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Abstract.  In this paper, we study the following problems

APy — M </ |VU|2dx> Au = Af(z,u) + |u* 2u in R
0

u=Au=0 on 02 R
where 2* = A?f 7 is the critical exponent. Under some conditions on M and f, we prove the

existence of nontrivial solutions by using variational methods.

Keywords: Fourth-order elliptic equations; Nonlocal problem; Critical exponent; Lions
principle
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1. INTRODUCTION AND MAIN RESULTS

In this paper we are concerned with the existence of nontrivial solutions for the following
nonlocal elliptic problems

Ay — M (/ Vu|2dm> Au= Nf(z,u) + |u)* 2u in0
Q
u=Au=0 on 012,

(1.1)
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where (2 is a bounded smooth domain of RV, N > 5 2* = % is the critical Sobolev
exponent, and M : RT — R™, f: 2 x R — R are continuous functions that satisfy some
conditions which will be stated later on.

Problem (1.1) is related to the stationary problem of a model introduced by Kirchhoff [22].
More precisely, the authors in [8,22] introduced a model given by the following equation

2 L 2 2
0“u <p0 E ou d:c) 0“u —0, (12)

ox

h 2L ),

Porr ~ 0a?

which extends the classical D’ Alembert’s wave equation by considering the effects of the
changes in the length of the strings during the vibrations. Later (1.2) was developed to form

uge — M (/ Vu|2dx> Ay = f(z,u) inf2. (1.3)
2

After that, many authors studied the following nonlocal elliptic boundary value problem

-M (/ |Vu|2dx) Au= f(z,u) inf2, u=0 ondf. (1.4)
Q

Problems like (1.4) can be used for modeling several physical and biological systems where
u describes a process which depends on the average of itself, such as the population density,
see [4]. Many interesting results for problems of Kirchhoff type were obtained see, for
example, [1,13,20,21].

The investigation of fourth order boundary value problems has drawn the attention of many
authors, because the static form change of beam or the sport of rigid body can be described
by a fourth order equation, and specially a model to study traveling waves in suspension
bridges can be furnished by the fourth order equation of nonlinearity. Several results are
known concerning the existence and multiplicity of solutions for fourth order boundary value
problems, see [10,11,18] and the references therein. In [26], using the mountain pass theorem,
Wang and An established the existence and multiplicity of solutions for the following fourth-
order nonlocal elliptic problem

Ay — M ( |Vu2da:> Au= Af(z,u) in {2
e}
u=Au=0 on 0{2.

(1.5)

Also, in [24] employing a smooth version of Ricceri’s variational principle [25], the authors
ensured the existence of infinitely many solutions for the problem

p—1
A(|AulP~2 Au) — M [/ |Vu|pdx] Apu+ plulP~?u = Af(x,u) in 2 (1.6)
0 .
u=Au=0 on 042.

Much interest has grown on problems involving critical exponents, starting from the cele-
brated paper by Brezis and Nirenberg [12]. This pioneering work has stimulated a vast amount
of research on this class of problems. We refer the reader to [2,7,3,5,9,14-17,19,28] and ref-
erence therein for the study of problems with critical exponent.

Before stating our main result, we need the following hypotheses on the function M :
Rt — R™:
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(m;) There is a positive constant m such that
M(t) > mg forallt > 0.
(mg) There exists o > 2/2* such that
M(t) > oM(t)t forallt >0,
where M (t) = fg M(s)ds.
A typical example of a function satisfying the conditions (mj )—(my) is given by
M(t) = mq + bt

with b > 0 and for all ¢ > 0.
The hypotheses on function f : 2 x R — R are the following:

(f1)
f(z,t) = o(|t]) ast— 0 uniformly in z € (2.

(f2) There exists ¢ € (2,2*) such that
f(z,t)

im
[t|—+oo [E]72¢

(f3) There exists 6 € (max(2,2/0),2*) such that

=0 uniformly in x € £2.

t
0<0F(z,t)= 9/ f(z,8)ds < tf(x,t) forallz € 2 and t € R\ {0},
0
where o is given in (ms).

A typical example of a function satisfying the conditions (f1)—(f3) is given by

k
Fla,t) = ai(@)t] 4>,
i=1

where k > 1, 2 < ¢; < 2*,a; € C(2) witha; > 0 forall z € £.
Now, we formulate our main result as follows.

Theorem 1.1. Suppose that (m;), (mg) and (f1)—(f3) hold. Then, there exists A, > 0, such
that problem (1.1) has a nontrivial solution for all A\ > \,.

2. PRELIMINARY RESULTS
We denote by H = H?(2) N HE(£2) the Hilbert space equipped with the inner product
(u,v) = /Q(AuAv + VuVv)dz,
and the deduced norm

Jul? = /Q (|1 8uf? + |Vuf?)de.
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We consider the following energy functional I : H — R, defined by

1 1—
In(u) = 5/Q | Auf?dx + 5 M (/Q |Vu|2dx>

1 «
—)\/ F(x,u)dx — —*/ |u|? da. (2.1)
0 2" Ja

It is well known that a critical point of I is a weak solution of problem (1.1).
In the sequel, we show that the functional /) has the mountain pass geometry.

Lemma 2.1. Suppose that (m1), (msz) and (f1)—(f3) hold, then we have

(i) There exist v, p > 0 such that inf = Ix(u) > p > 0.
(ii) There exists a nonnegative function e € H such that ||e|| > r and I)(e) < 0.

Proof. (i) It follows from (f;) and (f2) that for any € > 0, there exists C'(¢) > 0 such that

F(x,t) < %51&2 + C(e)|t]2. (22)

Together with (m;) and Sobolev’s inequalities, we have

1 m N
I > 3 /Q A e+ 70 /Q IVulde — ACyz|ull> — ACa(e)][ul|? — Cslul?
min(1, m «
> (<2> _ Acle) el = AC (&) ull® — Calfu?” 2.3)

We take ¢ < %&1@7 since 2 < ¢ < 2*, choosing ||u|| = r small enough, we can obtain a
positive constant p such that I, (u) > p as ||u]| = r.
(ii) Choose a nonnegative function ¢; € C5°({2) with ||¢1] = 1.

By integrating (ms), we get

— M
M(t) <

—
~

0)

te = Cots forallt >ty > 0. (2.4)

Oql=

t

Moreover, from (f3), one has [, F'(z,t¢$1) > 0. Hence for t > t,, we obtain

t2 1~ 12" .
In(t$r) < 7/ |Agy |Pdx + =M (ﬁ/ |V¢1|2dm) - / % dx
2 Jo 2 Q 2* Jo

12 Cot? g .
< 5/ |Agy |2dx + 02 (/ |V¢1|2dx> -5 / ¢7 da
(7 (9 (7
2 Cote 2 .
< - - dz. 25
=5 + 9 o /(g¢1 € (2.5)

The fact that max(2,2/0) < 2*, the assertion (ii) is proved by choosing e = t.¢; with
t. > 0 large enough. [
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From Lemma 2.1, using a version of the Mountain Pass theorem due to Ambrosetti and
Rabinowitz [6], without (PS) condition (see [27]), there exists a sequence (u,) C H such
that

In(up) — ¢ and I (up,) — 0,
where

, = inf Li((1)) > 0, 26
¢ = Inf max A((1)) > (2.6)

with
I ={y € C([0,1], H) : 7(0) = 0, I,((1)) < 0}.

Let S, be the best positive constant of the Sobolev embedding H < L2 () given by

S, = inf{||u2 cu € H, / lu? dz = 1} . 2.7
2

Lemma 2.2. Suppose that (m;), (msg) and (f1)—(f3) hold. Then there exists A« > 0 such
N
that ¢, € (O, (é — %) SA )forall)\ > )\,

Proof. For the nonnegative function e given in (ii) of Lemma 2.1, we have lim;_. 1 o, I)(te)
= —00, then there exists ¢, > 0 such that

In(tre) = gl;g{[,\(te).
Therefore
t>\/ |Ae|2dx—|—M(t?\/ |Ve|2dx>/t)\|Ve|2dx
I7; 2 2
:)\/ f(gc,t)\e)edx—l—ti**l/ le|? d.
7 0

By (m2) and (f3) it follows that
ti*/ e¥dr < /\t,\/ f(z,txe)edx—kti*/ e dx
2 2 2

:ti/ |Ae|2d:r—|—M<t§/ |Ve|2dm)/t§\|Ve|2dx

0 0 0
1~

<t3 | |Ae*+-M (/ t§|ve|2dx>. (2.8)

2 g 2

Hence, from (2.4), we obtain

X N C . 1/o0
t2 / e? dr < ti/ | Ae)? + —Oti/ (/ |Ve|2dx> ,  withty > to.
2 2 g 2
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Since 2* > max(2,2/0), (t) is bounded. So, there exists a sequence A, — +oo and so > 0
such that ¢y, — sg as n — oco. Hence, there exists C' > 0 such that

C " 1/o
t?\n / \A6|2 + —Ot?\/ </ |V62d:17> < C forall n,
Q g o Q
that is,
Antx, / [z, ty, e)edr + t?\n / e*'dr < C forall n.
? 7]
If sg > 0, the last inequality implies that
Anta, / f(z,tx, e)edr + t?\ / e dr — 400 < O, asn — oo,
2 Q

which is impossible, and consequently, so = 0. Let v.(t) = te for t € [0, 1]. Clearly v, € T,
thus

t3 1—
0 < o <maxIy(v«(t)) = Ix(tre) < —’\/ |Ae|> + =M <t§\/ |Ve|2dac> .
t>0 2 0 2 0

Since ¢y, — Oand (3 — L) (mS.) ¥ > 0, for A > 0 sufficiently large, we have

t2 1~ 11\ x
2 e+ =M t2/V2d e
2/Q| . 2 <A Q| ofde ) < 62 )%

and hence

Proof of Theorem 1.1. By Lemmas 2.1 and 2.2, there exists a sequence (u,,) C H such that
I\(uy) — ¢ and  Ij(u,) — 0, (2.9)

N
with ¢, € (O, (% - 2%) S, ) for A > A.. Then, there exists C' > 0 such that |I(u,)| < C
and by (f3) for n large enough, it follows from (m; ) and (m,) that

1
C+ unll = In(un) — 5<I§(un),un>

1 1 o 1
> (L1 2 o 1 2
> (2 9)/9|Aun| dx + (2 0) mo/Q|Vun| dx
. 1 1 o 1
min [(2 — 9) , (2 — 9> mo} ]| (2.10)

Since § > max(2,2/0), (uy) is bounded. Hence, up to a subsequence, we may assume that

Y

u, —u weakly in H?(£2) N Hg (1),
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U, — u a.e.in {2,
un, —u in L°(2), 1 <s< 2%, (2.11)
| Auy, |* — p (weak*—sense of measures)

lun|?" — v (weak*—sense of measures),

where 1 and v are nonnegative bounded measures on £2. Then, by concentration-compactness
principle due to Lions [23], there exists some at most countable index set J such that

v=lul* + Zvjérj , v >0,
JjEJ
p2 | Ml + Y psbe,, g >0, (2.12)
jeJ
2/2*
S*Vj/ <y,

where 4, is the Dirac measure mass at z; € £2.
For ¢ > 0 and j € J, define a function ¥ (z) € C§° such that 0 < 9J <1,

; 1 if |Jz—xj]<e
() = j
e () {O if |z —xj| > 2e, (2.13)

|V)i|oo < 2/e and | Al | < 2/£2.

Since I} (uy,) — 0 and (¢)Zu,,) is bounded, (I} (uy), ¥Iu,) — 0as n — oo, that is

/ | Ay |?pdr + / Auy, (2Vu, Vlde + u, AYl) do
2 2

+ M </ |Vu,,,|2d:£> </ unVunvwgdas—F/ ¢g|Vun|2das)
Q Q 10
— )\/ f(x,un)unwgdz+/ [un|? Yldz 4 0, (1). (2.14)
Q 10

Note that

IV (un = u)[[ 20y = — /Q(un —u)A(up — u)de < |un — ull[Jun — ullL2(0),
then, (2.11) implies

Vu, — Vu inL?(2). (2.15)

Now, by Vitali’s theorem we get

n—oo

lim [ |u, V! |de = / |uVepl|?dr  and
2 2

lim / |unA1/)g|2da::/ luAy?|?da.



Solutions to Kirchhoff equations with critical exponent 145

In what follows, the letter C' will be indiscriminately used to denote various constants. By

Holder’s inequality, we obtain
1 1
2 . 2
< lim sup (/ Vun|2> (/ |un2|V1/)g|2dx)
n— 00 (9} 2
%
<c( [ wevvipa)
Q
1 a1
N 2%
C / (V! |N da / lu|? dz
B(I]‘,E) B(Ij,E)
1
X
<C / lul? da — 0,
B(x,€) e=0

“ lmsup ( / Aunﬁ) ( / |wn2wz|2dx)
n—o0 0 (9]

lim sup

n—oo

/ Uy Vi, VP! de
2

IN

and similarly, we have

/ Au, Vu, Vil d

</ |Vu|? |Vw3|2dx>

( |w;g’Ndx> </ vu|2*d:c>
B(IJ75 B(wjva)

1
!
|Vu|2*dx> — 0,
e—0

lim sup
n—oo

<C
B(fj
an
3 3
lim sup / Uy Ay, Apd dz| < lim sup (/ |Aun|2) (/ |un|2|Awg|2dm‘)
n—00 0 n—00 0 2

< 0< / |u|2|Awg|2dx)
2

<C (/ |A¢g|¥dx> </ |u|2*dx>
B(IJ7E) B(aijﬁ)

<cC / |U,‘2*daj — 0.
B(xj.e) €0

lim { lim / (Aun(QVunvwg 4 Uy AY?) + Uy Vu, Vap? + wg\VunP) dx}
Q

e—0 [n—oo

=0. (2.16)

2
N

It follows that
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On the other hand, from (2.11) we have
flx,up)u, — f(z,u)u  ae.in 2,

u, — u strongly in L?(£2) and in L9(£2). By (m;) and (mg), for any € > 0 there exists
C. > 0 such that

|f(z,t)] <elt| + Cc|t|9! forall (z,t) € 2 x R, (2.17)
thus
|f (@, un)un| < elun|® + Celun|.

This is what we need to apply Vitali’s theorem, which yields

lim f(z,up)upde —/ Sz, u)udx.

n— oo 0

Since 1/12 has compact support, from (2.11), (2.14) and (2.16) we deduce

1

3 3%
/ Yldpy < C / lu|?" dz +C / |Vu|? da
0 B(xj,e) B(xzj,e)

+/ |Vu|2dx—|—)\/ f(x,u)udx—i—/ Yldy,
B(xj,e) B(zj,e) ]

letting € — 0, we get

N
St <. (2.18)
Now, we shall prove that the above expression cannot occur, and therefore the set J is

N
empty. Indeed, arguing by contradiction, let us suppose that S,* < v;, for some jo € J.
Then, from the fact that

ce = In(un) — %(I&(un),uﬁ + on(1),

we obtain

1 1 .
> - 2
Cyx > (9 2*> /Q|un| dz + 0,(1)
(; - 21*> /Qlﬁilunlydwon(l).

%
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Letting n — oo, we obtain

1 1 ,
Cx 2 (9 - 2*) Zd’g(%’)l’j

jeJ

1 1 1 1 N
= (- = > (- — )82
(9 2*)2”“(9 2*)5

jeJ

which contradicts Lemma 2.2. This implies that J = (} and it follows that u,, — w in L?" (£2).
The relation (2.17) implies that

/ |f (2, un) (un — w)|dz < / (elun| + Celun|7") un — uldz
7 7

<e (/ |un|2dx) (/ |t — u|2dm>
Q o
+C. (/ |un|qu) ' (/ |t — u|qu) ' )
7 7}

and using again (2.11), we get

lim [ f(z,up)(u, —u)dx = 0. (2.19)

n—oo n

Since u,, — uin L?" (£2), we see that

220 (up — u)dz = 0. (2.20)

lim [t |

From (I} (uy), un, — u) = 0,(1), we deduce that

/Q Aup A(uy —u)de + M (/Q |Vun2dx>/g Vu,V(uy, —u)
— )\/Q flz,un)(un — u)de — /Q un |> "2t (up — u)da
on(1).

<I§\(un),un - u>

By continuity of M, (2.15), (2.19) and (2.20) we have

lim | Au,A(u, —u)dz =0.

n—oo 0

In the same way, we obtain

lim | AuA(u, —u)dx = 0.

n—oo 0
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Taking into account (2.15), we conclude that ||u,|| — ||u||. By the uniform convexity of H,
it follows that u,, — wu strongly in H, and hence

L(u)=0 and I\(u) =c.#0.
The proof of Theorem 1.1 is complete. [
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