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Abstract.  In this paper, we present some new generalized 2D Ostrowski-Griiss type
integral inequalities on time scales, which on one hand extend some known results in
the literature, and on the other hand unify corresponding continuous and discrete anal-
ysis. New bounds for the 2D Ostrowski-Griiss type inequalities are derived, some of
which are sharp.
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1. INTRODUCTION

Recently, research on the Ostrowski type and Griiss type inequalities has been paid
much attention. The Ostrowski type inequality, which was originally presented by
Ostrowski in [32], can be used to estimate the absolute deviation of a function from
its integral mean. The Griiss inequality, which can be used to estimate the absolute
deviation of the integral of the product of two functions from the product of their
respective integrals, was originally presented by Griiss in [15].

In the past few decades, various generalizations of the Ostrowski inequality and the
Griiss inequality have been established (for example, see [40,8,11,36,2,37,3,10,41,20,1]
and the references therein), while some new inequalities are established, one of which is
the inequality of Ostrowski-Griiss type (for example, see [12,29,9,39,38,35,43,19,44,31,
13,28,21,42]). The first Ostrowski-Griiss type inequality was presented by Dragomir
and Wang in [12] as follows:
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-5 [ oL () L),

where f" € Li[a,b], and y < f/(x) < T

The bounds related to the Ostrowski-Griiss type inequality established above got
improved in [29,9,39,38,19,44,31].

In [28], Li extended UJEVIC’s results [39] to 2D case, and established the following
2D Ostrowski-Griiss type inequality:

(¢ — a)(d— B)f(x,p) — (x=* er 9 (y - b%l) e, d) — fla, d) = fle,b)

¢ d c d
+ fla,b)] — (d— b) / fs,0)ds — (c — a) /b fx, )i + / /b s, 1)dsd|

ol

(7(c — a)(d = b)) -
< B a(f"),

where f: [a,c] x [b,d] — R is an absolutely continuous function, whose partial deriv-

ative is of order 2 f € L(a.)  (b.d)). and o() = |/’ ~ sty ( IS A, z)dsdt)z.

In [21], Liu extended the inequality above, and established a more generalized 2D
Ostrowski-Griiss type inequality.

On the other hand, Hilger [16] initiated the theory of time scales as a theory capable
of treating continuous and discrete analysis in a consistent way, based on which some
authors have studied the Ostrowski type and Grliss type inequalities on time scales (see
[23,33,5,26,34,18,24,25,17,22,4,27,30]). But we notice that 2D Ostrowski-Griiss type
inequality on time scales has been paid little attention in the literature.

Motivated by the above work, in this paper, we will establish some more generalized
2D Ostrowski-Griiss type inequalities on time scales. New bounds related to the
Ostrowski-Griiss type inequalities are derived, and some of them are sharp. The estab-
lished results unify continuous and discrete analysis, and extend some known results in
the literature.

Throughout this paper, R denotes the set of real numbers, while Z denotes the set of
integers, and Ny denotes the set of nonnegative integers. T,, T, denote two arbitrary
time scales, and for an interval [a,b], [a,b]; := [a,b]()T;, i=1,2. For the sake of
convenience, we denote the forward jump operators on Ty, T, by ¢ uniformly. Finally,
a point ¢ € T; is said to be right-dense if o(f) = ¢ and t==sup T,.

Definition 1.1. Let T be a time scale, then /. : T> — R, k=0,1,2... are defined by

t
My (2, ) :/ hi(z,s)At, Vs, t €T,

where hg(t,s) = 1.

o

Remark 1.2. If T =R, then h(r,s) =20 If T =27, then hy(r,s) = === f

2 )
T = g™, then hy(t,s) = 4('7‘%:‘7‘1“').
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Definition 1.3. Let T be a time scale, then for a function ' € (T, R), the deltaderivative
of fat 1 is denoted by f*(¢) (provided it exists) with the property such that for every
& > 0 there exists a neighborhood U of ¢ satisfying

(1)) = f(s) =12 (1)(6(1) — )| < elo(r) — | for all s € .

Remark 1.4. If T =R, then (1) = f(¢t). If T =Z, then /() = fir + 1) — fo). If

T = qNU thenf ( ) f(fl(2 {()/)

For more details about the calculus of time scales, we refer the reader to [6,7].

2. MAIN RESULTS

Lemma 2.1 (Generalized  montgomery identity). Let a,b,s,x € Ti,c,d,t,y € T,
with a < b, ¢ < d. f:[a,bly, x[c,d]y, — R is A;A; differentiable. ). € [0,1] is such
that a+i%,b—i%€ '[Fl,ch/l%,d—i%e T, and x € [a+)ub5“, —/le“]Tl,
yE [c + ﬂn%,d— /1%]%. Then

2

(1= ) +(1 = ) § ) +1b.3) +f(x.6) + flx.d)] + % [fla.e) +.0)

+ flayd) + fb, )] - l—i/f Dhis
d /fxa A2t—77/ ol fo(s), d]Ars
_g 16/ A, o()) +1(b, (1)) Aot

b
—|— / / f Az[A]S
—Cl —C

= P _C//ny,, f(A)AztAl,

where K(x,y,s,t) = K;(x,s)K5(y,t), and

s—(a—i—i”;“), s € [a,x)y,
)= —(h—1259), selxbl,

—(c+2%9), r€le,y)y,
b0 = { —(d=259), telndy, W

Ki(x,s

)

Proof. We have the following observations:
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f f K(x,y,s, t) ‘A1A21A|S*
s — (a+259] [t - (c+2%5¢ ')AztAls
2

Azl‘A]S

ﬁ
=
I
X
|
~
N|‘
N
=
“’ >

(
][t~ (c+),dT)]A1 A')AzzAls
(

d— 15| T A 1A 5

= J7 fs—(a i) { [p— (e 2259) L2l [L'—(CH%)]"'XT:J’}AIS

]
7 5= (b= 2259 { [d— (d— 2259 2l [y— (- 259) | e A
’ } 8/(XT£[>)A2tAIS

== (e 259 [ [x = (a+ 2259 fTxy) = [a = (a+ 2559 | fla.y ff (s).7)Ais}
Y x— (a+2559)flx,0) = [a— (a+ 2559 [fla. ) = [, fla(s). e Als}

[x— (a+ 259 | f(x,0(1)) = [a— (a+ 7559 | fla l)}Azt—i-f f} (a(s),0(1))AstAys
i (= 1429 [~ (o 2559 — - (o 2559 d) ff a(s), d)Als}
— = (d= 25 { [ (a+ 2559 fix,p) = [a— (a+ 2559 [fla,) = [ Ao (s),0)Ais}
= [l (at 2259w, 0(0) — [a— ( +i559)fla,0 )}Azt+f f fa(s),a(1)Asths
= (e 259 { [b= (b= 259 b.y) = [x= (b= 259 v,y <>,y>A1s}
~[e= e+ a2} { (b~ (- 259)]Nb.c) [x (b= 2259)]f(x,0) ~ [ f(a(s), )Als}
—[{[b—(b—259]f(b,0(1))— [x— (b— )]f(x,a(z)}Azerf ff (1)) AatAs
+[df(H%)J{[bf(H%)]ﬂb,d)f[Hb #) e d) = [ o d)Alv}
= (d= 2559 { (b= (b= 22591 Ab,3) ~ [x = (b= 252)fx.y) = [ Ao Als}

—f}’,i{[b—(b—/l%)}f(b,o(t))—[x—(b—/lb—)]f(xo VAot + [ ff 0))AytAs
=(1=2)’(b—a)(d—)f(x,y) + (b—a)(d—c)(1 = )i [fla,y) +/(b,y) +/(x, c>+f<v d)]

(b —a)(d— )5 [fla.c) +1(b,c) +fla,d) +f(b,d)] — (d—c)(1 = 2) [} fla(s),0)Ars
~(b—a)(1=2) [*fix,0(0)Ast —4(d—c) [} [f(a( ) +/(a(s),d)|Ars
—4(b—a) ["[fla,0(1) + /b, o ()| Ast+ [1 [*fla(s),0(1) AstAss,

which is the desired result. O
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Theorem 2.2. Under the conditions of Lemma 2.1, if f4* € Ly((a,b); x (¢,d)y,), then
we have

\(1 RS+ (= D) +A1b. ) AT, ) A0, d)

0,04 0b.0) ) 10— (12 / flols) s
1
7717 /f‘ca Aztfib a/[f fla(s),d)]|Ars
d
/[fazr )+1(b,0(1) ]A7t+ / /f(a(s) a(1))AtAys

7v<ba0 ) ~flb,0) +fla,0)]
(b—ay(d—c)

{hz(x,a+ib—;cl)fl12<a,a+ﬂ.b;—a>+h2<b,bfib;2a> 7h2<x,bflb;a> X
hy (y,c+z¥> —hy <c,c+).d;c) iy (d,d—).%) —hy y,d—ﬂ.T‘)
[ a5 25 ) - (45 (o
<b AbT><hz<bb AbT>—hz<x7b—ihza>>—<b—ib2a>2(b—x)}><
|:d3;03—2<c+AdT> (112<) c-&-l—) —hg((‘,(“l‘/l?)) - <c+l?)2(y—c)
(d Adz ><h2<dd Adz > hz<y,cl Adzc>><did26>2(dy)}
7m{<hz<x,a+lb;2a>7hz(a,a+ib2 >+h2(bb Pl “) < f‘b;”‘))x
.

2) 2
<l1z<y,c+/ld2 ) hz<cc+)d2 >+ha<d,d72?>fhz<y,df).?>>} } T,

where

= /ab /ffz (080~ (/ab [lf@ ”AZ’A”)Z'

The inequality Eq. (2) is sharp in the sense that the coefficient constant 1 of the right-hand
side of it cannot be replaced by a smaller one.

)

Proof. From the definition of K(x, y, s, t) we obtain

./uh I/(JK(x,yJ,[)Ag[Al.Y:'/”hKl (x,8)Ars /Lle(y,r)Azt
[ o (o5 e [ [o= (-3 { [ [r= (95 e [ [~ (0-4%5°) o}
- [112 <x,a+;.ﬂ> —hy (muﬂb;”) Thy <b,b—/1b;a> h2<x b ,bz")]

{hz (} chdT) —hy (( c+AdT) +hy <d,df/l?> —hy (y,a#l%)] 3)
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and

b d
/Kf(x,s)Als/ Ki(y,0)Aqt

b d
/ / K*(x,y,8,1)AstAys
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Furthermore, we have

AR "y

O fs, n 1 b s, b)
X[ AsAst (b_a)(d C)/ NN, A21A1Sj| }AztAls

32 f(s, 1)
/ / K X V.8, Al Az AztAl —m/ / K x , Vs S, t)AzlAlS
2
X/ *Pfs, D ALiAs =

A1SA2
( ) [f(bad) _f(aa d) —f(b,C) +f(a7 C)]
/ /ny,st AlsA2 AytAys — b—ad-0
X/a /( K(x,p,s, 1) AytA;s. (5)

On the other hand,

1
/ / {{ X,),58,1) W/ / K(x,y,s, Z)A2IAIS:|
0 f(s,1) b (92 f(s,1)
A A AstArs
[AlsAzl b Cl) / / A1SA2 this 2R
<HK(X7J/» R b a) / / K Xy,S t AzlA]S‘
2 2
o1(.,.) / / O7f(s,1) A A
A]SAQI b Ll . AISAZ
b
{/ / K ,y,stAztAls—ZFi(/ / nystAﬂAm) ]
(92 é [ 82 .S [ 2 7
|:/ / A]SAzl AztAls_ (/ / AsAyt AztAl ) :|
{/ / K2 X, )58, f)AzlAls* (/ / K(x,y,s,1) AztAls) T(fMi42).
(6)

Combining Egs. (3)—(6) we can get the desired inequality Eq. (2). To prove the sharp-
ness of Eq. (2), let T be right dense and f{s,7) = f1(s)f>(¢), where
fi(s) = hy(s,a+ 2554 — hy(x,a+ 2559, s € la,x),
s
1 $,b— 2554 — hy(x,b — 2%59), s € [x,b];,

1

1

2

)

o (
A = {QEtc—i—)d‘)—hz(y,c—&—ﬂv%), 1€ e, y)y,

hy 25 = ho (v, d — 2459), lG[X,sz.
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Then
[s=(a+ 25391 = (c+45)], selax)y, 1€len)y,
Oflsn) _ ) b= e+ 259 l= (@=259], s€lo), telndy,
Astat | [s = (b= 259)] [t = (e + 2959)], s €[x.b)y,s L€ [e,p)y,
[s—(b=259][t— (d—25Y)], selx,b)y, telydy,
which implies ‘Z’;(zz’z = K(x,y,s,1). So Egs. (4) and (6) hold equality, which implies Eq.

(2) holds equality, and the proof is complete.
In Theorem 2.2, if we take T, T, for some special time scales, then we immediately
obtain the following two corollaries.

Corollary 2.3. If we take T, =T, = R in Theorem 2.2, then we obtain the following
inequality

(1 _W y)+ (1= 2)5lfla, ) + 10, >+f<x ¢) +f(x,d)]
+2 [fla, ) + f(b,¢) + fla, d) + (b, d)] — 5= (1 = 2) [1 flo(s), »)Aus
*Elf ffxtdt—imf”[fsc +f d)]

il d[f(a 1)+ f(b, z)}dt+badc>f ffstdm’s

_ v f(ad) M) tflao)] o
(b—a)?(d—c)?

[(x(m%)) (oo 2)) | (-()) <x(w-%>>2}

2 2 2 2

y [(y(w';))z (—(er5)” | (- (-5))" (y(wf';))z} ‘

(b—a)(d—c)
y <<} (o) (o))’ | (o-(o-it)) of’(d;’ﬂf)} } T(f3),
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Corollary 2.4. If we take T, =T, =7 in Theorem 2.2, then we obtain the following

inequality

|(1=2)°f(x,9) + (1 = )£ [fla,y) +£(b,y) +/(x,¢) +f(x,d)]

bh—1

+4 [fla.e) +11b,¢) + fla,d) +11b,d)] =515 (1= 2)Y fls+1,y)

s=a

d—1

2 (1=2)) flx,e+1) fgbLZ[sz ¢)+fls+1,d)]

I\)|>—-

_fbd) f( )~ (b€)+/(af)]

t=c
b—1 d—1

d—
(Z fla, t+ 1) +£(b, 14+ D + b= DY fs+11+1)

s=a t=c

(b—a)*(d—c)’

{(\ (ot ))( ~(artgt) 1) _ (o (aritt)) (o= (ar254) 1)

B ek

2 2

[l (el

B

2 2

< { {bT— 2(a+ 459 (<x-(“+’~#>)(;—(a+z%)-l)

(a,(ﬁ,-%)<;,(w~_~%>4>) — (a+ b5 (x—a)

~2(b— At5) ((b*(hfﬁ’%“))(:f(bﬂ%)*l) _ (X*(b*l’%“))(b*(b*@)*l)>

(b 259 (b )] x
{T (et ate) (((—))((—))

2

((r—(cﬂ'f’%‘))(zc—(c+/i%)—1)) 3 (c—i—),%)z(y—c)

2(d— 24 ((d—(d—/:%))(zd—ww%—l) _ (y—(d—»’%))(d—(d—&%)—l))

) 2 } T(AA).
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where AsAf denotes the difference on f with order two, and T(f) = S0 S (s, 1) —
2
s (s 0)

Remark 2.5. Corollary 2.3 is equivalent to [21, Theorem 3], and is the generalization of
[44, Theorem 5] to 2D case. If we take 4 = 0 , then Corollary 2.3 reduces to [28,
Theorem 4], and is the 2D generalization of [39, Theorem 4]. If we take
i=1, x=4b y =<4 then Corollary 2.3 reduces to [28, Theorem 3], and is the
2D generalization of [39, Theorem 1]. So in this way, Theorem 2.2 is the further
extension of some known results in the literature to arbitrary time scales.

Theorem 2.6. Under the conditions of Lemma 2.1, if we assume f** € Ly((a,b); x
(¢,d)y,), then we have

(129 03.5) (1 D5 03) 16.3) +.0) 03]

2P 0) 00, + )00, / Fo(5)3) s
—%(1 —l)/Lf(x,a(t))Azt—Eb a/ [fla( $),d)|Ars
ﬂ—/ [l o(0) +1b. ()}t + == / /f 0)AstAss

_ b, d) —fla,d) —f(b;¢) +/1a, )]

(b—af(d—c)
;a>+/‘lz< b »b;a>fhz<x,bfib;a>}><
J

{hz (x,aJr/"Lb—;cl) —hy a,a+/lb

.d—c d cd— d—c
{hz<y,c+/L 2L> hz(c C+AT)+I12(dd 2 5 >7hz<y,d72 2C>

2
<Vb-— a{{ i a>7hz<a,a+/»b_a>}7<a+}.b_a) (x—a)
2 2 2

b -3 b—a b—a b—a b—a\?
+ 3 72<b7/» 3 ){m(b,bf)v 3 >fhz<x,bfl 3 )}7<b727> (bx)}x

) (e i59)] - (er 5 00

+‘*‘;ylz(dfz";“) {,12(‘,,6,,;#;),,,2 a5 (475w
e | e R O e (e R S

)95 o (a-295) i (=25 Y.

—N
W |
[
[\
/N
o
+
~
U
o
[
~—
=
Ny
Y
=
&‘
[N

|:h7 (} ¢ +A

(8)
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Proof. First we have the following observation:

1 b d 02
/ / [ (x,»,58,1) 7a)(d7 3 /a /p K(x,y,s,t)AtAs A{Ez;t) AytAss
O ( 0 1
/ /ny,sl A2A1 T hoad=0

/ / K(x,y,s,t AQ[A]S/ / A15A2 Az tAis

82 (S l) V(ba@_f(a’d)_f(bvc) +f(a7c)]
/ /ny” sty A b—a)d—0)

b pd
//K(x,y,s,t)AgtAls. 9)

Then

b pd
’/ / {K(x,y,s,l / / K(x,y,s,0)AstA, s} aAf(A )AztAl ‘
// (x,,8,1) — 5=a // X, 1,8, 1) AstAys

[ K(x,p,s,1)— //nystAztAls
cl ¢)
b pd , 1 b pd 2 % A
— _ _ ) - - \ 5 142 .
(b—a)(d—c) {/ﬂ / K (x,p,5,6)A0tArs b—ad—0 (/a / K(x,y,s,t)A_tAm) ] A2

(10)

AytAs|[fM1% |

AzfAls} (41|

Then combining Egs. (3), (4) and (10) we get the desired result.

Lemma 2.7 (/4, Lemma 2.8). (2D Griiss’ inequality on time scales) Let
fi g € Culla, by, x [c,d]y,,R) such that ¢ < f(x,y) < ® and y< g(x,y) <T for all
x € la,bly .y € [c,d|y,, where ¢, @, y, ' are constants. Then we have

’m/j/c‘df(s,t)g(s,t)AQIAlsf —00-a) / /jleztAlv )(b )
/ﬂb /(dg(s,l)AztA]s

Theorem 2.8. Under the conditions of Lemma 2.1, if there exist constants K;, K, such

that K, < ‘Zlffzz’z < K>, then we have

<@ BT ) (1)
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‘(1 =2 flx )+ (1= i)é [fla,y)+11b,y) +/(x, ¢) +/(x,d)]

2
2 ae)+Aib.c) 411 D) (1 /f Wi
4
1 21 )
1) f(xa())Azt 37 o(5),0) +Al0(s). d]Ars
At [ ety v atns c)//f D)Aaids

[f(b,d) —fla,d) —f(b,¢) +(a,c)]
(b—a)’(d—c)’

[/12(‘6 a+)b—) hs <a a+}b—) +hy <b b— zb;“) —hy (x,b—zb;“)} x

{h2<y,c+ﬂ.d;c) 112<cc+)d2 )Jrhz(dd )d2> h2<}d ld )Hg%(l(szl).

(12)

Proof. From the definition of K(x,y,s,t) we have sup(K(x,y,s,t)) — inf(K(x,y,s,t)) <
(b — a)(d — ¢). So by Lemma 2.7 we obtain

‘( bh—a)d—c) / /ny,st Af( >A2tA1s (b—a)l(d—c)

b
8fst
)AstA L0 AiA
// Coys, Dhathis o5 —c/ oAbyt 2’1'

< Z(b —a)(d—¢)(K, — Ky).

The desired result can be obtained by the combination of (3) and Lemma 2.1. O

Remark 2.9. If we take 4 = 0 in Theorem 2.8, then Theorem 2.8 becomes the 2D
extension of [23, Theorem 4].

3. CONCLUSIONS

In this paper, we establish some generalized 2D Ostrowski-Griiss type inequalities on
time scales, and derive some new estimates for them. Some of the estimates are sharp.
The established results unify continuous and discrete analysis, and are further exten-
sions of some known results in the literature.
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