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Abstract. In thispaper,we introduce thenewnotionofg-monotonemappingandprove

some fixed point theorems for multi-valued and single-valued g-increasing mappings in

partially ordered metric spaces. The mappings considered in this paper are assumed to

satisfy certain metric inequalities which are established by an altering distance function.

The presented results extend and improve the main results of Choudhury and Metiya

[B.S. Choudhury, N. Metiya, Multi-valued and single-valued fixed point results in

partially ordered metric spaces, Arab J. Math. Sci. 17 (2011) 135–151].
Mathematics subject classification: 47H10
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1. INTRODUCTION AND PRELIMINARIES

Let (X,d) denote a metric space. Denote by B(X) the class of nonempty and bounded
subsets of X. For A, B 2 B(X), functions D(A,B) and d(A,B) are defined below:
DðA;BÞ ¼ inffdðx; yÞ : x 2 A; y 2 Bg;
dðA;BÞ ¼ supfdðx; yÞ : x 2 A; y 2 Bg:
If A = {x}, then we write D(A,B) = D(x,B) and d(A,B) = d(x,B). In addition, if
B = {y}, then D(A,B) = d(x,y) and d(A,B) = d(x,y). Obviously, D(A,B) 6 d(A,B).
For all A, B, C 2 B(X), the definition of d(A,B) gives the following formulas:
rk is supported by the Foundation from the Jiangxi Education Department (No. GJJ11295) and

al Science Foundation of Jiangxi Province of China (No. 20114BAB201006).

onding author. Tel.: +86 18970992615; fax: +86 07913969528.

ress: yjdaxf@163.com (J. Yin).

under responsibility of King Saud University.

Production and hosting by Elsevier

ª 2012 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.

oi.org/10.1016/j.ajmsc.2012.03.004

mailto:yjdaxf@163.com
http://dx.doi.org/10.1016/j.ajmsc.2012.03.004


36 J. Yin, T. Guo
(1) d(A,B) = d(B,A),
(2) d(A,B) 6 d(A,C) + d(C,B),
(3) d(A,B) = 0 iff A = B = {x},
(4) d(A,B) = diam(A) (see [11,12]).

The fixed point theory of multi-valued functions is an important part of functional
analysis (see [2,7,19,21,22,24]). Recently, the existence of fixed points for multi-valued
mappings has been investigated by many authors (see [6,7,9,10,16,23]). It is notable
that in these works the function d(A,B) has been used.

For the sake of convenience, let us recall some notions.

Definition 1.1 [4]. Let A and B be two nonempty subsets of a partially ordered set
(X,�). The relation between A and B is denoted and defined as follows: A p B, if for
every x 2 A, there exists y 2 B such that x � y.

Definition 1.2 [14]. A function w : [0,1) fi [0,1) is called an altering distance
function if the following properties are satisfied: (i) w is monotone increasing and
continuous, (ii) w(t) = 0 if and only if t= 0.

Some authors have used the above control function to study some fixed point prob-
lems in partially ordered metric spaces, in particular, we refer to [1,5–10,16–18,20,23].
Choudhury and Metiya, in partially ordered spaces, considered the existence of fixed
point for a class of increasing multi-valued mappings satisfying certain metric inequal-
ities yielded by a control function. Based on the work of Choudhury and Metiya [7], for
multi-valued mappings, we introduce the new concept of g-monotone mapping and
prove some existence results of fixed point for g-monotone increasing multi-valued
mappings or single-valued mappings in partially ordered metric spaces.

It is remarked that recently coincidence fixed points of multi-valued Lipschitzian
mappings on a metric space (hyperbolic metric space), without order and the mappings
satisfying metric inequalities independent of altering distances have been studied by
Khamsi and Khan [13] and Khan et al. [15], respectively.

Let (X,d) be a metric space, T : X fi B(X) be a multi-valued mapping. An element
x 2 X is said to be a fixed point of T, if x 2 T(x). An element x 2 X is said to be an
endpoint (or stationary point) of T, if T(x) = {x} (see [3]). Clearly, an endpoint (or
stationary point) of T is a fixed point of T.

Definition 1.3 [15]. Let (X,d) be a metric space, T : X fi B(X) be a multi-valued
mapping, g : X fi X be a mapping. If there exists x 2 X such that g(x) 2 Tx, then x is
said to be a coincidence point of g and T.

If T : X fi X is a single-valued mapping and there exists z 2 X such that g(z) = Tz,
then z is said to be a coincidence point of g and T.

A fixed point of T can be looked as a coincidence point of g and T if we take g as the
identity mapping on X. But converse, in general, it is not true.

Definition 1.4. Let (X,d) be a metric space endowed with a partial order �, T :
X fi B(X) be a multi-valued mapping and g : X fi X a mapping. For any x, y 2 X, if
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g(x) � g(y) implies Tx p Ty, then T is said to be g-monotone increasing; if g(x) � g(y)
implies Ty p Tx, then T is said to be g-monotone decreasing.

For x, y 2 X, if g(x) � g(y) or g(y) � g(x), then we call x, y are g-comparable.

Definition 1.5. Let (X,d) be a metric space endowed with a partial order �, S : X fi X
and g : X fi X. If for any sequence {xn} in X, g(xn) fi g(x) implies S(xn) fi S(x) as
n fi1, then S is said to be a g-continuous mapping.

Example 1.1. Let R be the set of all real numbers with the usual metric d, that is,
d(x,y) = Œx � yŒ for any x; y 2 R. Suppose that g : R! R is a mapping defined as fol-
lows: for any x 2 R, if x „ 0, then gðxÞ ¼ sin 1

x
and g(x) = 0 if x = 0. Let S(x) = 2g(x)

for any x 2 R. Namely, SðxÞ ¼ 2 sin 1
x
if x „ 0 and S(x) = 0 if x = 0. Obviously, S is

g-continuous but not continuous.

Remark 1.1. The concepts of g-monotone mapping and g-continuous mapping are
generalizations of the concepts of monotone mapping and continuous mapping,
respectively, because if g is just taken as the identity mapping on X, then each
g-monotone mapping is monotone. The same concerns g-continuous mapping.
2. MAIN RESULTS

In this section, we will prove some coincidence point results for g� monotone increas-
ing multi-valued mappings from the metric space (X,d) to itself, on which a partial or-
der � is endowed.

Theorem 2.1. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(i) there exists x0 2 X such that {g(x0)} p Tx0,
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,
(iii) w(d(Tx,Ty)) 6 aw(max{d(g(x),g(y)), D(g(x),Tx), D(g(y),Ty), H(x,y)}), for all

g-comparable x, y 2 X, where Hðx; yÞ ¼ DðgðxÞ;TyÞþDðgðyÞ;TxÞ
2

, 0 < a < 1 and w is an

altering distance function.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. By the assumption (i) and as g is a surjection, there exists x1 2 X such that
g(x1) 2 Tx0 and g(x0) � g(x1). Also since T is a g-monotone increasing mapping,
Tx0 p Tx1. Similarly, there exists x2 2 X such that g(x2) 2 Tx1 and g(x1) � g(x2).
Continuing this process we construct a monotone increasing sequence {g(xn)} in X such
that g(xn+1) 2 Txn, for all n P 0, and
gðx0Þ � gðx1Þ � � � � � gðxnÞ � � � �
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If there is a positive integer k such that g(xk) = g(xk+1), then g(xk) = g(xk+1) 2 Txk,
this gives that xk is a coincidence point of g and T. Hence we may assume
g(xn) „ g(xn+1), for all n P 0.

From the monotone property of w, we have, for all n P 0,
wðdðgðxnþ1Þ; gðxnþ2ÞÞÞ 6 wðdðTxn;Txnþ1ÞÞ
6 awðmaxfdðgðxnÞ; gðxnþ1ÞÞ;DðgðxnÞ;TxnÞ;Dðgðxnþ1Þ;

Txnþ1Þ;Hðxn; xnþ1ÞgÞ 6 awðmaxfdðgðxnÞ; gðxnþ1ÞÞ; dðgðxnÞ; gðxnþ1ÞÞ;
dðgðxnþ1Þ; gðxnþ2ÞÞ; Iðxn; xnþ1; xnþ2ÞgÞ;
where Iðxn; xnþ1; xnþ2Þ ¼ dðgðxnÞ;gðxnþ2ÞÞþdðgðxnþ1Þ;gðxnþ1ÞÞ
2

. Since
dðgðxnÞ; gðxnþ2ÞÞ
2

6 maxfdðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ; gðxnþ2ÞÞg;
it follows that
wðdðgðxnþ1Þ; gðxnþ2ÞÞÞ 6 awðmaxfdðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ; gðxnþ2ÞÞgÞ: ð2:1Þ

Suppose that there exists some positive integer n such that
dðgðxnÞ; gðxnþ1ÞÞ 6 dðgðxnþ1Þ; gðxnþ2ÞÞ:

It follows from (2.1) that w(d(g(xn+1),g(xn+2))) 6 aw(d(g(xn+1),g(xn+2))). Since
0 < a < 1, we get d(g(xn+1),g(xn+2)) = 0 or g(xn+1) = g(xn+2), which contradicts
our assumption that g(xn+1) „ g(xn+2) for each n. Therefore
dðgðxnþ1Þ; gðxnþ2ÞÞ < dðgðxnÞ; gðxnþ1ÞÞ

for all n P 0 and {d(g(xn),g(xn+1))} is a monotone decreasing sequence of nonnegative
real numbers. Hence there exists an r P 0 such that d(g(xn),g(xn+1)) fi r as n fi1.
Taking limit in (2.1) as n fi1, and from the continuity of w, we get w(r) 6 aw(r),
which is a contradiction unless r= 0. Thus
lim
n!1

dðgðxnÞ; gðxnþ1ÞÞ ¼ 0: ð2:2Þ
Next we show that {g(xn)} is a Cauchy sequence. Suppose on the contrary that there
exists an e > 0 for which we can find two sequences of positive integers {m(k)} and
{n(k)} such that for all positive integers k, n(k) > m(k) > k and
d(g(xm(k)),g(xn(k))) P e. Assuming that n(k) is the smallest such positive integer, we
obtain n(k) > m(k) > k, d(g(xn(k)),g(xm(k))) P e and d(g(xn(k)�1),g(xm(k))) < e. Now,
e 6 dðgðxnðkÞÞ; gðxmðkÞÞÞ 6 dðgðxnðkÞÞ; gðxnðkÞ�1ÞÞ þ dðgðxnðkÞ�1Þ; gðxmðkÞÞÞ;

hence, e 6 d(g(xn(k)),g(xm(k))) < d(g(xn(k)),g(xn(k)�1)) + e. Taking limit as k fi1 in
the above inequality and using (2.2), we get
lim
k!1

dðgðxnðkÞÞ; gðxmðkÞÞÞ ¼ e: ð2:3Þ
Again
dðgðxmðkÞÞ; gðxnðkÞÞÞ 6 dðgðxmðkÞÞ; gðxmðkÞþ1ÞÞ þ dðgðxmðkÞþ1Þ; gðxnðkÞþ1ÞÞ
þ dðgðxnðkÞþ1Þ; gðxnðkÞÞÞ
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and
dðgðxmðkÞþ1Þ; gðxnðkÞþ1ÞÞ 6 dðgðxmðkÞþ1Þ; gðxmðkÞÞÞ þ dðgðxmðkÞÞ; gðxnðkÞÞÞ
þ dðgðxnðkÞÞ; gðxnðkÞþ1ÞÞ:
Taking limit as k fi1 in the above inequalities and using (2.2) and (2.3), we have
lim
k!1

dðgðxnðkÞþ1Þ; gðxmðkÞþ1ÞÞ ¼ e: ð2:4Þ
Similarly, we have
lim
k!1

dðgðxnðkÞþ1Þ; gðxmðkÞÞÞ ¼ e ð2:5Þ
and
lim
k!1

dðgðxnðkÞÞ; gðxmðkÞþ1ÞÞ ¼ e: ð2:6Þ
For each positive integer k, we have g(xm(k)) � g(xn(k)), so g(xm(k)) and g(xn(k)) are com-
parable. Then using the monotone property of w, we have
wðdðgðxnðkÞþ1Þ; gðxmðkÞþ1ÞÞÞ 6 wðdðTxnðkÞ;TxmðkÞÞÞ
6 awðmaxfdðgðxnðkÞÞ; gðxmðkÞÞÞ;DðgðxnðkÞÞ;TxnðkÞÞ;

DðgðxmðkÞÞ;TxmðkÞÞ;HðxnðkÞ; xmðkÞÞgÞ 6 awðmaxfdðgðxnðkÞÞ; gðxmðkÞÞÞ; dðgðxnðkÞÞ;
gðxnðkÞþ1ÞÞ; dðgðxmðkÞÞ; gðxmðkÞþ1ÞÞ; JðnðkÞ;mðkÞÞgÞ;
where JðnðkÞ;mðkÞÞ ¼ dðgðxmðkÞÞ;gðxnðkÞþ1ÞÞþdðgðxnðkÞÞ;gðxmðkÞþ1ÞÞ
2

. Letting k fi1 in the above
inequality, using (2.2)–(2.6) and the continuity of w, we have w(e) 6 aw(e) which con-
tradicts a property of w. Hence {g(xn)} is a Cauchy sequence. From the completeness of
X and the surjective property of g, there exists z 2 X such that
gðxnÞ ! gðzÞðn!1Þ: ð2:7Þ

By the assumption (ii), g(xn) � g(z), for all n.

Then from the monotone property of w and the condition (iii), we have
wðdðgðxnþ1Þ;TzÞÞ 6 wðdðTxn;TzÞÞ
6 awðmax dðgðxnÞ; gðzÞÞ;DðgðxnÞ;TxnÞ;DðgðzÞ;TzÞ;Hðxn; zÞf gÞ
6 awðmaxfdðgðxnÞ; gðzÞÞ; dðgðxnÞ; gðxnþ1ÞÞ; dðgðzÞ;TzÞ;Kðxn; xnþ1; zÞgÞ;
where Kðxn; xnþ1; zÞ ¼ dðgðxnÞ;TzÞþdðgðzÞ;gðxnþ1ÞÞ
2

. Taking the limit as n fi1 in the above
inequality, using (2.2) and (2.7) and the continuity of w, we have
wðdðgðzÞ;TzÞÞ 6 awðdðgðzÞ;TzÞÞ;

which implies that d(g(z),Tz) = 0 or {g(z)} = Tz. Thus z is a coincidence point of
g and T.

In addition, suppose that g is an injection. Now we prove the uniqueness of the
coincidence point of g and T.
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Assume that z1 is also a coincidence point of g and T, that is g(z1) 2 Tz1, then
wðdðgðzÞ; gðz1ÞÞÞ 6 wðdðTz;Tz1ÞÞ

6 aw max dðgðzÞ; gðz1ÞÞ;DðgðzÞ;TzÞ;Dðgðz1Þ;Tz1Þ;
DðgðzÞ;Tz1Þ þDðgðz1Þ;TzÞ

2

� �� �

6 aw max dðgðzÞ; gðz1ÞÞ;
DðgðzÞ;Tz1Þ þDðgðz1Þ;TzÞ

2

� �� �
;

6 aw max dðgðzÞ; gðz1ÞÞ;
dðgðzÞ; gðz1ÞÞ þ dðgðz1Þ; gðzÞÞ

2

� �� �
;6 awðdðgðzÞ; gðz1ÞÞÞ:
The assumption 0 < a < 1 implies d(g(z),g(z1)) = 0 or g(z) = g(z1). As g is an injec-
tion, obviously, z = z1. h

Remark 2.1. Taking mapping g as the identity mapping on X, we get ([7], Theorem 2.1).
In addition, we prove that the coincidence point of g and T is unique, which is not dis-
cussed in [7]. Therefore, this result extends and improves Theorem 2.1 of Choudhury
and Metiya [7].

Putting w the identity function in Theorem 2.1, we get the following result.

Corollary 2.1. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions hold:

(i) there exists x0 2 X such that {g(x0)} p Tx0,
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,
(iii) d(Tx,Ty) 6 a max{d(g(x),g(y)), D(g(x),Tx), D(g(y),Ty), H(x,y)}, for all

g-comparable x, y 2 X, where 0 < a < 1.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.

The following corollary is a special case of Theorem 2.1 when T is a single-valued
mapping.

Corollary 2.2. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi X be a g-monotone increasing mapping such that the following conditions hold:

(i) there exists x0 2 X such that g(x0) � Tx0,
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,
(iii) w(d(T(x),T(y))) 6 aw (max{d(g(x),g(y)), d(g(x),T(x)), d(g(y),T(y)), H(x,y)}), for

all g-comparable x, y 2 X, where 0 < a < 1.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.
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In the following theorem we replace condition (ii) of the above corollary by ‘‘T is
g-continuous’’.

Theorem 2.2. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi X be g-monotone increasing and g-continuous such that the following conditions are
satisfied:

(i) there exists x0 2 X such that g(x0) � Tx0,
(ii) w(d(T(x),T(y))) 6 aw (max{d(g(x),g(y)), d(g(x),T(x)), d(g(y),T(y)), L(x,y)}), for

all g-comparable x, y 2 X, where Lðx; yÞ ¼ dðgðxÞ;T ðyÞÞþdðgðyÞ;T ðxÞÞ
2

, 0 < a < 1.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We can consider T as a multi-valued mapping in which case T(x) is a sin-
gleton set for every x 2 X. Then considering the sequence {g(xn)} in the proof of
Theorem 2.1 and arguing exactly as in the proof of Theorem 2.1, we get that
{g(xn)} is a Cauchy sequence and limnfi1 g(xn) = g(z). Then, the g-continuity of
T implies that
gðzÞ ¼ lim
n!1

gðxnþ1Þ ¼ lim
n!1

TðxnÞ ¼ TðzÞ:
This proves that z is a coincidence point of g and T. The uniqueness of the coincidence
point of g and T can be proved as in Theorem 2.1 provided g is an injection. h

Theorem 2.3. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(i) there exists x0 2 X such that {g(x0)} p Tx0,
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,
(iii) w(d(Tx,Ty)) 6 w(max{d(g(x),g(y)), D(g(x),Tx), D(g(y),Ty), H(x,y)})
�/ðmaxfdðgðxÞ; gðyÞÞ; dðgðyÞ;TyÞgÞ
for all g-comparable x, y 2 X, where 0 < a < 1 and w is an altering distance function and
/ : [0,1) fi [0,1) is any continuous function with /(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We consider the sequence {g(xn)} of Theorem 2.1. If there exists a positive inte-
ger k such that g(xk) = g(xk+1), then xk is a coincidence point of g and T. Hence we
assume that g(xn) „ g(xn+1), for all n P 0.
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Using the monotone property of w, we have for all n P 0,
wðdðgðxnþ1Þ; gðxnþ2ÞÞÞ 6 wðdðTxn;Txnþ1ÞÞ

6 wðmaxfdðgðxnÞ; gðxnþ1ÞÞ;DðgðxnÞ;TxnÞ;Dðgðxnþ1Þ;Txnþ1Þ;Hðxn; xnþ1ÞgÞ

� /ðmax dðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ;Txnþ1Þf gÞ

6 w max dðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ; gðxnþ2ÞÞ;
dðgðxnÞ; gðxnþ2ÞÞ þ dðgðxnþ1Þ; gðxnþ1ÞÞ

2

� �� �

� /ðmaxfdðgðxnÞ; gðxnþ1Þ; dðgðxnþ1Þ; gðxnþ2ÞÞgÞ:
Since dðgðxnÞ;gðxnþ2ÞÞ
2

6 maxfdðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ; gðxnþ2ÞÞg, it follows that
wðdðgðxnþ1Þ; gðxnþ2ÞÞÞ 6 wðmaxfdðgðxnÞ; gðxnþ1ÞÞ; dðgðxnþ1Þ; gðxnþ2ÞÞg
� /ðmaxfdðgðxnÞ; gðxnþ1Þ; dðgðxnþ1Þ; gðxnþ2ÞÞgÞ:
Assume that d(g(xk),g(xk+1)) 6 d(g(xk+1),g(xk+2)) for some positive integer k. Then
from the above inequality, we have
wðdðgðxkþ1Þ; gðxkþ2ÞÞÞ 6 wðdðgðxkþ1Þ; gðxkþ2ÞÞ � /ðdðgðxkþ1Þ; gðxkþ2ÞÞ
this yields /(d(g(xk+1),g(xk+2))) 6 0, which gives that d(g(xk+1),g(xk+2)) = 0, that is
g(xk+1) = g(xk+2), it contradicts our assumption that g(xn) „ g(xn+1), for all n P 0.
Therefore
dðgðxnþ1Þ; gðxnþ2ÞÞ < dðgðxnÞ; gðxnþ1ÞÞ; forall n P 0
and {d(g(xn),g(xn+1))} is a monotone decreasing sequence of nonnegative real num-
bers. Hence there exists an r P 0 such that
lim
n!1

dðgðxnÞ; gðxnþ1ÞÞ ¼ r: ð2:8Þ
From the above facts, we have, for all n P 0,
wðdðgðxnþ1Þ; gðxnþ2ÞÞÞ 6 wðdðgðxnÞ; gðxnþ1ÞÞ � /ðdðgðxnÞ; gðxnþ1ÞÞÞ:
Taking limit as n fi1 in the above inequality, and from the continuity of w and / and
by (2.8), we get w(r) 6 w(r) � /(r), which is a contradiction unless r = 0. Thus
lim
n!1

dðgðxnÞ; gðxnþ1ÞÞ ¼ 0: ð2:9Þ
Next we show that {g(xn)} is a Cauchy sequence. If {g(xn)} is not a Cauchy sequence,
then using an argument similar to that given in Theorem 2.1, we can find two sequences
of positive integers {m(k)} and {n(k)} and a positive constant e, for which
lim
k!1

dðgðxnðkÞÞ; gðxmðkÞÞÞ ¼ e: ð2:10Þ

lim
k!1

dðgðxnðkÞþ1Þ; gðxmðkÞþ1ÞÞ ¼ e: ð2:11Þ

lim
k!1

dðgðxnðkÞþ1Þ; gðxmðkÞÞÞ ¼ e: ð2:12Þ

lim
k!1

dðgðxnðkÞÞ; gðxmðkÞþ1ÞÞ ¼ e: ð2:13Þ
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For each positive integer k, g(xn(k)) and g(xm(k)) are comparable. Then using the mono-
tone property of w and the condition (iii), we have
wðdðgðxmðkÞþ1Þ; gðxnðkÞþ1ÞÞÞ 6 wðdðTxmðkÞ;TxnðkÞÞÞ

6 wðmaxfdðgðxmðkÞÞ; gðxnðkÞÞÞ;DðgðxmðkÞÞ;TxmðkÞÞ;

DðgðxnðkÞÞ;TxnðkÞÞ;HðxmðkÞ; xnðkÞÞgÞ

� /ðmaxfdðgðxmðkÞÞ; gðxnðkÞÞ; dðgðxnðkÞÞ;TxnðkÞÞgÞ

6 wðmaxfdðgðxmðkÞÞ; gðxnðkÞÞÞ; dðgðxmðkÞÞ; gðxmðkÞþ1ÞÞ; dðgðxnðkÞÞ; gðxnðkÞþ1Þ;

JðnðkÞ;mðkÞÞgÞ � /ðmaxfdðgðxmðkÞÞ; gðxnðkÞÞ; dðgðxnðkÞÞ; gðxnðkÞþ1ÞÞgÞ:
Letting k fi1 in the above inequality, using the continuity of w and /, we have
wðeÞ 6 wðeÞ � /ðeÞ;
which implies /(e) < 0. It is in contradiction with the property of /. Hence {g(xn)} is a
Cauchy sequence. From the completeness of X and the surjection of g, there exists a
z 2 X such that g(xn) fi g(z) as n fi1. By the assumption (ii), g(xn) 6 g(z), for all n.
Then by the monotone property of w and the condition (iii), we have
wðdðgðxnþ1Þ;TzÞ 6 wðdðTxn;TzÞ

6 w

�
max

�
dðgðxnÞ; gðzÞÞ;DðgðxnÞ;TxnÞ;DðgðzÞ;TzÞ;

DðgðxnÞ;TzÞ þDðgðzÞ;TxnÞ
2

��
� /ðmax dðgðxnÞ; gðzÞ; dðgðzÞ;TzÞf gÞ

6 w

�
max

�
dðgðxnÞ; gðzÞÞ; dðgðxnÞ; gðxnþ1ÞÞ;DðgðzÞ;TzÞ;

DðgðxnÞ;TzÞ þ dðgðzÞ; gðxnþ1ÞÞ
2

��
� /ðmaxfdðgðxnÞ; gðzÞÞ; dðgðzÞ;TzÞgÞ:
Taking the limit as n fi1 in the above inequality, using the continuity of w and /, we
have
wðdðgðzÞ;TzÞÞ 6 wðDðgðzÞ;TzÞÞ � /ðdðgðzÞ;TzÞÞ;
which implies that
wðdðgðzÞ;TzÞÞ 6 wðdðgðzÞ;TzÞÞ � /ðdðgðzÞ;TzÞÞ:
This gives a contradiction unless d(g(z),Tz)) = 0 or {g(z)} = Tz, that is {g(z)} = Tz, so
z is a coincidence point of g and T.

In addition, suppose that g is an injection. Now we prove the uniqueness of the
coincidence point of g and T.
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Assume that z1 is also a coincidence point of g and T, that is g(z1) 2 Tz1, then
wðdðgðzÞ; gðz1ÞÞÞ 6 wðdðTz;Tz1ÞÞ

6 w

�
max

�
dðgðzÞ; gðz1ÞÞ;DðgðzÞ;TzÞ;Dðgðz1Þ;Tz1Þ;

DðgðzÞ;Tz1Þ þDðgðz1Þ;TzÞ
2

��
� /ðmaxfdðgðzÞ; gðz1Þ; dðgðz1Þ;Tz1ÞgÞ

6 w max dðgðzÞ; gðz1ÞÞ;
dðgðzÞ; gðz1ÞÞ þ dðgðz1Þ; gðzÞÞ

2

� �� �

� /ðmaxfdðgðzÞ; gðz1Þ; dðgðz1Þ;Tz1ÞgÞ
6 wðdðgðzÞ; gðz1ÞÞÞ � /ðmaxfdðgðzÞ; gðz1Þ; dðgðz1Þ;Tz1ÞgÞ:
Therefore, /(max{d(g(z),g(z1), d(g(z1),Tz1)}) = 0. Suppose that g(z) „ g(z1), then by a
property of /, we have /(max{d(g(z),g(z1), d(g(z1),Tz1)}) „ 0, which yields a contradic-
tion to the above inequality. Thus g(z) = g(z1). Since g is an injection, z = z1, that is,
the coincidence point of g and T is unique. h

Taking w as identity function in Theorem 2.3, we have the following result.

Corollary 2.3. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(i) there exists x0 2 X such that {g(x0)} p Tx0,
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,

(iii) dðTx; TyÞ 6 max dðgðxÞ; gðyÞÞ;DðgðxÞ; TxÞ;DðgðyÞ; TyÞ; DðgðxÞ;TyÞþDðgðyÞ;TxÞ
2

n o

�/ðmaxfdðgðxÞ; gðyÞÞ; dðgðyÞ;TyÞgÞ
for all g-comparable x, y 2 X, where / : [0,1) fi [0,1) is any continuous function
with /(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then
the coincidence point of g and T is unique.

The following corollary is a special case of Theorem 2.3 when T is a single-valued
mapping.

Corollary 2.4. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi X be a g-monotone increasing single-valued mapping such that the following
conditions are satisfied:

(i) there exists x0 2 X such that g(x0) � T(x0),
(ii) if g(xn) fi g(x) is a nondecreasing sequence in X, then g(xn) � g(x), for all n,
(iii) w(d(T(x),T(y))) 6 w(max{d(g(x),g(y)), d(g(x),T(x)), d(g(y),T(y)), L(x,y)})
�/ðmaxfdðgðxÞ; gðyÞÞ; dðgðxÞ;TðyÞÞgÞ
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for all g-comparable x, y 2 X, where w is an altering distance function and / :
[0,1) fi [0,1) is any continuous function with /(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then
the coincidence point of g and T is unique.

In the following theorem we replace condition (ii) of the above corollary by ‘‘T is
g-continuous’’.

Theorem 2.4. Let (X,�) be a partially ordered set and suppose that there exists a metric
d in X such that (X,d) is a complete metric space. Let g : X fi X be a surjection and T :
X fi X be a g-continuous and g-monotone increasing single-valued mapping such that the
following conditions are satisfied:

(i) there exists x0 2 X such that g(x0) � T(x0),
(ii) w(d(T(x),T(y))) 6 w(max{d(g(x),g(y)), d(g(x),T(x)), d(g(y),T(y)), L(x,y)})
�/ðmaxfdðgðxÞ; gðyÞÞ; dðgðyÞ;TðyÞÞgÞ

for all g-comparable x,y 2 X, where w is an altering distance function and / :
[0,1) fi [0,1) is any continuous function with /(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We can treat T as a multi-valued mapping in which case T(x) is a singleton set
for every x 2 X. Then we consider the sequence {g(xn)} as in the proof of Theorem 2.3
and arguing exactly as in the proof of Theorem 2.3, we have that {g(xn)} is a Cauchy
sequence and limnfi1 g(xn) = g(z). Then, the g-continuity of T implies that
gðzÞ ¼ lim
n!1

gðxnÞ ¼ lim
n!1

Txn ¼ TðzÞ:
This proves that z is a coincidence point of g and T. The uniqueness of z follows as
before. h
3. APPLICATIONS

Let X ¼ ð0; 0Þ; 0;� 1
k1

� �
; � 1

k2
; 0

� �n o
be a subset of R2; k2 P k1 P 1, with the order �

defined as : for (x1,y1), (x2,y2) 2 X, (x1,y1) � (x2,y2) iff x1 6 x2 and y1 6 y2. Assume
that d : X� X! R is a metric defined on X as
dðx; yÞ ¼ maxfjx1 � x2j; jy1 � y2jg; for x ¼ ðx1; y1Þ; y ¼ ðx2; y2Þ:

Then (X,d) is a complete metric space.Let T : X fi B(X) be defined as follows:

T((0, 0)) = {(0,0)}, T 0;� 1
k1

� �� �
¼ ð0; 0Þ; � 1

k2
; 0

� �n o
, T � 1

k2
; 0

� �� �
¼ fð0; 0Þg.Define

g : X fi X as g((0,0)) = (0,0), g 0;� 1
k1

� �� �
¼ � 1

k2
; 0

� �
, g � 1

k2
; 0

� �� �
¼ 0;� 1

k1

� �
.Then

g is a continuous surjective mapping and T satisfies the properties mentioned in



46 J. Yin, T. Guo
Corollary 2.1. In fact, T is g-monotone increasing multi-valued mapping and we take
(0,0) as x0, and so the condition (i) of Corollary 2.1 holds. The condition (ii) holds
clearly. Now we show the condition (iii) of Corollary 2.1 is satisfied. From the definition

of g, we get that only (0,0) and � 1
k2
; 0

� �
, 0;� 1

k1

� �
and � 1

k2
; 0

� �
are g-comparable. Thus

if x = (0,0), y ¼ � 1
k2
; 0

� �
, then Tx = Ty = {(0,0)}, which gives that the condition (iii)

of Corollary 2.1 is satisfied. When x ¼ 0;� 1
k1

� �
, y ¼ � 1

k2
; 0

� �
,dðTx;TyÞ ¼ 1

k2
.

maxfdðgðxÞ; gðyÞÞ;DðgðxÞ;TxÞ;DðgðyÞ;TyÞ;Hðx; yÞg ¼ max 1
k1
; 1

k2

n o
. As k2 > k1, so

0 < k1
k2
< 1. By putting k1

k2
< a < 1, the condition (iii) holds. Hence from Corollary 2.1,

we obtain that there exists a unique coincidence point of g and T in X.
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