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Abstract.  The problem of estimating the mean function of a compound cyclic Poisson
process with linear trend is considered. An estimator of this mean function is constructed
and investigated. The cyclic component of intensity function of this process is not assumed
to have any parametric form, but its period is assumed to be known. The slope of the linear
trend is assumed to be positive, but its value is unknown. Moreover, we consider the case
when there is only a single realization of the Poisson process is observed in a bounded
interval. Asymptotic bias and variance of the proposed estimator are computed, when the
size of interval indefinitely expands.
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trend
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1. INTRODUCTION

Let {N(t),t > 0} be a Poisson process with (unknown) locally integrable intensity
function A which is assumed to consist of two components, namely, a periodic or cyclic
component with period 7 > 0 and a linear trend component. In other words, for any point
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s > 0, the intensity function \ can be written as
A(s) = Ae(s) + as,

where A.(s) is a periodic function with (known) period 7 and a denotes the slope of the linear
trend which is assumed that a > 0. We do not assume any (parametric) form of A.(s) except
that it is periodic, that is, the equality

Ac(8) = Ae (s + kT)

holds for all s > 0 and k € N, where N denotes the set of natural numbers.
Let {Y(¢),t > 0} be a process with

®)
Y(t)=) X (1
i=1

where { X;, i > 1} is a sequence of independent and identically distributed random variables
with mean ;1 < oo and variance 02 < oo, which is also independent of the process
{N(t),t >0 }. The process {Y (¢),t > 0} is said to be a compound cyclic Poisson process
with linear trend. The model presented in (1) is an extension of the model presented in [4].
We refer to [1,3,5,6] for some applications of the compound Poisson process.

Suppose that, for some w € (2, a single realization N (w) of the process {N(t),t > 0}
defined on probability space ({2, F,P) with intensity function \ is observed, though only
within a bounded interval [0, n]. Furthermore, suppose that for each data point in the observed
realization N (w)N[0, n], say ith data point,i = 1,2, ..., N ([0, n]), its corresponding random
variable X is also observed.

The mean function (expected value) of Y'(¢), denoted by (), is given by:

P(t) = EIN@)] E[X1] = A(t)u
with A(t) = [7 A(s)ds. Let t, = t — | £| 7, where for any real number x, |z] denote the
largest integer that less than or equal to z, and let also k;, = HJ Then, for any given
real number ¢, we can write t = k; ;7 + ¢, with0 <¢. < 7. Let § = % fOT Ac(s)ds is the
global intensity of the cyclic component of the Poisson process { N (¢),¢ > 0}. We assume
that # > 0. Then, for any given ¢t > 0, we have
2

A() = ko760 + A, (1) + a%

which implies

2

P(t) = (k/’t’-,—T@ + Ac (t) + at2> 7

An estimator for the mean function () of the process {Y'(¢),¢ > 0} using the observed

realization have been constructed. Our goal in this paper is to compute asymptotic bias and
variance of an estimator for the mean function v (¢) of the process {Y (¢),¢ > 0} .

The rest of this paper is organized as follows. The estimator and main results are presented

in Section 2, some technical lemmas are presented in Section 3, and the proofs of the main

results are given in Section 4.
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2. THE ESTIMATOR AND MAIN RESULTS

Let k, » = [%J The estimator of the mean function (¢) using the available data set at
hand is given by

~

PR 2\
Bult) = (ke Ao (8) + ) i,

2

where

. 2N [0, n]

ap = 2 ’

n

J 1 iy N([(k 1)1 k1)) 5 kn.T T

" In(kn )T Pt k "\In(kn,) 2)°

L) - ] N (k=) 7, (k= 1) 7 +t,])

o () & k

_a, kp +Ttr n (t? —2tr7') ’
In (k. -) 2
and
1 N([0,n])
//Z = Xiv
N[O 2

with the understanding that ji,, = 0 when N ([0,n]) = 0. Thus, @n(t) = 0 when
N ([0,n]) =0.

Our main results are presented in the following theorem. The Theorem is about asymptotic
approximation to the bias of @n(t) and about asymptotic approximation to the variance of

U (1).

Theorem. Asymptotic approximation to the bias of 1y, (t):

_ 2
bias [&n(t)} _ <kt,TT (207 — aty) + 2vAc (t,) + ay (82 QTtT)> ;

21n (ky,7)
1
— 2
+0<1n(knﬁr)), @
and asymptotic approximation to the variance of @n(t)
" s 2
o 50 = gy (6 42—

+ (CLTtT + 27 (Ae (t:))* + avAe (t,) (t2 - 2Tt,,))

ok <Ac (t,) (207 — ary) + 0 (294 (t,) + av (2 — 27¢,)) + 2at, )

2
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2afry — a2m) L ( (204 (t,) 7 + a®y (2 - 27t,)) )

+ kg Tt ( 5 5

o) :
=5 (ke (20 = am) + 2 A () + 0 (1 - 2m))> +o (m(;:)) ®)

asn — oo, where v = 0.577 ... is an Euler’s constant.
3. SOME TECHNICAL LEMMAS
In this section, we present some lemmas which are needed in the proofs of our theorem.

Lemma 1. Asymptotic approximation to the bias of a,:
. 20 1
n n
and asymptotic approximation to the variance of a,,:

Var[dn]zf;-i-O(l) 5)

n3
asn — oQ.

Proof. We refer to [2].

Lemma 2. Asymptotic approximation to the bias of Zc,n (tr)

2yAc (tr) + ay (2 — 27t,) 1
210 (ks ) o\ in(

B [Aep ()] = Ac (1) + (©6)

and asymptotic approximation to the variance of Ac . (t,)

_art, N 212 A (tr) + am? (2 — 27t,) + 12a7t,y
(k) 12 (In (kn.,))?

1
¢ ((m (kn,f)f) @

as n — oo, where v = 0.577 ... is an Euler’s constant.

Var {ch (tr)}

Proof. The expected value of Zc,n (t,-) can be computed as follows:

T E[N([(k=1)7,(k—1)7+t,])]

I (k) = k

kn,TTtr (ta% - 2tTT) A
B (m(/sn,T) M ) Bl ®

B [ (t)] =
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A simple calculation shows that

kn,+

ZE[N([(kfl)T,(k‘fl)Tthr])] A )Jrat%me
k o 2
k=1
A (t, L2t 4 ok, Tt
N (tr)y + ay === + akp 7 L
In (k. r)

By substituting (4) and (9) into the r.h.s. of (8), we obtain (6).
The variance of A, , (¢,) can be computed as follows:

Let
kn,r N([(k—=1)7,(k—1)T +t, . ko7t t2—2t,7
Ap = 1n(1€1",7) k=1 (=) 5@ : D and B, = ay, <1n(kw) +( p) ))'
So
Var [ch (tr)} = Var[A,) + Var[B,] —2Cov (A, By,) . (10)
First, we compute
1 v
Var[A,]| = ——— —Var|N([(k—1)7,(k—1)7+t,
An) = Gy 2V or N (= D o= D)
1 g
= N S EIN(k-1)Tk—1)T+t])]. 11
(in (ony))” 2= 72 [NV ([( )7, (k—1) )] (11

A simple calculation shows that
i
S SEIN (k= 1) 7, (k= 1) 7+4,])
k=1

t2 — 27t \ 7
6

= (AC (tr) +a 5 — +art, In (k) +art,y +0(1) (12)

as n — oo. By substituting (12) into the r.h.s of (11), we have

(A0 £ aE) 2 iy
Var[A,] = + 5
In (k) (In (kp 1))

1
_ 13
+o ((ln(kn,f)f) , (13)
as n — oo.

Next, we compute

kpott, (2 —=2t,7

Var[B,] = <ln(kn7) + 3 )> Var [an)

(Gt Rty (82— 207) (8 - 2t,7)°
()’ In (k) 1

Varlas]. (14)
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By substituting (5) into the r.h.s of (14), we have

2a (kn,ﬂ'tr)2 40 (l’<:n7T7'tT)2 2ak,, - Tt, (tf — 2tr7')
n2(In (ko7))> 03 (n(knr))? n?1n (kn,7)
40ky, o7ty (82 — 2t,7)
n31n (k. ;)
a(t2—2t,7)° (2 —2t,7)° 1
+ (& ) + (& ) + O( ) ,

2n? n3

Var[B,] =

15)

asn — oo.
Last, we compute

2Cov (An, Bn)
Uin oty (12— 2tr7)>

(In (kp.,))? R (kn,7)
Kn,r

o E:Nuw—lwwk—nTﬂax%)

k=1 k

7 Ak, Tty 2 (2 — 2t,7)
A\ n2(n(k,.)? n?n(kns)
kn,r

< Cov Z N ([(k — 1)T,lik — 1)T+tr])’N [Om})
k=1

B ( Ak 7, 2 (12 —2m)>

n? (I (kn.))*>  n?hn(knr)
kn,x
y Z Var (N ([(k—1)7,(k —1)7+t,.]))

k
k=1

4k, Tt 2 (t2 —2t,7)
= 2 +
n? (In (kp,))> 12 (knr)
kn,-r

3R EW D))

(16)
k=1

By substituting (9) into the r.h.s. of (16), we have
da (kpo7t,)? 2k Tty (24 (t) +a (82 — 2t,7))
n? (In (kn,‘r))Q n?1n (k)
N 2k, Tt (2/1c (tr) vy + ay (tf — 2tr7')) 4k, T,
o )
n2 (In (k) n (In (k)

as n — oo. By substituting (13), (15) and (17) into the r.h.s. of (10), we obtain (7). This
completes the proof of Lemma 2.

2Cov (A, By) =

a7)
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Lemma 3. Asymptotic approximation to the bias of é\n

o~

_ 20y — aty 1
E |:9n:| =0+ 211’1(]?7177') +0(1n(/€n77—)) 4o

and asymptotic approximation to the variance of 0,

~1 a 2072 + a (1277 — 7'7T2) 1
Var 6] = 1 Gor) .~ 12 m(enn)? ((m (kn,f)f)

asn — oo, where v = 0.577 ... is an Euler’s constant.

Proof. To prove Lemma 3, note that,

Onp=—=Acn (7).
e (1)

Since tz)\n is (almost) special case of Zc,n (t,) with ¢, = 7, the proof of Lemma 3 is similar
(and simpler) than the proof of Lemma 2. Hence, it is omitted.

Lemma 4. Asymptotic approximation to the bias of 0,4,

2060~y — a®1y — 12a6 ‘o 1
2 ln (k'fL,T) ln (kTL7T)

E <§nan) —af + (19)

and asymptotic approximation to the bias of Ay, (t,) Gn

2 2
5 (ZW ) &n) — ade(t) + (2adc (tr) v + a*y (t7 — 27t)) o (m : 1 ) 20)

210 (kn 7) o)

asn — oo, where v = 0.577 ... is an Euler’s constant.

Proof. The value of & (@Ldn) can be computed as follows:

~ N\ 2 N ([(k = 1) 7, k7))
E@WO*WRE§£ ; p N 0.n]
kn +T T
_ n,T -\ E ~2 . 21
(m(kw) 2) (42) @D
A simple calculation shows that
2N (k= 1) 7 k)
- 1)1kt
E . N[0,n
; k [0,7]

a7'2
a’*n?ky, 2 N (0 a72> an?In (k) N an® (97— - T) v
2B Pl o
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2

2
+a9nk:n,77'2 + (97 — a;) Onln (ky -) + <97 — a72'> On~y

2 2
+ akn 7%+ (w - “;) In (kn.r) + (eT - “) v+o(1), (22)

asn — oo.
Now note that, by Lemma 1, we have

R 4a6 1
£ (@) =at+ 2 1 0 (ng) , 23)

as n — oo. By substituting (22) and (23) into the r.h.s of (21), we obtain (19).
The value of E/ (ch (t) dn) can be computed as follows:

k
~ . 2 < N ([(k—1)7,(k—1)T+t,])
E(A = ———F N
( en (tr) an) n?ln (ky r) k2=:1 k [0,]
ky - 7t, (t% - 2tTT) 2
— : E(a;). 24
<ln (o) T2 (@) e
A simple calculation shows that
kn,+
~ N -1 -1
k=1
a’*n?ky, .7t a (t? — 27'75,-) an?®In (kp )
2 — 278, 2
+<m@”7+wwr2»r))%;

t2 — 27t
+ abnky, 7t + <Ac (t;) + Cl(r27')> Onln (kn,r)

2 — 27t,
+ (Ac(tr)fy+axy(’“27—)> On

t2 — 27t,
+akp Tt + (AC (tr) + M) In (K, 7)

2 27t
+ (Ac (1) + W) +o(1), es)

as n — o0o. By substituting (23) and (25) into the r.h.s of (24), we obtain (20). This completes
the proof of Lemma 4.
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Lemma 5. Asymptotic approximation to the bias of é}l?lm (tr)

E (B0Aen (t)) = 04c (t,)

Ac (tr) (207 — aty) + 0 (2vAc (t) + ay (82 — 27¢,)) + 2at,
+
21n (k)

1
o (hl (kn,7)> (26

asn — oo, where v = 0.577 ... is an Euler’s constant.

Proof. To compute (@\nﬁcn (tr)) we argue as follows.

Let
) = ] TN ([(k = 1) 7+, k7))
ST T () k
(ke —t)  (r—t)?
“\ 7 In (k) 2 :

So

~ ~ c
Note that A. ,, (¢,) and A, ,, (¢t,) are independent random variables.
Hence,

E (é\nﬁw (tr))

~

= %C’ov (Ac,n (tr), Aen (tr))
+E ((?,L) E (Zw (t,.))
= %Var (ch (tr)) +F (é\n) E (ch (tr)) : @7

By substituting (6), (7) and (18) into the r.h.s of (27), we obtain (26). This completes the
proof of Lemma 5.

Cov (@\n, Zc,n (tr)) +F (én) E (Zc
A - %

4. PROOF OF THEOREM

In this section, we present the proofs of our theorem. Asymptotic approximation to the
bias of 1, (¢) can be computed as follows:
First, we compute the expected value of v,,(t) as follows:

E [5a)] = £ [B [Sa®IN (0,n)]]

= 3" B[Ga@IN (0.0) = m| PV (0, 7]) = m)

m=1
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oo . N t2
= Z E (kt,Tro,L + Ao (8) + &n2>

m=1

m

E (1711 ZX,;) P (N ([0,n]) = m)

X

i=1

- (kt,TTE (én) +E (Zc,n (tr)) + B (an) 2)

Xy P(N([0,n]) =m). (28)

By substituting (4) of Lemma 1, (6) of Lemma 2 and (18) of Lemma 3 into the r.h.s. of (28),
and after some algebras, we obtain that

E [zﬂn(t)} = (w(o + (kt’TT e —em) ;1?(271 (Tt)r) Lelt o)

o)) 6,

A simple calculation shows that

A(n):E[N(O,n)]:9n+a7nz+0(l), (30)

as n — oo. By substituting (30) into the r.h.s. of (29) and after some simplification, we obtain

ki o7 (207 — aty) + 29Ac () + ay (87 — 27t,) )
I

B[] = v()+ ( o (o)

1
o (ln (k’ﬂﬂ')> ’ b

as n — oo. By (31), we obtain (2). Asymptotic approximation to the variance of {/J\n (t) can
be computed as follows:

~ 2
First we compute [(1%(75)) ] as follows:

2| ()] = £[£](3.0)" ¥ 0.0

o) t2 2
= E kt TTen + Ac,n (tr +an—+
S (o gy
xE(;iXJ P (N ([0,n]) =m)
i=1

= (kerre ((3)7) +8 ((Aen ) ") + 5 (1)
z /
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+ ?F (Zc,n (t) an)>

x i E (; ix) P (N ([0,n]) =m). (32)

m=1 i=1

Since {X;,4 > 1} is a sequence of independent and identically distributed random variables
with mean p and variance o2, a simple calculation shows that

2
E iix = 2+J—2 (33)
m = ) m’
Now note that, by Lemma 2 we have
- 2
E ((Ac,n (tr)) ) = (Ac (tr))2

atty + 2y (A (L‘T))2 +avyA. (L) (tf — QTtr) 1
+ n (kn.r) to <ln (kn,7)> 34

and by Lemma 3 we have

AN a+20%y — arfy 1
E<(9n) )9 T k) +O<In<kn,7>> o

as n — oo. By substituting (23), (33), (34), (35), Lemma 4 and Lemma 5 into the r.h.s. of
(32), after some simplification, we have

E {(@n(t))z} - <<<kt777(9 + Ao (t) + ai) u)g

+ L ((k’t 7)? (a+20%y — atby)
In (k) 7

+ (am + 29 (Ae (8))* + ayAe () (£2 — 271;))
_ 2
Y. (Ac () (207 — ary) + 0 (2yA. (t,) + ay (82 — 27,)) + 2atr>

2
b kot <2a07 ; CLQT’)/) L ( (2ad¢ (tr) v + (;27 (2 —27t,)) ) >)
o0 t2 2
P(N([0,n]))=m) | + | | kim0 + A (tr) +a—=
(S (e
+ I (ony) ((kt,TT)Q (a+20%y — atfy)

+ (arty +29 (A (4)) + av A () (8 = 27t,) )
A 20~y — 2~ A 2 _o9 9
+ 2kt77—7' < c (tr) ( 9’7 GT'Y) + 0 ( Ve (tr) + a”y (tr Ttr)) + atr)

2
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b (M (Wc (tr) 7+ % (62 = m»)))

2 2
o2 [ 1 1
o (,; w0 = m)> o ()
y <Z PN (0,n]) =m)+ 3 %P(N([O,n}) _ m)> . (36)

The first term on the r.h.s. of (36) is equal to
12

In (kn,-)

+ (artr + 2v (Ae (t:))* + avAe (t,) (t2 - 2Ttr)>

ok <Ac (tr) (207 —aty) +6 (2’y/lc2(tr) +ay (2 —21t,.)) + 2atr>

b kot (297—77) g ((mc (t) v+ a?y (£ — 271»))))

(W ()* +

((1@‘,5777')2 (a+ 20%y — atby)

2 2
+0 () (37)

as n — oo, while its second term can be simplified as

2 1
(00" + 5

+ (am + 29 (Ae (t,))% + ay A () (82 — 27’15,«))

ok (Ac (t;) (207 —aty) + 0 (27/1; (t,) +ay (12 — 27t,)) + 2at7«>

+ kot (25”97@2”) L ((2@/10 (tr)y +a®y (8 —21t,)) > ))

2 2
1 1
(e ro(2)
On + 5~ n
1 1 1
- - 1 -n - - —
+0(ln(kn,r)>< +0 (e )+0n—|—“g2+0(712>>

as n — oo. By substituting (37) and (38) into the r.h.s. of (36), then we have
2

E [(@n(t))Z] = (1) + o ('L];”) ((kt)TT)Q (a +20%y — atfy)

+ (artr + 2v (A (t:))* + avAe (t,) (t2 — 27'75,»))

((ka)2 (a + 2027 — a797)
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Ac (tr) (207 — aty) + 0 (2vA4. (t) + ay (82 — 27¢,.)) +2at,

+2kt,7'7- 9
206~ — a2 2a/, (t, 2y (12 — 27t,
+kmt2<M)+t2 (204c () 7+ ay (£ — 27t,))
: 2 2
+ ! (39)
\1n(knr) )

asn — o0. By (31) and (39) we obtain (3). This completes the Theorem.
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