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Abstract.  In this paper we study the transfer of the property of Hopfian modules between
the right R-module M r and some of its extension classes. Namely, under certain conditions,
we show that: Mg is a Hopfian right R-module if and only if the skew generalized power
series module [[MSS]] is a Hopfian right [[RS,S , wH -module.
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1. INTRODUCTION

Throughout this paper R denotes an associative ring not necessarily commutative with the
identity and Mg, a unitary right R-module. As it has been noted by Hiremath [3], the concept
of Hopfian groups was introduced by Baumslag [1]. In fact, the study of endomorphism rings
of various rings and modules has been a topic of keen interest since the end of the nineteen
sixties when injectivity and its variants began to flourish. In 1986, Hiremath introduced the
concept of the Hopfian module as follows: A right R-module Mp, is called Hopfian if any
surjective endomorphism of Mg is an isomorphism. The term “Hopfian” is said to be in honor
of Heinz Hopf and his use of the concept of the Hopfian group in his work on fundamental
groups of surfaces. Any noetherian module is Hopfian and if R is a right noetherian ring, then

* Corresponding author at: Department of Mathematics and Statistics, Faculty of Science, Taif University, Taif,
El-Haweiah, Saudi Arabia.

E-mail addresses: refaat_salem @cic-cairo.com (R. Salem), m_farahat79 @yahoo.com (M. Farahat),
hanan_abdelmalk @yahoo.com (H. Abd-Elmalk).

Peer review under responsibility of King Saud University.

FLSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.ajmsc.2015.06.003
1319-5166 (© 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.ajmsc.2015.06.003&domain=pdf
mailto:refaat_salem@cic-cairo.com
mailto:m_farahat79@yahoo.com
mailto:hanan_abdelmalk@yahoo.com
http://dx.doi.org/10.1016/j.ajmsc.2015.06.003
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Skew generalized power series Hopfian modules 183

every finitely generated R-module is a Hopfian module. Also, a simple ring is Hopfian, since
the kernel of any endomorphism is an ideal, which is necessarily zero in a simple ring.

The module Rp is Hopfian if and only if R is a directly finite ring. Symmetrically, these
two are also equivalent to the left R-module g R being Hopfian. The full linear ring End p (V)
of a countable dimensional vector space is a Hopfian ring which is not Hopfian as a module,
since it only has three ideals, but it is not directly finite.

Varadarajan [5,6] showed that the right R-module My is Hopfian if and only if the right
R[z]-module M [z] is Hopfian.

The motivation of this paper is to investigate how the property of Hopfian modules behaves
under passage to the skew generalized power series modules.

2. HOPFIAN MODULES OVER SKEW GENERALIZED POWER SERIES RINGS

In this section we extend the results of [9] to the skew generalized power series modules.

Let (S, <) be an ordered commutative monoid. Unless stated otherwise, the operation of
S will be denoted additively, and the identity element by 0. Recall that (S, <) is artinian if
every strictly decreasing sequence of elements of .S is finite and that (.S, <) is narrow if every
subset of pairwise order-incomparable elements of S is finite. The following construction is
due to Zhongkui [10]:

Let (5, <) be a strictly ordered monoid (that is, if s, sl,t € Sand s < sl, then s +t <
s +1),Ra ring and w : S — End (R) a monoid homomorphism. Consider the set
A = [[R%=,w]] of all maps f : S — R whose support (supp (f) = {s € S| f (s) # 0})
is artinian and narrow.

Forevery s € Sand f,g € A, let

Xs (f,9) ={(u,v) € Sx S|u+v=s;f(u)#0,g9(v)#0}.

It follows from ([4], 4.1) that X (f, g) is a finite set.
This fact allows us to define the operation of multiplication (convolution) as follows:

(fo )= > fw(gw),

(w,v)€Xs(f.9)

and (fg)(s) = 0if X;(f,9) = ¢. With this operation and pointwise addition A =
[[R%=,w]] becomes a ring, which is called the ring of skew generalized power series with
coefficients in R and exponents in S.

In [8], Zhao and Jiao generalized this construction to obtain the skew generalized power
series modules over skew generalized power series rings, as follows:

Let Mg be aright R-module, let B be the set of all maps ¢ : S — M such that supp(¢)
= {s € S |p(s) # 0} is artinian and narrow. With pointwise addition, B = [[M*<]] is an
abelian additive group. For each f € A = [[R%=,w|| and ¢ € B, the set

Xo (@, f) ={(w,0) € S x Sutv=s70(u) #0, f(v) # 0}

is finite (see [9], Lemma 1). This allows us to define the scalar multiplication of the elements
of B by scalars from A as follows:

HE = Y e@w.f©),

(w,v)eXs (v, f)
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and (¢f) (s) = 0if X, (¢, f) = ¢. With this operation and pointwise addition, one can eas-
ily show that B is a right A-module, which is called the module of skew generalized power
series with coefficients in M/ and exponents in S.

For every s € S if we set w(s) = Idg € Aut(R) C End(R), the identity map of R,
then A = [[R%=,w]|] = [[R®=]] is the ring of generalized power series in the sense of
Ribenboim [4] and B = [[M®=]] is the untwisted module of generalized power series in
the sense of [7].

For any r € R we associated the map ¢, € A defined by:

() = r, ifx =0,
=0, ifz#0.
For any m € M and s € S, we define a map d;, € B by:

ifx =s,

S _ m,
dn (@) = {0, if % 5.

If (S, <) is a strictly totally ordered monoid, then supp (f) is a nonempty well-ordered
subset of S, for every 0 # f € A, and we denote by 7(f) the smallest element of supp (f).
Also, supp () is a nonempty well-ordered subset of S, for every 0 # ¢ € B, and we denote
by 7(¢) the smallest element of supp ().

The following are required in the sequel.

Definition 1 (/2]). A monoid S is called finitely generated if there exists a finite subset
{s1,....sn} of Ssuchthat S = {>°" | k;s; |[k; > 0}.

Lemma 1 ([2]). If S is a finitely generated monoid, then every ideal of S is finitely
generated, so every strictly increasing sequence of ideals is finite.

The following lemma is crucial in developing the proof of the main result.

Lemma 2. Let (S, <) be a strictly totally ordered monoid which is finitely generated and
satisfies the condition that 0 < s for every s € S. Assume that ws (1) = 1 for each s € S.
Then 7 (a(p)) > m(p) where o« € End 4 (B) and 0 # ¢ € B.

Proof. For each element 2z € S, we denote by z the subset z+ = {z + y|y € S}. Set
s = m(a(p)) and t = 7(p). Suppose that s < ¢. Define ¢; € B via

Yi(z) = p(z +1).
Set o1 = ¢ — 1ep. If o1 = 0, then p = 1e;. Thus
a(p) = a(Pre) = a(ir)e;.

For any z € S with = < ¢, we have

(a(yr)ed) (@) = > o) (u) wu (e (v)) -

(uvv)EXw (a(wl);et)
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For each pair (u,v) € X, (a(t1),e:), we have z = v+ v < t. Then v < ¢t and v < t.
Thus e; (v) = 0 and (a(¢1)e:)(z) = 0. Hence 7 (a(¢01)er) > t. It follows that s > ¢, a
contradiction. So ¢1 # 0. Since ¢ = @1 + Y14, we have

a(p) = a(pr +vier) = aler) + a(yPr)e
It follows that
supp (a(p)) C supp (a(p1)) Usupp (a(¢1)er) .

If s € supp («(¢1)er), then s > w(a(ih1)er) > t, a contradiction with the assumption that
s < t. Thus s € supp (a(p1)).
Denote s; = 7 (a(¢1)) and t1 = 7 (¢1). Then s > s;. Since

e1(t) = (o — thre)(t)
= (1) — (Yred)(t)
= (t) — 1(0)wo (et (t))
= ¢(t) = Y1 (0)wo (1) = ¢(t) — 1¥1(0),
we have

e1(t) = ¢(t) —p(0+1t) = p(t) — p(t) = 0.

It is clear that t; > ¢. If t; € tT = {t + u|u € S}, then there exists u € S such that t; =
t 4+ w. Thus

0 # p1(t1) = (¢ — Yrer)(t1)
= @(t1) — (Yree)(t1)
= p(t1) — > V1 (y)wy (e (2))
(y,2) € Xty (1,et)
= (t1) — Y1 (w)wy (e (1))
= p(t1) — r(wwy (1) = p(t1) — 1 (u
= o(t1) —p(u+t) =p(t1) —p(t1) =

a contradiction. Hence t; ¢ t* andt,+S € t+S. Thent+S G (t4.S)U(t1 +S). Suppose
that for a positive integer n > 2, we have found 1,1, ...,9n—1,¥n—1 € B such that

)
0,

Yi(z) =@ic1(r+ti—1) and @, = ;o1 — Pier,
where

ti:ﬂ'((pi),t<t1 <o <t <t; and
tigttutfu---utl, foreachi=1,...,n— 1.

We set tg =t and ¢y = . Define ¥,, € B via

wn(-r) = Qpn—l(x + tn—l)-
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Let o, = @n_1 — ¥ney, .. Hence

p =116t + Poes, + -+ Uner, , + Pn.

If ¢, = 0, then

alp) = alr)e + a(ya)ey, + -+ a(Pn)er, -

Thus
n—1
supp () € | supp (a(¥it1)er,)
=0

which implies that there exists ¢ such that s = 7 (a(p)) € supp (®(t)i+1)es; ). Thus s >
7 (a(tiy1)er,) > t; > t, a contradiction. Now, suppose that ¢, # 0. Denote t,, = m(p,).
Since ¢, = pp_1 — Yneq, ,, we have
Pn, (tnfl) = Pn—-1 (tnfl) - (wnetn,l) (tnfl)
= Pn-1 (tnfl) - Z '(/}n(y)wy (etnf1 (z))

(1,2)€X 1, 1 (Ynset,_y)

= Pn-1 (tnfl) - ¢n (0) wo (etn,l (tnfl))
= Pn-1 (tnfl) - wn (0) wo (1) = Pn-1 (tnfl) - T;Z}n (0)
= Pn-1 (tn—l) — Pn—-1 (0 + tn—l) =0.

For any z € S with & < t,,_1 and for every (y, 2) € X, (¥n,€r,_,), wehavex =y + 2z <
tn—1.Theny < t,_1 and z < t,_1, and hence wy, (e, _, (2)) = wy (0) = 0. It follows that

Pn (‘T) = Pn—1 (17) - (/lljnetn—l) (I)
—0- Y ey (e () =00

(4,2)€Xa(Vnret,_, )
So 7 (pn) =ty > tp—1. Thus
t<ty < o <tp_1 <tn.
Suppose that t,, € t+ Ut] U--- Ut ;. Then there exists i such that

tn €4 4, tn €81, butt, €t

n—1»
Lett, = t; + v for some v € S. Then
(Pi(tn) = (wiJrleti + wi+26ti+1 +o 4+ wnetn—l + Lpn) (tn>
= (Yirrer,) (tn) + (Yir2er,,,) (tn) + -+ (ner, ) (tn) + ¢n (tn) .
Note that, since ¢,, € tj' and t,, & t;l, we see that

(Yitrer,) (tn) = Yiv1(V)wy (er, (t:)) = Piv1 (V) wy (1) = Yig1(v),
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and

(Vit2et,,,) (t) = > biva(Y)wy (er,,, (2)) = 0.

(y,2)€EX¢, (¢i+2’eti+1)
Thus
@i (tn) = Yig1(v) + @n(tn) = @i(v +t:) + on (tn) = @i (tn) + @nltn),

which implies that ¢,,(¢,) = 0, a contradiction. Hence t,, ¢ t* Ut] U--- Ut/ _,. Now, we
have the infinite strictly increasing sequence of ideals of S

t+SSE+S Ut +S)SH+S) Ut +S)U(ta+5) S
a contradiction with Lemma 1. Therefore s >¢t. N
Now, we are able to prove the main result of this paper.

Theorem 3. Suppose that (S, <) is a strictly totally ordered monoid which is finitely gener-
ated and satisfies the condition that 0 < s for every s € S. Assume that ws (1) = 1 for each
s € S. Then Mg is a Hopfian right R-module if and only if B 4 is a Hopfian right A-module.

Proof. Suppose that My, is a Hopfian right R-module. Let o : By — B4 be any surjec-
tive A-homomorphism. We want to prove that « is injective to be an isomorphism. Define
f: B — M via f (¢) = ¢ (0). Now, define h : Mr — Mg via h (m) = fa(d2).

(1) h is an R-homomorphism: For any m € M and r € R, we have

h(mr) = fa (dSM) = fa (d?ncr) =f (a (d?ncr))
= J(a(dy,) er) = (e (dy,) &) (0).

Since 0 < s for every s € S, we get Xo («(d2,), ¢;) = {(0,0)} and so
h(m ) ((dy,))(0)w (CT (0)) = (Oé(dgn))(o)wo(r)

(2) h is a surjective map: For any m € M, there exists 3 € B such that o (3) = dY, since «
is surjective. Let o) = 3 — d%(o). Then

$(0) = (8 = d0)(0) = B(0) — d0(0) = B(0) — B(0) = 0.
So 7 (1) > 0 and using Lemma 2, 7 (v (¢)) > 0. Hence

m = ( ) =a(8)(0)=a(¥+dyq) 0 = (a@)+a(dyg))©)
+a(d0)) 0) =0+ a () (0) = a (dq ) 0)
= fa (d%@) = h(3(0)).

Hence h is a surjective R-homomorphism which must be an isomorphism, since Mg is a
Hopfian right R-module. To prove that « is injective, let ¢ € B, be such that o () = 0.
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It follows that h (¢ (0)) = a(¢) (0) = 0. Then ¢ (0) = 0, since h is an R-isomorphism.
Suppose that © € S and for any v € S with v < u,p (v) = 0. We show that ¢ (u) = 0.
Define v € B4 via

o= {0 g

Thus (¢ — ) (s) = 0, for any s < u, and it follows that 7 (¢ —¢) > u. Using Lemma 2,
we have 7 (a (¢ — 9)) > u. Hence

a () (u) = a () (u) + 0 =a () (u) +a(e—1)(u)
a(+e—1)(u) =a(p)(u) =0.
Consider the following computation, for any s € S
(Bgea) = Xy @) ws (e W)
(z,y)EX s (dg(“),eu>

:d()() 0 (e ()

¢ (u) eu (s)
{go(), if s = u,
0 if s # w.

P(s).

It follows that ) = d w)Cu- Thus

hie () = fa (dgw)) =a (@) 0) = (a () e) @)
= a (den) (u) = a () (u) = 0,

which implies that ¢ (u) = 0, since h is an R-isomorphism. Hence ¢ (s) = 0 for any s € S,
and so ¢ = 0. Therefore « is an A-isomorphism and B4 is a Hopfian right A-module.

Conversely, suppose that B 4 is a Hopfian right A-module. Let h : Mr — Mg be any
surjective R-homomorphism. We want to prove that h is injective.

Define o« : B4 — Ba viaa(p)(s) = h(¢(s)) forany ¢ € B4 and s € S. We show
that «v is an A-isomorphism.

(1) ais an A-homomorphism: For any ¢ € B4, f € Aand s € S, we set

X1 =A{(uw,v) € Xs (¢, f) [h(p(u)) = a(p) (u) =0} and
Xa = {(u,v) € X (¢, f) [h (¢ (u)) = alp) (u) # 0}
Then clearly X5 = X (a(p), f). Consider the following computation, for any s € S

a(ef)(s) =h((ef)(s)) =h Yo v@wulf )

(u,0)EXs (0, f)

= Y he@)w )

(u,v)eXs (o, 1)
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= Y hlp@)en(f@)+ Y h(p@)wd(f ()

(u,v) (u,w)EX

u,v)eXy
—0+ Y hip)w (W)
(u,v)EXo
- Z a(e) (u)wy (f (v))
(u,v)EX s (a(p),f)

= (a(p)f) (s)-

Thus a (¢ f) = () f.
(2) «v is a surjective map: For any ¢ € B, and any s € supp (), there exists an element

ms € M such that h (ms) = 1 (s), since h is a surjective map.
Define §: S — M via

_ [ms, ifsesupp(v),
'B@{o, if 5 & supp (1)

Clearly, supp (8) C supp (¢), which implies that supp (/) is an artinian and narrow subset
of S and thus 3 € By.
If s € supp (), then

a(B)(s) = h(B(s)) =h(ms) =1 (s).
If s & supp (¢), then

Thus « (8) = 9. Hence « is a surjective A-homomorphism which must be an isomorphism,
since By is a Hopfian right A-module. To prove that & is injective, let m € M be such that
h(m) = 0. Then for any s € S,

0 L0 _ fh(d,(0)) =h(m)=0, ifs=0,
a(dy,) (s) = h(dy, (5)) = {h(o) — 0. if s # 0.
Thus « (d%) = 0 and so m = 0, since « is an A-isomorphism. Therefore h is an R-

isomorphism and Mp, is a Hopfian right R-module. W

If we set w (s) = Idg, for every s € S, we get the following result as a corollary.

Corollary 4 ([9]). Suppose that (S, <) is a strictly totally ordered monoid which is finitely
generated and satisfies the condition that 0 < s for every s € S. Then Mg, is a Hopfian right

R-module if and only if [[MSS]] (RS<)] is a Hopfian right [[RS’S]] -module.
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