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Abstract.  Inthis paper, we introduce the new notion of g-monotone mapping and prove
some fixed point theorems for multi-valued and single-valued g-increasing mappings in
partially ordered metric spaces. The mappings considered in this paper are assumed to
satisfy certain metric inequalities which are established by an altering distance function.
The presented results extend and improve the main results of Choudhury and Metiya
[B.S. Choudhury, N. Metiya, Multi-valued and single-valued fixed point results in
partially ordered metric spaces, Arab J. Math. Sci. 17 (2011) 135-151].
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1. INTRODUCTION AND PRELIMINARIES

Let (X,d) denote a metric space. Denote by B(X) the class of nonempty and bounded
subsets of X. For A4, B € B(X), functions D(A4, B) and (4, B) are defined below:

D(A,B) =inf{d(x,y): x € A,y € B},
0(A4,B) =sup{d(x,y) : x € A,y € B}.

If A = {x}, then we write D(A,B) = D(x,B) and (4, B) = §(x,B). In addition, if
B = {y}, then D(4,B) = d(x,y) and 6(A4,B) = d(x,y). Obviously, D(A4,B) < (4, B).
For all 4, B, C € B(X), the definition of §(A4, B) gives the following formulas:
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(1) 6(4,B) = (B, A),

(2) 3(A4, B) < 3(A4,C) + 5(C,B),

(3) 3(4,B) = 0iff A = B = {x},
(@) 5(A, B) = diam(4) (see [11,12]).

The fixed point theory of multi-valued functions is an important part of functional
analysis (see [2,7,19,21,22,24]). Recently, the existence of fixed points for multi-valued
mappings has been investigated by many authors (see [6,7,9,10,16,23]). It is notable
that in these works the function 6(A4, B) has been used.

For the sake of convenience, let us recall some notions.

Definition 1.1 [4]. Let 4 and B be two nonempty subsets of a partially ordered set
(X, X). The relation between 4 and B is denoted and defined as follows: 4 < B, if for
every x € A4, there exists y € B such that x < y.

Definition 1.2 [14]. A function ¢ : [0,00) = [0,00) is called an altering distance
function if the following properties are satisfied: (i) ¥ is monotone increasing and
continuous, (ii) Y(¢) = 0 if and only if r = 0.

Some authors have used the above control function to study some fixed point prob-
lems in partially ordered metric spaces, in particular, we refer to [1,5-10,16-18,20,23].
Choudhury and Metiya, in partially ordered spaces, considered the existence of fixed
point for a class of increasing multi-valued mappings satisfying certain metric inequal-
ities yielded by a control function. Based on the work of Choudhury and Metiya [7], for
multi-valued mappings, we introduce the new concept of g-monotone mapping and
prove some existence results of fixed point for g-monotone increasing multi-valued
mappings or single-valued mappings in partially ordered metric spaces.

It is remarked that recently coincidence fixed points of multi-valued Lipschitzian
mappings on a metric space (hyperbolic metric space), without order and the mappings
satisfying metric inequalities independent of altering distances have been studied by
Khamsi and Khan [13] and Khan et al. [15], respectively.

Let (X, d) be a metric space, T : X — B(X) be a multi-valued mapping. An element
Xx € X is said to be a fixed point of 7, if x € T(x). An element x € X is said to be an
endpoint (or stationary point) of 7, if T(x) = {x} (see [3]). Clearly, an endpoint (or
stationary point) of 7 is a fixed point of T.

Definition 1.3 [15]. Let (X,d) be a metric space, T : X — B(X) be a multi-valued
mapping, g : X = X be a mapping. If there exists x € X such that g(x) € Tx, then x is
said to be a coincidence point of g and T.

If T: X — X is a single-valued mapping and there exists z € X such that g(z) = Tz,
then z is said to be a coincidence point of g and 7.

A fixed point of T can be looked as a coincidence point of g and 7 if we take g as the
identity mapping on X. But converse, in general, it is not true.

Definition 1.4. Let (X,d) be a metric space endowed with a partial order <, T :
X — B(X) be a multi-valued mapping and g : X — X a mapping. For any x, y € X, if
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g(x) < g(y) implies Tx < Ty, then T is said to be g-monotone increasing; if g(x) < g(y)
implies 7y < Tx, then T is said to be g-monotone decreasing.

For x, y € X, if g(x) X g(») or g(y) < g(x), then we call x, y are g-comparable.

Definition 1.5. Let (X, d) be a metric space endowed with a partial order <, S: X > X
and g : X — X. If for any sequence {x,} in X, g(x,) — g(x) implies S(x,) — S(x) as
n — oo, then S is said to be a g-continuous mapping.

Example 1.1. Let R be the set of all real numbers with the usual metric d, that is,
d(x,y) = | x — )l for any x,y € R. Suppose that g : R — R is a mapping defined as fol-
lows: for any x € R, if x # 0, then g(x) = sini and g(x) = 0if x = 0. Let S(x) = 2g(x)
for any x € R. Namely, S(x) = 2sinl if x#0 and S(x) = 0 if x = 0. Obviously, S is
g-continuous but not continuous.

Remark 1.1. The concepts of g-monotone mapping and g-continuous mapping are
generalizations of the concepts of monotone mapping and continuous mapping,
respectively, because if g is just taken as the identity mapping on X, then each
g-monotone mapping is monotone. The same concerns g-continuous mapping.

2. MAIN RESULTS

In this section, we will prove some coincidence point results for g— monotone increas-
ing multi-valued mappings from the metric space (X, d) to itself, on which a partial or-
der < is endowed.

Theorem 2.1. Let (X, =) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(1) there exists xo € X such that {g(xy)} < Txo,
(i1) if g(x,) — g(x) is a nondecreasing sequence in X, then g(x,) < g(x), for all n,
(i) Y(6(Tx, Ty)) < smp(max{d(g(x),g(y)), D(g(x),Tx), D(g(y),Ty), H(x,y)}), for all
_ D(g(x),7y)+D(g(y),Tx) :
g-comparable x, y € X, where H(x,y) = w, 0 <a<1andyisan
altering distance function.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. By the assumption (i) and as g is a surjection, there exists x; € X such that
g(x)) € Txg and g(xg) =< g(x;). Also since 7 is a g-monotone increasing mapping,
Txo < Tx;. Similarly, there exists x, € X such that g(x,) € Tx; and g(x;) = g(x7).
Continuing this process we construct a monotone increasing sequence {g(x,)} in X such
that g(x,+) € Tx,, for all n > 0, and

g(xo) < g(x) 2+ < glx) < -+
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If there is a positive integer k such that g(x;) = g(xx+1), then g(x;) = g(xx+1) € Txy,
this gives that x; is a coincidence point of g and 7. Hence we may assume
g(x,) #g(x,+1), foralln = 0.

From the monotone property of ¥, we have, for all n > 0,

Y(d(g(xni1),8(xu12))) < Y (0(Tx,, Txui1))

< onp(max{d(g(xy),&(Xns1)), D(g(xn), Txy), D(g(Xn11),
Txyi1) H(x, Xy1) }) < o (max{d(g(x4), g(xu11)), d(g(xn), g(xus1)),
d(g(xn+l)7g(xn+2))7I(Xnaxn+lyxn+2)})a

where 1(X,, X1, Xni2) = d(g(xn),g(xnm)+2d(g(xn+1>,g(xn+1))' Since

o) 8002) o), 001)), dls ), 205012

it follows that
W (d(g(xnr1), 8(xns2))) < op(max{d(g(xn), g(xus1)), d(g(Xus1), 8(xns2))}).  (2.1)

Suppose that there exists some positive integer n such that
d(g(xn), 8(xn11)) < d(g(xn11),8(xns2))-

It follows from (2.1) that Y(d(g(x,+1),8(x,+2))) < op(d(g(xy+1),8(x,+2))). Since
0 <oa<1, we get d(g(x,+1),8(x,+2) = 0 or g(x,+1) = g(x,+2), which contradicts
our assumption that g(x,+ ) # g(x,+») for each n. Therefore

d(g(xn+1)7 g(er—Z)) < d(g(xn)a g(xn-H ))

for allm = 0 and {d(g(x,),g(x,+1))} is a monotone decreasing sequence of nonnegative
real numbers. Hence there exists an r > 0 such that d(g(x,),g(x,+1)) = r as n — oo.
Taking limit in (2.1) as n — oo, and from the continuity of v, we get Wy (r) < ay(r),
which is a contradiction unless » = 0. Thus

lim d(g(x,). g(x,1)) = 0. (2.2)

Next we show that {g(x,)} is a Cauchy sequence. Suppose on the contrary that there
exists an ¢ > 0 for which we can find two sequences of positive integers {m(k)} and
{n(k)} such that for all positive integers k, n(k)> m(k) >k and
A(g( X)), &(Xnky)) = . Assuming that n(k) is the smallest such positive integer, we
obtain n(k) > m(k) > k, d(g(xuw))»&(Xmw))) = & and d(g(Xnw)—1) &(Xm))) < & Now,

& < d(g(Xuw)), &(Xmw))) < d(g(Xnr))» 8(Xn)—1)) + d(g(Xnt)-1)> (X))

hence, & < d(g(Xu)), 8( X)) < Ag(Xn))>&(Xny—1)) + & Taking limit as k — oo in
the above inequality and using (2.2), we get

lim d(g(xu)), 8(Xmw)) = & (2.3)
Again
d(g(Xm(w)), §(Xu(t)) < A(&(Xm(t)): & (Xomih 1)) + A(&(Xmiir 1), & (Xur 1))
+ d(g(Xnk)+1), 8 (Xur)))
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d(g(Xm()+1)5 & (Xny+1)) < d(@(Xmty41), &(Xmwy)) + d(g(Xmwy)> &(Xnry))
+ d(g(xn(k))a g(x’l(/C)+1 ))

Taking limit as kK — oo in the above inequalities and using (2.2) and (2.3), we have

im d(g(Xn(k)11), &(Xm(ry11)) = &. (2.4)

k—00

Similarly, we have

lim d(g(50141), € 06i)) = ¢ (2.5)
and
lim d(g (%), & (mgo1)) = & (2.6)

For each positive integer k, we have g(x,,x)) = g(Xnx))» 50 (X)) and g(x,,)) are com-
parable. Then using the monotone property of y/, we have
‘//(d(g(xn(k)ﬂ) g(xm(k)+l))) < lp(é(Txn k) TXim k)))
< ap(max{d(g(xu(e)), & (X)), D(&(Xutk)) s TXn(r))
D(g(xm ) Txm ) H(X,,( y Xim(k) )}) alﬁ(mdx{d( (xn ) g(xm(k)))ad(g(xn(k))a
g(Xuti+1)), A (Ximit)), §(Xmwy 1)), S (n(K), m(K))}),

where J(n(k),m(k)) = Aebiny): (”(““)Hd( o) €)Y etting k — 00 in the above
inequality, using (2.2)—(2.6) and the contlnulty of W, we have Y(g) < oaaf(¢) which con-
tradicts a property of . Hence {g(x,)} is a Cauchy sequence. From the completeness of
X and the surjective property of g, there exists z € X such that

g(xn) — g(2)(n — o0). (2.7)
By the assumption (ii), g(x,) =< g(z), for all n.
Then from the monotone property of iy and the condition (iii), we have
Y(6(8(Xus1), T2)) < Y(6(Txy, T2))
s (max {d(g(x,). £()), D(g(x,), T,), D(g(2), T=), H(x,,2)})
onp(max{d(g(x),8(2)), d(g(x4), §(xu11)), 6(8(2), Tz), K(xu, Xuy1,2)}),

NN

where K(x,,X,11,2) = 3lg(xn).T2) “;( 8(2):8(nt1)) . Taking the limit as n — oo in the above

inequality, using (2.2) and (2.7) and the continuity of , we have

¥(6(g(2), Tz)) < ap(6(g(2), T2)),
which implies that §(g(z),7z) = 0 or {g(z)} = Tz. Thus z is a coincidence point of
gand T.

In addition, suppose that g is an injection. Now we prove the uniqueness of the
coincidence point of g and T.
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Assume that z; is also a coincidence point of g and 7, that is g(z;) € Tz, then

max {d(g(zxg(zl)), D(g(2). T2), Dlg(zr), Tzy), 28 T20) + D(E ), )})

2

< (max {ag(2), (), “EEHEEDTAECEVLON ), < e, ().

The assumption 0 < o < 1 implies d(g(z),g(z;)) = 0 or g(z) = g(z;). As g is an injec-
tion, obviously, z = z;. O

Remark 2.1. Taking mapping g as the identity mapping on X, we get ([7], Theorem 2.1).
In addition, we prove that the coincidence point of g and T is unique, which is not dis-
cussed in [7]. Therefore, this result extends and improves Theorem 2.1 of Choudhury
and Metiya [7].

Putting i/ the identity function in Theorem 2.1, we get the following result.

Corollary 2.1. Let (X, =) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions hold:

(1) there exists xy € X such that {g(x¢)} < Tx,
(1) if g(x,) — g(x) is a nondecreasing sequence in X, then g(x,) < g(x), for all n,

(i) o(Tx, Ty) < o max{d(g(x),g(»)), D(g(x),Tx), D(g(»),Ty), H(x,y)}, for all
g-comparable x, y € X, where 0 < a < 1.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.

The following corollary is a special case of Theorem 2.1 when T is a single-valued
mapping.

Corollary 2.2. Let (X,=) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — X be a g-monotone increasing mapping such that the following conditions hold:

(1) there exists xy € X such that g(xg) < Txo,
(1) if g(x,) — g(x) is a nondecreasing sequence in X, then g(x,) < g(x), for all n,

(ii1) Y(d(T(x), T()) < o (max{d(g(x),g(»)), d(g(x), T(x)), d(g(y), T(y)), H(x,»)}), for

all g-comparable x, y € X, where 0 < a < 1.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.
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In the following theorem we replace condition (ii) of the above corollary by “T is
g-continuous”.

Theorem 2.2. Let (X, =) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — X be g-monotone increasing and g-continuous such that the following conditions are
satisfied.

() there exists xy € X such that g(xg) < Tx,
(i) Y(d(T(x), T(y))) < o (max{d(g(x),g(»)), d(g(x), T(x)), d(g(y), T(y)), L(x,y)}), for
all g-comparable x, y € X, where L(x,y) = ‘“W)‘T(y));“](g@’T(")), 0<ac<l.

Then there exists a coincidence point of g and T in X. Moreover, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We can consider T as a multi-valued mapping in which case 7(x) is a sin-
gleton set for every x € X. Then considering the sequence {g(x,)} in the proof of
Theorem 2.1 and arguing exactly as in the proof of Theorem 2.1, we get that
{g(x,)} is a Cauchy sequence and lim,_,, g(x,) = g(z). Then, the g-continuity of
T implies that

g(2) = limg(x,1) = lim 7(x,) = 7(2).

This proves that z is a coincidence point of g and 7. The uniqueness of the coincidence
point of g and T can be proved as in Theorem 2.1 provided g is an injection. [

Theorem 2.3. Let (X, =) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(1) there exists xy € X such that {g(xy)} < Txy,
(i) if g(x,) — g(x) is a nondecreasing sequence in X, then g(x,) < g(x), for all n,
(i) Y(0(Tx,Ty)) <y (max{d(g(x).g(y)), D(g(x).Tx), D(g(y),Ty), H(x,y)})

—p(max{d(g(x),&(»)),(g(»), Ty)})

for all g-comparable x, y € X, where 0 < o < 1 and y is an altering distance function and
¢ [0,00) > [0,00) is any continuous function with ¢(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We consider the sequence {g(x,)} of Theorem 2.1. If there exists a positive inte-
ger k such that g(x;) = g(xx+1), then x; is a coincidence point of g and 7. Hence we
assume that g(x,) # g(x,,+1), for all n > 0.
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Using the monotone property of Y, we have for all n > 0,

W(d(g(xnr1), 8(xui2))) < Y(S(Txn, Txpi1))
< (max{d(g(x,), g(xu1)), D(g(xn), TX,), D(g(Xi1)s Txus1)y H(Xny Xui1) })
- (b(max {d<g(xn)= g(XﬂH ))7 (S(g<xn+l )-, Txps )})

<y (max {d(g<xﬂ)~,g(x,,+1))1 d(g(xn11), &(¥n12)), (e (xr). £05r12)) +2d(g(x,1,1),g(x,,+1))})

— p(max{d(g(x,), g(xns1), d(g(xut1), &(¥n12))})-

Since M < max{d(g(x,),g(x,s1)), d(g(xn11),8(x,12))}, it follows that

Y (d(g(xn), 8(xns2))) < p(max{d(g(x,), g(xns1)), d(g(¥nt1), 8(Xn12)) }
— ¢p(max{d(g(x,), g(xn1), d(g(Xni1), 8(xXn12))})-

Assume that d(g(xx),g(xi+1)) < d(g(xk+1),2(xx+2)) for some positive integer k. Then
from the above inequality, we have

Y (d(g(xre1), 8(xis2))) < WY (d(g(Xks1), 8(xus2)) — P(d(g(Xkr1), &(Xks2))

this yields ¢(d(g(xx+1),8(xk+2))) < 0, which gives that d(g(x+1),g(xx+2)) = 0, that is
g(xr+1) = g(xr+»), it contradicts our assumption that g(x,) # g(x,+1), for all n = 0.
Therefore

d(g(xns1), 8(Xn12)) < d(g(xn),8(xus1)), foralln =0

and {d(g(x,),g(x,+1))} is a monotone decreasing sequence of nonnegative real num-
bers. Hence there exists an » > 0 such that

’}Lrgd(g(xn)ag(xwrl)) =Tr. (28)

From the above facts, we have, for all n > 0,

Y (d(g(xn1), 8(xnia))) < Y(d(g(xn); &%) — D(d(g(xn); &(011)))-

Taking limit as n — oo in the above inequality, and from the continuity of { and ¢ and
by (2.8), we get Y(r) < Y(r) — ¢(r), which is a contradiction unless r = 0. Thus

lim d(g(x,), g(¥,:1)) = 0. (29)

Next we show that {g(x,)} is a Cauchy sequence. If {g(x,)} is not a Cauchy sequence,
then using an argument similar to that given in Theorem 2.1, we can find two sequences
of positive integers {m(k)} and {n(k)} and a positive constant ¢, for which

lim d(g(xu)), 8(Xmw)) = &- (2.10)
I d(g(xu) 1), g(Xmy 1)) = & (2.11)
lim d(g(xu)41), 8 (6ma))) = & (2.12)
hmd(g(xn 1), 8(Xmry11)) = & (2.13)

k—00
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For each positive integer k, g(x,)) and g(x,x)) are comparable. Then using the mono-
tone property of y and the condition (iii), we have

Y (d(g(Xmu)+1), 8(Xnky+1))) < W (S(TXnrys Txur))
< Y(max{d(g(xmu)), &(Xuw)), D(&(Xmw))s TXmr)),
D(g(Xuw))> TXn(t)) s H(Xm(k)» Xn(x)) })
— p(max{d(g(Xm)), &(Xnw))> 6(8(Xnk))s Txuii)})
< Y(max{d(g(xmw)), §(Xnk))): A(&(Xmik))> & (Xmr+1)), A(&(Xunik ), & (Xunii+1),
J(n(k),m(k))}) — p(max{d(g(xmu)), g(Xnw)), d(&(Xnk)), &(Xnt1))})-

Letting kK — oo in the above inequality, using the continuity of ¥ and ¢, we have
Y(e) < Y(e) — ¢(e),

which implies ¢(e) < 0. It is in contradiction with the property of ¢. Hence {g(x,)} is a
Cauchy sequence. From the completeness of X and the surjection of g, there exists a
z € X such that g(x,) — g(z) as n — oo. By the assumption (ii), g(x,) < g(z), for all n.
Then by the monotone property of y and the condition (iii), we have

);
(

x//((s(g(x,,ﬂ), TZ) < l//(é(TXn, TZ)

< w(max {d<g<xn>,g<z>>,D< (), T, D(g(2). T=),

Digta).T2) + Dig(), m}) — p(max {d(g(x,), g(2), 8(2(=), T2)})

<y (max {d<g(xn>,g<z>>, d(g(x,). g(xrunr)), D(g(2), T2),

Pletn). T2 L HEELELD ) - gimax(d(e(v,). £(2), 0(e(2) T2

Taking the limit as » — oo in the above inequality, using the continuity of  and ¢, we
have

¥(0(2(2), Tz)) < Y(D(g(2), Tz)) — ¢(d(g(2), T2)),

which implies that

Y (0(g(2), Tz)) < ¥(d(g(2), Tz)) — ¢(d(g(2), T2))-

This gives a contradiction unless d(g(z), Tz)) = 0 or {g(z)} = Tz, thatis {g(z)} = Tz, so
z is a coincidence point of g and T.

In addition, suppose that g is an injection. Now we prove the uniqueness of the
coincidence point of g and T.
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Assume that z; is also a coincidence point of g and 7, that is g(z;) € Tz, then

V(5(e(2), (1)) < Y(5(T=, T=1))
w(max{(() ¢(2)). D(g(2). T2), D(g(=1). T=).
LEERE }

)—¢max{d ¢(2).8(z1).5(g(21), T2)})

<¢<max{ FRERRIME R EVERICIE: <z>>})
— ¢p(max{d(g(z),8(z1),6(g(z1), Tz1)})
< Y(d(g(2),8(21))) — p(max{d(g(z),8(z1),6(g(z1), Tz1)}).-
Therefore, ¢p(max{d(g(z),g(z1), 6(g(z1), Tz1)}) = 0. Suppose that g(z) # g(z;), then by a
property of ¢, we have ¢p(max{d(g(z),g(z), 6(g(z1), Tz1)}) # 0, which yields a contradic-
tion to the above inequality. Thus g(z) = g(z;). Since g is an injection, z = zj, that is,
the coincidence point of g and 7 is unique. [

Taking y as identity function in Theorem 2.3, we have the following result.

Corollary 2.3. Let (X,=) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — B(X) be a g-monotone increasing multi-valued mapping such that the following
conditions are satisfied:

(1) there exists xo € X such that {g(x¢)} < Tx,
(i) if g(x,) — g(x) is a nondecreasing sequence in X, then g(xn) =< g(x), for all n,

(iil) 6(7Tx, Ty) < max {d( (x),g(»)), D(g(x), Tx), D(g(y), Ty),~ Ty);D(g(y) Tv)}
—p(max{d(g(x),&(y)),5(g(y), Tv)})

for all g-comparable x, y € X, where ¢ : [0,00) — [0,00) is any continuous function
with ¢(7) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then
the coincidence point of g and T is unique.

The following corollary is a special case of Theorem 2.3 when T is a single-valued
mapping.

Corollary 2.4. Let (X,=) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X > X be a g-monotone increasing single-valued mapping such that the following
conditions are satisfied:

(i) there exists xo € X such that g(xg) < T(xy),
(1) if g(x,) — g(x) is a nondecreasing sequence in X, then g(x,) < g(x), for all n,

(i) Y(d(T(x), T(y))) < Y(max{d(g(x),g(y)), d(g(x), T(x)), dig(»), T(y)), L(x,»)})
—¢p(max{d(g(x),g(y)), d(g(x), T())})
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for all g-comparable x, y € X, where  is an altering distance function and ¢ :
[0,00) = [0,00) is any continuous function with ¢(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection, then
the coincidence point of g and T is unique.

In the following theorem we replace condition (ii) of the above corollary by “T is
g-continuous”.

Theorem 2.4. Let (X,=) be a partially ordered set and suppose that there exists a metric
din X such that (X,d) is a complete metric space. Let g : X — X be a surjection and T :
X — X be a g-continuous and g-monotone increasing single-valued mapping such that the
following conditions are satisfied:

(i) there exists xo € X such that g(xg) =< T(xop),
(i) Y(d(T(x), T(y)) < Y(max{d(g(x),g(»)), d(g(x), T(x)), d(g(»y), T(»)), L(x,»)})
—p(max{d(g(x),g()),d(g(y), T(»))})

for all g-comparable x,y € X, where  is an altering distance function and ¢
[0,00) = [0,00) is any continuous function with ¢(t) = 0 if and only if t = 0.

Then there exists a coincidence point of g and T in X. In addition, if g is an injection,
then the coincidence point of g and T is unique.

Proof. We can treat 7" as a multi-valued mapping in which case 7(x) is a singleton set
for every x € X. Then we consider the sequence {g(x,)} as in the proof of Theorem 2.3
and arguing exactly as in the proof of Theorem 2.3, we have that {g(x,)} is a Cauchy
sequence and lim,_,. g(x,) = g(z). Then, the g-continuity of 7 implies that

g(z) = limg(x,) = lim Tx,, = T(z).

This proves that z is a coincidence point of g and 7. The uniqueness of z follows as
before. [J

3. APPLICATIONS

Let X = {(0,0)7 (O, —i), (—%,O)} be a subset of R?, A, > 4, > 1, with the order <

defined as : for (x1,y1), (X2,)2) € X, (x1,11) =X (x2,2) iff x; < x5 and y; < y,. Assume
that d: X x X — R is a metric defined on X as

d(x,y) = max{|x; — x2f,[y; = [}, for x=(x1,),y= (x2, 1)
Then (X,d) is a complete metric space.Let T : X — B(X) be defined as follows:
7((0,0)) = {(0,0)}, T((o, fﬁ)) - {(0,0), (f%,o)}, T((f%,0>> — {(0,0)}.Define
g: X Xasg(0.0) = 0,0 g((0.-1)) = (=£.0).¢((~£.0)) = (0.~ £) Then

g is a continuous surjective mapping and 7T satisfies the properties mentioned in
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Corollary 2.1. In fact, T is g-monotone increasing multi-valued mapping and we take
(0,0) as xq, and so the condition (i) of Corollary 2.1 holds. The condition (ii) holds
clearly. Now we show the condition (iii) of Corollary 2.1 is satisfied. From the definition

of g, we get that only (0,0) and (— o 0) , (0, - ;—I) and (— e 0) are g-comparable. Thus

if x = (0,0), y = (—%,o), then Tx = Ty = {(0,0)}, which gives that the condition (iii)
of Corollary 2.1 is satisfied. When x = (0,—.l), y = (—i,O) O(Tx, Ty) = i

41

max{d(g(x), (1)), D(g(x), T), Dg(v), T¥), H(x,1)} = max {£ L. As o > 21, so
0< % < 1. By putting f‘ < a < 1, the condition (iii) holds. Hence from Corollary 2.1,

2

we obtain that there exists a unique coincidence point of g and 7'in X.

ACKNOWLEDGMENTS

The authors are grateful to referee and editor for their valuable comments and
corrections.

REFERENCES

[1] R.P. Agarwal, M.A. El-Gebeily, D. O’Regan, Generalized contractions in partially ordered metric
spaces, Appl. Anal. 87 (2008) 109-116.
[2] 1. Altun, Fixed point theorems for generalized ¢-weak contractive multi-valued maps on metric and
ordered metric spaces, Arab J. Math. Sci. 36 (8) (2011) 1471-1483.
[3] A. Amini-Harandi, Endpoint of set valued contractions in metric spaces, Nonlinear Anal. 72 (2010) 132—
134.
[4] 1. Beg, A.R. Butt, Common fixed point for generalized set valued contractions satisfying an implicit
relation in partially ordered metric spaces, Math. Commun. 15 (2010) 65-76.
[5] T.G. Bhaskar, V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and
applications, Nonlinear Anal. 65 (2006) 1379-1393.
[6] B.S. Choudhury, A common unique fixed point result in metric spaces involving generalised altering
distances, Math. Commun. 10 (2005) 105-110.
[7] B.S. Choudhury, N. Metiya, Multi-valued and single-valued fixed point results in partially ordered
metric spaces, Arab J. Math. Sci. 17 (2011) 131-135.
[8] L.J. Ciric, N. Cakic, M. Rajovic, J.S. Ume, Monotone generalized nonlinear contractions in partially
ordered metric spaces, Fixed Point Theory Appl. 2008 (2008) (Article ID 131294).
[9] D. Dori¢, Common fixed point for generalized (y/, ¢)-weak contractions, Appl. Math. Lett. 22 (12) (2009)
1896-1900.
[10] P.N. Dutta, B.S. Choudhury, A generalisation of contraction principle in metric spaces, Fixed Point
Theory Appl. 2008 (2008) (Article ID 406368).
[11] B. Fisher, Common fixed points of mappings and setvalued mappings, Rostock Math. Colloq. 18 (1981)
69-77.
[12] B. Fisher, K. Ise’ki, Fixed points for setvalued mappings on complete and compact metric spaces, Math.
Japonica 28 (1983) 639-646.
[13] M.A. Khamsi, A.R. Khan, Inequalities in metric spaces with applications, Nonlinear Anal. 74 (2011)
4036—4045.
[14] M.S. Khan, M. Swaleh, S. Sessa, Fixed points theorems by altering distances between the points, Bull.
Austral. Math. Soc. 30 (1984) 1-9.
[15] A.R. Khan, A.A. Domolo, N. Hussain, Coincidence of Lischitz-type hybird maps and invariant
approximation, Numer. Funct. Anal. Optimiz. 28 (9-10) (2007) 1165-1177.



Some fixed point results for a class of g-monotone increasing multi-valued mappings 47

[16] S.V.R. Naidu, Some fixed point theorems in metric spaces by altering distances, Czechoslovak. Math. J.
53 (1) (2003) 205-212.

[17] J.J. Nieto, R. Rodriguez-Lopez, Contractive mapping theorems in partially ordered sets and applications
to ordinary differential equations, Order 22 (2005) 223-239.

[18] J.J. Nieto, R. Rodriguez-Lopez, Existence and uniqueness of fixed point in partially ordered sets and
applications to ordinary differential equations, Acta Math. Sin. (English Ser.) 23 (2007) 2205-2212.

[19] D. O’Regan, A. Petrusel, Fixed point theorems for generalized contractions in ordered metric spaces, J.
Math. Anal. Appl. 341 (2008) 1241-1252.

[20] A.C.M. Ran, M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to
matrix equations, Proc. Am. Math. Soc. 132 (2003) 1435-1443.

[21] B. Samet, Coupled fixed point theorems for a generalized Meir—Keeler contraction in partially ordered
metric spaces, Nonlinear Anal. 72 (2010) 4508-4517.

[22] B. Samet, C. Vetro, Coupled fixed point theorems for multi-valued nonlinear contraction mappings in
partially ordered metric spaces, Nonlinear Anal. 74 (2011) 4260-4268.

[23] K.P.R. Sastry, G.V.R. Babu, Some fixed point theorems by altering distances between the points, Ind. J.
Pure Appl. Math. 30 (6) (1999) 641-647.

[24] X. Zhang, Fixed point theorems of multi-valued monotone mappings in ordered metric spaces, Appl.
Math. Lett. 23 (2010) 235-240.



	Some fixed point results for a class of g-monoto
	1 Introduction and preliminaries
	2 Main results
	3 Applications
	Acknowledgments
	References


