1/64 || 4.0004 | 0.0359 | 2.0003 | 0.1191e+04
1/128 | 4.0000 | 0.0359 || 2.0001 | 0.4764e+04
11/256 || 4.0032 | 0.0390 || 2.0000 | 1.9057e+04

TABLE 2. The convergence orders of the first correction and the basic
solution in H&-norm on the uniform mesh.

h second correction basic solution
order | error /h* || order | error /A%
1/32 0.1127 0.0935e+04

1/64 13.9999 | 0.1127 | 1.9999 | 0.3742e+04
1/128 |1 3.9999 | 0.1129 || 2.0000 | 1.4967e+04
1/256 | 4.0032 | 0.1224 || 2.0000 | 5.9869e+04

TABLE 3. The convergence orders of the first correction and the basic
solution in L?-norm on the cell-centered mesh.

h correction basic solution
order | error /h* || order | error /h*
4/149 0.2474 0.3971

4/599 || 1.9903 | 0.2507 | 1.9986 | 0.3978
4/2999 | 1.9943 | 0.2516 | 1.9991 | 0.3981
4/14999 [} 1.9961 | 0.2473 | 1.9994 | 0.3968
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TABLE 4. The convergence orders of the first correction and the basic
solution in Hi-norm on the cell-centered mesh.

h correction basic solution
_ order | error /h* || order | error /h®
4/149 - 0.5856 - 0.0281e+4-03
4/599 |11.9929 | 0.5914 | 1.0000 | 0.1131e+03
4/2999 || 1.9958 | 0.5930 { 1.0000 | 0.5664e+03
4/14999 || 1.9971 | 0.5828 | 1.0000 | 2.8329e+03

TABLE 5. Comparaison between the accuracy of the first correction that
uses the first variant and the one using the second variant in H} and
L2-norms on the cell-centered mesh.

h first variant second variant
L*norm | H}-norm || L?-norm | HE-norm
4/149 || 1.7827e-04 | 4.2204e-04 || 7.9569¢-05 | 6.6012e-04
4/599 || 1.1180e-05 | 2.6374e-05 || 5.4358e-06 | 4.1591e-05
4/2999 || 4.4758e-07 | 1.0549e-06 || 2.2254e-07 | 1.6670e-06
4/14999 || 1.7591e-08 | 4.1450e-08 || 8.6276e-09 | 6.6477e-08

5.2. Second Test. In case of the cell-centered test, (Table 3), we have seen
that the convergence order of the first correction is the same one of the basic
solution in L2-norm for the model (I). We present here an example of the mesh
where the convergence order of the first correction considerably improves the
one of the basic solution in both H} and L2-norms for the model (I). We

consider h;, 1 =hand z,, 1 = Mf’l foralli=1,...N—1.
2 2
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TABLE 6. The convergence orders of the first correction and the basic
solution in L?-norm.

h correction basic solution
order | error /h? || order | error /hZ
1/28 0.3701 20.2232

1/2° [11.9668 | 0.3788 | 1.0000| 40.4472
1/21911.9633 ] 0.3832 | 1.0000 | 80.8948
1/2*1111.9915 | 0.3855 | 1.0000 | 161.7899
1/2*2 1 2.0073 | 0.3835 | 1.0000 | 323.5799
1/2 11 1.9864 | 0.3871 || 1.0000 | 647.1598

TABLE 7. The convergence orders of the first correction and the basic
solution in H}-norm.

h" correction basic solution
order | error /h? || order | error /h*
1/28 1.4588 129.5822

1/2° | 2.1180 | 1.3443 [ 0.9999 | 259.1881
1/210]2.0675 | 1.2828 [ 1.0000 | 518.3882
1/2M112.0363 | 1.2509 | 1.0000 | 1.0368¢+03
1/2%2 1 2.0301 | 1.2251 | 1.0000 | 2.0736e+03
1/27° 1119985 | 1.2263 [ 1.0000 | 4.1471e+03

5.2.1. Third Test. We consider the Equation (II) : —uge + uy + u = f,
with homogeneous boundary conditions, namely u(z) = sin(rz) and f(z) =
(7% + 1) sin(rz) + 7 cos(nzx).

TABLE 8. The convergence orders of the first correction and the basic
solution in L?-norm on the cell-centered mesh.

h correction basic solution
order | error /h* || order | error /h?
2/75 0.1415 0.0099¢+03

1/150 "2.0074 | 0.1401 | 0.9796 | 0.0407e+03
1/750 || 2.0043 | 0.1398 || 0.9880 | 0.2051e+03
1/3750 | 2.0020 | 0.1402 || 0.9918 | 1.0270e+03
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TABLE 9. The convergence orders of the first correction and the basic
solution in Hi-norm on the cell-centered mesh.

h correction basic solution
order | error /h? | order | error /h®
2/75 0.4441 0.0377e+03

1/150 | 1.9936 | 0.4480 || 0.9887 | 0.1530e+03
1/750 | 1.9963 | 0.4491 | 0.9934 | 0.7681e+03
1/3750 || 1.9970 | 0.4502 || 0.9955 | 3.8438e+03

5.3. Some Comments about the Nurmerical Results.

1. In Table 1 and Table 2, the numerical results show that on uniform
meshes and for the model (I), we can gain an O(h?)- improvement in
both Hj-norm and L%-norm by the second correction. To justify that
the second correction is of order O(h?) not only O(h3), (as in Theorem
4.1), it suffices to remark that in (4.17), (with k=2, a = 8 = 0), the
second correction concides with the third one; because the coefficients
ay given by (4.2)) are all zero. In fact, in Formula (4.2) it is easily
seen that ab, ., = 0 for all i € {1,...,N} and k € N. Then, for any
k € N*, the correction ug'k concides with ung. This means that the
correction uZ, is of order O(h%+2), (in case a = B = 0 and the mesh
7T is uniform).

2. In Table 3, the numerical results show that for the model (I), we
do not have an improvement in L?-norm by the first correction when
the mesh is cell-centered. Nevertheless, the coefficents of the error in
the first correction are better than those of the basic solution. Then
to improve the order in the L?-norm, we should compute the second
correction.

3. In Table 4, the numerical results show that for the model (I), we gain
an O(h)-improvement by the first correction in Hj-norm.

4. In Table 5, the numerical results show that the accuracy of the error
in the first correction defined by the second variant, (see Subsection
2.3.1), is better than that of (3.7) in L?-norm in contrast to the Hg-
norm.
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5. In Table 6 and Table 7, the numerical results show that the conver-
gence of the first correction improves that of the basic solution in both
H} and L? norms for (I). This implies that, on an arbitrary admissible
mesh, the first correction improves the basic solution.

6. In Table 8 and Table 9, the numerical results show that for the
model (II), we gain an O(h)-improvement in both norms, L2-norm
and H}-norm, by just the first correction of the cell-centered mesh.

Remark 5.4. The number of operations required for the first correction is
comparable to that of the basic solution. Indeed, recall that we compute the

T

basic finite volume solution u” via an algebraic system defined by:

(5.1) AT T = 7T

where A7 is a tridigonal matrix of dimension N x N (recall that N = O(1)).
The first correction can also be obtained via an algebraic system defined by:

(5.2) AToT = (T L 47,
where d7 is defined by the second member of Equation (3.7) without the
source term ( Ju f P )da:) Thus to compute d”, (and therefore u7 ), we have

to compute u7. One remarks that the matrix A7 is symmetric, then it is
useful to use Cholesky’s method. The number of operations required for the
factorization A7 = L.L* are of order O(N). Then, the number of operations
required to compute the first correction is of order O(N). In general, the
number of operations Ny required for the k** correction is comparable to that
of the basic solution Ay, more precisely:

(5:3) No(T) < Ni(T) < CONG(T),
where C(k) is a positive increasing function (recall that No(T) = O(N)).
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ON UNIFORM ACCELERATED FLUID FLOW PAST A ROTATING
CIRCULAR CYLINDER

M. ANWAR KAMAL AND ABU ZAR A. SIDDIQUI

ABSTRACT. The non-steady flow, due to the uniformly accelerated and
rotating circular cylinder from rest in a stationary viscous incompressible
fluid is considergd. This numerical experiment is made for various values
of the Reynolds number in the range from 1 to 350 and several values of
rotation parameter @ in the range from 0 to 4.5. In this numerical at-
tempt, we have adopted a scheme which consists of two steps. In the first
step, the special finite-difference method Dennis {10] is used to approximate
the constitutive equations. This method transforms the governing partial
differential equations to a system of finite-difference equations which are
then solved numerically by S.O.R. iterative method. In the second step,
the results obtained are further refined and upgraded by Richardson Ex-
trapolation method. For the purpose of verification, the obtained results
are compared on five different grid sizes as well as with those of Collins

and Dennis [9] for =0. The comparison is very favourable.

1. INTRODUCTION

The problem of the fluid flow due to uniformly accelerated and rotating
infinite circular cylinder in the stationary incompressible and viscous fluids is
of fundamental interest owing to its valuable and large number of applications.
For example, in lift enhancement Ackeret [1] and Sayers [24], in the Flettner
rotor ship, where the rotating vertical cylinders were employed to develop a
thrust normal to any wind blowing past the ship. Secondly, the rotation effects
are dominant to control the boundary layer separation discovered by Prandtl
[21] and Prandtl and Tietjens {22], Tennant et al [28], and Moore [20]. Thirdly,
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the concept of rotating cylinder is very famous and-has practical importance
in ”breakaway” phenomenon Riley (23], Tennant [27], and Walker {29]. Now-
a-days, this problem has great dominance in boundary layer control devices
such as on the flaps of V/STOL aircraft Cichy [7] and upstream of ship rudders
and to overcome separation effects in a subsonic diffuser. Moreover, it has also
importance in geophysical motion which is of interest to meteorologists and

oceanographers and others who are studying topographic effects in geophysical
flow fields.

In present studies, we have discussed the flow behaviour by using two pa-
rameters; the rotation parameter «, and R, the Reynolds number. For =0
(i.e., flow without rotation) the flow becomes accelerated flow past a circular
cylinder. This problem has a long history. In 1908, Blasius [2] for the first time
considered the general problem for two cases of motion from rest. -In case 1,
he studied the flow past the impulsively started circular cylinder with uniform
velocity, while in case 2, he investigated the flow due to impulsively started
circular cylinder with uniform acceleration. For the second case, Goldstein et
al {14-15] showed also their efforts numerically. Gorlter [16-17], and Watson
[30] generalised this theory to other types of variation of the initial velocity
of the cylinder. The numerical methods used to solve Navier-Stokes equations
for these types of flows were very approximate and valid for all Reynolds num-
ber only for leading term in the series solution which is expanded in powers
of time. But subsequent terms in the expansion are valid only for infinite
Reynolds number.

In 1974, Collins and Dennis [9] studied the second case of Blasius [2] very
well and improved and solved them by two techniques. In the first, by the
spectral method while in the second, direct integration of Navier-Stokes equa-
tions was made which was the extension of the first method. Experimentally
this problem was also examined by Tameda [26] in 1972. He measured the
time of separation of flow and the growth of the separated wake for Reynolds
numbers R2=97.5, 5850 and 122x103.

However, the flow due to uniform translation and rotation with zero accel-
eration has been investigated numerically as well as experimentally by several
researchers for example Badr and Dennis [3-4], Chang and Chern [6], Ece [13]
etc. But unfortunately the flow with non-zero acceleration, that is, the flow
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due to uniformly accelerated and rotating circular cylinder problem did not re-
ceive due attention. It is perhaps due to its sensitivity and complications. It is
the one of the reasons for numerical researchers in adopting low order numer-
ical schemes which can provide results and does not converge for large value
of t (see for example Collins and Dennis[9]). To overcome this deficiency, we
are putting a minute contribution by adopting higher order numerical scheme.
Therefore, our scheme is valid for all time, for all Reynolds numbers and there
is no problem of divergence. Moreover, our results are in good agreement with
those of Collins and Dennis[9] for low values of t when a=0. We shall also try
to answer the questions such as: what will be the flow behaviour in the process
of vortex shedding in the wake and on the surface of cylinder, the variation
of surface forces and pressure development on the surface of cylinder as time
passes if we vary rotation speed and its translational speed?

Although the calculations are made for various values of the Reynolds num-
ber R in the range 1 <R <350 and several values of « in the range 0 < o < 4.5,
yet we focus on three values of R namely 1, 10, 349.285 and three values of o
namely 2.5, 3, 4.5 and compare the results with Collins and Dennis[9] for small
value of t when a=0. The results are presented in graphical form in section
5 in which we have examined the streamlines behaviour, vorticity contours,
vorticity variation with time, the variation of surface forces with t for different
values of R and @ and especially the vortex shedding over the surface cylinder
and pressure development in the wake of the cylinder. The formulation and
basic analysis of the problem under consideration is given in section 2. The
section 3 contains the analysis of transformation of governing equations into a
system of finite-difference equations by using special finite difference method
and the computational procedure is briefly described in section 4.

2. BASIC ANALYSIS

The continuity and the Navier-Stokes equations for incompressible fluid in
dimensional form, in the absence of body force are given as follows:

(2.1) V.V = 0

\Y
(2.2) p [%7 + (V.V)V} = —Vp+puV?V
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where V is the fluid velocity vector, p the density, p the pressure, and p the
viscosity coefficient.

The mechanics of the problem under consideration can briefly be stated as,
the flow is normal to an infinite circular cylinder which is uniformly-accelerated
and rotating from rest in an infinite stationary viscous incompressible fluid
such that the circular cylinder is rotating with angular speed 2 while advancing
from right to left with uniform acceleration f. The rotation and translation
are started at the same time. Obviously, cylindrical co-ordinate system will
be used, where the reference frame is fixed on the cylinder such that origin
coincides with the cylinder’s centre. However, the coordinate system will be
modified further by taking s=Ilnr. Moreover, the flow is being considered as
non-steady, two-dimensional and laminar for all time.

On deforming equation (2.2) into vorticity transport equation, we get

(2.3) -—pVxwazp[%—‘:—Vx(wa)]
- where
(2.4) w =VzV.

In order to normalize the field variables, the following dimensionless parame-
ters can be introduced,

Z; Vv C f
. *:—- V*:— *= el d t*: — 0.
(2.5) T= \/f_c’w \/;w, an ct

"*” stands for dimensionless parmeters while f and ¢ signify for uniform

where
acceleration and the radius of the cylinder respectively.

On the introduction of equation (2.5) into equations (2.1) and (2.3), we
yield
(2.6) vV*vV* = 0
2.7 VX VExwt = PO o (Vi x wt
.7 ie |2 (V" x )
On dropping ”*”, equations (2.6) and (2.7) can be expressed in components
form in the cylindrical polar coordinates system if we use

10y __%
(28) Uy = r 897u9 = or’
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and w = [0,0, E] to obtain

(2.9) E = V%
R[OE 1 (0YO0E Oy OE
2p _ oL LlioyoL  opoL
(2.10) ViE = 2[8t+r{898r arae}
where R:QC—U‘/E, beingReynolds number and V2 = 8%27 + %% + ;158—927.

Our next target is to solve equations (2.9), and (2.10) w. r. t. the following
boundary conditions,

o X _ _ — _ B +H?E 3aH
d) - 07 or — ava - 2(H2+H3) + 2HZ4+H3»

at r =1,
(2.11)

19 : o
;—83;[_5 —>tsm9,;9% — tcos8, E — 0,as r — oo,

where a = Q\/?

Earlier numerical attempts (e.g., Collins and Dennis[9]) are related to the
problem under consideration without rotation of circular cylinder and are stud-
ied by using boundary layer techniques which has two major deficiencies: one is
that it is valid for high Reynolds number flow and secondly solution no longer
converges for large values of time t. The later type of difficulty has been en-
countered by various authors, for example Sears and Telionis[25], Collins and
Dennis[8], Cebeci [5], and Dommelen and Shen[11] and Dommelen[12]. To
overcome these difficulties, we adopt higher order numerical scheme which is
valid for all Reynolds number, rotation parameter, and specially for all time.
Detail of this scheme is given in the following section. This numerical scheme
reduces the highly non-linear system of partial differential equations to a sys-
tem of difference equations, which then can be solved by direct and indirect
methods. But we have chosen the SOR-iterative method which accelerates
the convergence of the iterative scheme. Henceforth, this numerical procedure
is efficient for studies of such type of sensitive flow problems and is straight-
forward, economical in core storage requirements of a computer, and easy to
programme.
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3. FINITE-DIFFERENCE METHOD

For convenience, let,

(3.1) s=Inr
Then equations (2.9) and (2.10) would deform as
(3.2) E = —e 20%),
R 0E O0YOE 0yYOE
2 A VX Rt = _Z7Z=
(3:3) FF = 31 %% T30 0s 8389]’
where
o o
2=__ 4 -
(3.4) ©° = 552 + FYeh

Obviously the boundary conditions given in Eq. (2.11) would deform as,

I 6y, +H2E
(3 5) ¢:07%:*Q7Ew:-2%h2+1{3; +21.?ng37 ats:O,
e‘s%f—>tsin9,e‘s%1g—>tcos9,E—>0, as s — 0o,

where s = 0 represents the surface of the cylinder. E,, is for vorticity on the
surface of the cylinder while the subscript 1 denotes the point one cell away
to the cylinder’s surface.

We shall use the following notation. The grid size along s-, -, and t-
directions, are taken by H, K;, Ko respectively, and the points (sg, 8o, to),
(so+H, 6o, to), (so, fo+Ki, to), (so-H, o, to), (so, 0-K1, to), (s, fo, to+Kz2),
(so, fo, to-K2) are represented by the subscripts 0, 1, 2, 3, 4, 5, 6 respec-
tively. Moreover, the grid which we adopted to discreatize the whole domain
of computation is given in figure 1.
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Figure 1. The meshing of computational domain.

In order to approximate equation (3.2), we employ standard central differ-
ence formulation at the point "0”, that is,

1 1 1 1 2 2
(36) @t F%?flz + st F%% = (@ + F%) Yo = —€e*Ey

The variation in finite-difference formulation, at the point "0", appears in
approximating equation (3.3), which can be splitted into the following three

equations,

6*’E . _OE
(3.7) 952 A B% = A(s,0,t)
*E  _OE 1
oE 1
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equations,
0’E OF
. — — = A(s,8,t
(3 7) 632 +Bas (87 ) )
O*E | 0E 1
(38) “6‘“97 + Fr —§A(S,9, t)
' OF 1
where A is the unknown arbitrary function and
_ ROy , ROY _ R,
(3.10) B= 269’0_263’L_ 7€ -
Let us introdue
(3.11) : E = )ef
where
1 S
(3.12) F= §/B(x,9,t)dx.

S0
Then the equation (3.7) takes the following form by approximating the deriv-
atives involved by central-differences:

1 /0B 1
(3.13) (M 4+ A3 — 2X0) — {— <—> + ZBS] MoH? = AgH?.
0

2\ 0s
To approximat equation (3.8) along 8—direction, let
(3.14) E = pe®
where
9

(3.15) G = %/C(s,x,t)d:z

9o
and the equation (3.8) will take the form

2

(3.16) %(H2+H4—2Ho)— B (36_;7>0+:1103} poH® = %fﬂ

Next if we approximate equation.(3.9) simply by standard central difference
approximation, we get,

LoH? Ao

J— —_ — - 2
2K, [Bs — Eg| 5 H

(3.17)
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By adding Equations (3.10), (3.11), and (3.12) and using argument that Ao =
po = Eo, we get

1 H? 1
(3.18) |A1+A3—2Ep— ZEOB§H2} + [F (g + pg — 2Ep) - ZEOC§H2
1
LoH?
+ 5K, [Es — Egl =0,

In order to express A and p back in terms of E, it can be done from the
definitions. It is found that

(3.19) X = Eief ;= Ejeb

where
F, = 1 [ B(z, 80, t0)dz,
S0

(3.20)
6;
G; = % f C(sg,z,to)dz
o

such that i=1, 3, while j=2, 4

Now we can replace \;, and p; by expressions involving E; and E; respec-
tively, but they will involve exponential coefficients.

We, next, expand the above exponentials in powers of their arguments keep-
ing the truncation error of order H%, and H2K%. In expanding the exponents
we neglect the terms of order H%, and H2K?and higher order. After some sim-
plifications under above arguments and using the Taylor theorem, we obtain:

2 27172
(321) A+ A3 = [1 2 <8B> Bof Bl
0

Os

1 ] [El + E3} + [E1 — E3}

and

K2 (8C C2K?2 CoK
(3.22) g+ puy = [HTl (—55> + 08 1] [Ey + E4) + 02 > [y — Ey
0
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Introducing equations (3.21) and (3.22) into equation (3.18), we get,
BoH  B§H? H? CoH? CZH?
R Al

3.23) |1 =
(3.23) {* K27k T8
BoH BZH? H? CoH®* C2H?

1- —— B3+ |— — S0
+[ 2 T8 | R ek, g |
LoH?
2K,

+

2H2 27172 2H2
B2H? (3 ]EO:O

[Es—EG]—{H 7Tt .

4. COMPUTATIONAL PROCEDURE

Equations (3.6) and (3.23) can be written in the following form,
(4.1) Ry + Rowg + Ravpg + Rapy + RsEo — 19 = 0
(4.2) TVE1 +ToEy +T3Es +TyEy+TsEs +TgEg — Eg = 0

where

1
Ry = R3 = @5, Ro= Ry = Rz
250
R5:Z17 Zl=[—7+—7}
2’ " o242
|4 BoH | BGH? +_2(%+908_H_
- 2 g —
Tl - Za ’ T2 - Z% 5 ’
|2 BEH? - B+
— 2 g S
Iy = Zo ) Ty = Za )

_ Len? _ g’y 2, o
T=2%0 =T, Zy=2+347 50 GIC

The set of equations (4.1) and (4.2) is solved then iteratively by the point S.
O. R iterative procedure Hildebrand [18], subject.to the appropriate boundary
conditions given in (3.5).

The above procedure is repeated until convergence is obtained according to
the criterion, v
max |ES™ — ES™| < 1075, max |{™ ) — ™| < 1075,

where superscript 'm’ represents the number of iteration.The results obtained
are further refined and enhanced up to the order four by Richardson’s extrap-
olation method, see Jain [19].
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5. CALCULATED RESULTS AND DISCUSSION

The calculations were made for various values of Reynolds number R in the
range 1<R<350 and the rotation parameter in the range 0< « <4.5. The
results have been found for the following five grid sizes

(a) H=1/10, K;=n/10, Kp=1/130
(b) H=1/20, Ky=/20, Kp=1/130
(c) H=1/30, Ky=/30, Ky=1/130
(d) H=1/40, Ky=/40, K,=1/130
(e) H=1/60, K1=r/60, K3=1/130

But for the purpose of discussion, we focus on four values of R namely
1, 10, 100, and 349.285. The accuracy of the numerical results is checked
by comparing the results on different grid sizes for vorticity E and stream
function 9, for various values of R and as mentioned above. In the early stage
of flow development, the highly viscous effects and generation of the secondary
flows have been observed. That is why, we focus ourselves not only to study
in detail the streamlines and eddies behaviour in the time t<1 but also we
examine their behaviour for time t>1. Streamlines are presented graphically
in figures 2-10, which show how secondary flow is produced and how it takes
the shape with the variation of rotation parameter and time t, specially in
the early stages of time. From the studies of these graphs, we observe that
secondary flows are produced in the early stages and they vary with R. If we
fix and vary R we observe that closed streamlines will remain dominant for
longer time. In the early stages of the flow it seems to be very complex and
formation of secondary flows is very progressive, for example see figures 5(a),
6(a), 7(a), 8(a), and 9(a). So one can conclude that the secondary flows, which
occur in form of closed streamlines and which produce in early stage of fluid
motion, remain dominant for longer time as R increases, for fix value of a.

If we fix R and vary o and examine the flow behaviour then illustrations
show that the radius of closed streamlines increases for earlier stage while it
will continue to decrease as time passes.
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The variation of maximum value of streamfunction, ¥,,,, will fluctuate for
fixed value of R and t at different values of . But %,,,, also increases at fix
value of t and on increasing R as shown in figures 2 to 10. Moreover, it is -

observed that ¥ varies linearly with t for all values of a.

mazxr

The behaviour of curves of constant vorticity with the change of R, «, and
t is also examined. For the purpose of discussion, we have selected four time
levels t=0.046, 0.1, 0.154, and 0.993 for the values of R and o mentioned
above. Graphically their behaviour is given in figures 11 to 13. On analysis of
the graphs, one can observe that there is no secondary vortex for low Reynolds
number for all time before and after the rotation of the circular cylinder as
shown in figure 6. When a=0 and R is moderate the situation is different, a
pair of secondary vortices produces and these vortices remain isolate before
t=0.069 as shown in figure 11(a). But at and after this time this pair by passing
through the variety of shapes becomes single vortex at t=0.993 as shown in
figure 11(b-d). Moreover, when R increases further the secondary vortices
remain isolate till t=0.154. If more increase in R is made i.e., R?=1.22x10°
then the time of dissolving of vortices also increases viz., t=1.438. Thus it is
found that the secondary vortices in pair are produced in early stage of flows
and are dissolved and merged into single big diameter vortex depend upon
R and t. When R increases the merge time increases and diameter vortex
increases as time passes sometime and then again they occur after certain
time. This process varies with the variation with the variation of R. When «
increases then one can observe that the vortices are damped and compressed
and their radius decreases with the increase of time as shown in figures 12 and
13. The maximum values of vorticity Eas shifts to higher value of time t, that
is, Eps occurs at larger time as rotation parameter is increased as shown in
figure 13 for a=4.5 respectively.

Figure 14 indicates the variation of minimum vorticity for #=15° for R=1
and 349.285 and a=2.5 and 4.5. It is observed that the minimum value of vor-
ticity Enqnin fluctuates as time passes. It decreases as either rotation parameter
or Reynolds number R increases.

The variation of drag and lift on the surface of the cylinder with respect
to time t is also examined for different values of R and « as shown in figures
15 and 16. Tt can be observed that drag increases as R increases for fix value
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of o as shown in figure 15, while situation is vice versa for lift. Here to
overcome lift decline, the rotation acts as a vital role. If the rotation parameter
increases keeping R as constant we observe that the drag decreases while the
lift increases as shown in figures 15 and 16.

The loading effects on the surface of the cylinder is one of our main points
of studies, so we have also examined the variation of pressure on the cylinder’s
surface for various values of the flow parameters and the results are displayed
in figures 17. The figure 17(a) illustrates the variation of the pressure on the
surface of the cylinder when the cylinder is not rotating while figures17(b-d)
represent pressure’s variation when rotation is imposed and varies. We also
examine that the pressure in the wake and it is observed that it decreases as
time passes. This situation does not depend upon whether cylinder is rotating
or not. Moreover, the pressure in the wake also decreases strictly and non-
linearly as the rotation increases. However, the pressure at front stagnation
point remains nearly unaltered as the flow parameters R and o vary and as
well as time passes. Figures 17(b-d) show that if the rotation of cylinder begins
to fluctuate while it does not occur when rotation tends to stop. Moreover,
when a=0 the variation of the pressure on the surface of a cylinder agrees well
with that of Collins and Dennis [8].

Finally, the variation of vorticity over the surface of the cylinder with respect
to 6 is investigated for various values of time t and different values of Reynolds
number R and rotation parameter « as shown in figures 18 and 19. In Collins
and Dennis[9] at page 479 , it is stated, ”The integration terminated soon
after (at t=3.2) because of its failure of converge.” But our numerical scheme
converges for all values of Reynolds number R as well as for t>0 including
t=3.2, when o =0. Figures 18 and 19 show that our results are in good
agreement with those of Collins and Dennis[9]. For large values of t, the

results are also displayed graphically for =0 as well as for a=4.5 in figures
19 and 20(b).
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Figure 2. Streamlines for R=1, a=2.5
t=0.154 (d) t=0.993.
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Figure 3. Streamlines for R=1, a=3.0 at time levels (a) t=0.046 (b) t=0.1 (c)

t=0.154 (d) t=0.993.
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Figure 4. Streamlines for R=1, a=4.5

t=0.154 (d) t=0.993.
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Figure 5. Streamlines for R=10,
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Figure 6. Streamlines for R=10, a=3.0 at time levels (a) t=0.046 (b) t=0.1
(¢) t=0.154 (d) t=0.993.

Figure 7. Streamlines for R=10, a=4.5 at time levels (a) t=0.046 (b) t=0.1
(c) t=0.154 (d) t=0.993.
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Figure 8. Streamlines for R=349.285, a=2.5 at time levels (a)t=0.046 (b)t=0.1

(c)t=0.154 (d)t=0.993.
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(¢)t=0.154 (d)t=0.993.
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Figure 10. Streamlines for R=349.285,
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=4.5 at time levels (a)t=0.046 (b)t=0.1
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Figure 11. The lines of constant vorticity for R=10, a=0 at time levels (a)
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Figure 12. The lines of constant vorticity for R=10, @=2.5 at time levels (a)
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VORT VORT
__,/”"_—_hh“““*xh 1600 e 22864000
-~ P 10BE D0 841000
AR by 2000 A 91E00
e P 3154001 230
x A0 AFE0
B3E0 5126400
£366,001 £194001
745001 72664001
BSIE001 A0
ASE00 4E
A0 1054002
A1Ev002 154002
12864002 12860002
VORI VORT
0000 e 144E4000
A G0 BTE00
2106000 210
215001 Q2760
42064001 4406001
52564001 SSEO01
SHEO0 SEED
R 786400
7 BAEN BN
) B 4N 0164002
‘1 ‘ 1054002 AIE R
| i [ ERCT () 1 244002
12664002 A FEAR

Figure 13. The lines of constant vorticity for R=10, a=4.5 at time levels (a)
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Figure 14. The variation of minimum value of vorticity E,.;,, for (a)R=1, a=0
(b) R=1, a=4. 5 (c)R=349.285, a=2.5 (d) R=349.285, a=4. 5.
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Figure 15. The variation of the drag over the surface of the cylinder for (a)
a=0 (b) a=4. 5(c)R=349.285, a=2.5 (d) R=349.285, a=4. 5.
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Figure 16. The variation of the lift over the surface of the cylinder for (a) a=0
(b) a=4. 5(c)R=349.285, a=2.5 (d) R=349.285, a=4.5.
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Figure 17. The variation of the pressure over the surface of the cylinder for
R=349.285 (a) a=0 (b-d) a=4.5 at time levels t=0.58, 0.69, 0.96 respectively.
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Figure 18. The variation of vorticity over the surface of a cylinder for smaller
time for (a) R=10 (b) R=349.285 when a=0.

Figure 19. The variation of vorticity over the surface of a cylinder for larger
time for (a) R=10 (b) R=349.285 when a=0.

Figure 20. The variation of vorticity over the surface of a cylinder for R=349.285,
a=4.5 (a) for smaller time (b) for larger time.
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