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Abstract. We prove the existence of a solution to the system of nonlinear variational

inclusions problem. We provide examples of applications related to a coupled best

approximations theorem for multivalued mappings and a multivalued coupled coinci-

dence point.
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1. INTRODUCTION AND PRELIMINARIES

In the paper [12] Verma introduced the system of nonlinear variational inclusions
(SNVI) problem: finding (x0,y0) 2 H1 · H2 such that
0 2 Sðx0; y0Þ þMðx0Þ; 0 2 Tðx0; y0Þ þNðy0Þ; ð1Þ

where H1 and H2 are real Hilbert spaces, S: H1 · H2 fi H1, T: H1 · H2 fi H2 are map-
pings and M: H1 ! 2H1 , N: H2 ! 2H2 are multivalued mappings.

1. If M(Æ) = of(Æ) and N(Æ) = og(Æ) where of(Æ) is the subdifferential of a proper, convex
and lower semicontinuous functions f: H 1 ! R [ fþ1g and g: H 1 ! R [ fþ1g
then problem SNVI reduces to finding (x0,y0) 2 K1 · K2 such that
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hSðx0; y0Þ; x� x0i þ fðxÞ � fðx0ÞP 0 for all x 2 K1; ð2Þ
hTðx0; y0Þ; y� y0i þ gðxÞ � gðy0ÞP 0 for all y 2 K2; ð3Þ
where K1 and K2, respectively, are nonempty closed convex subsets of H1 and H2.
2. When MðxÞ ¼ @K1

ðxÞ and @K2
denote indicator functions of K1 and K2, respectively,

the SNVI problem (1) reduces to system of nonlinear variational inequalities prob-
lem: finding (x0,y0) 2 K1 · K2 such that
hSðx0; y0Þ; x� x0iP 0 for all x 2 K1; ð4Þ
hTðx0; y0Þ; y� y0iP 0 for all y 2 K2: ð5Þ
3. If H1 = H2 = X, S(x,y) = � F(x,y), T(x,y) = � F(y,x), M(x) = G(x), N(x) = G(x)
for all x,y 2 X then (1) reduces to finding (x0,y0) 2 X · X, such that
Fðx0; y0Þ 2 Gðx0Þ; Fðy0; x0Þ 2 Gðy0Þ; ð6Þ

which is a multivalued coupled coincidence point problem.

4. If G is a single-valued mapping and G(x) = {g(x)} for all x 2 X then (6) reduces to
finding (x0,y0) 2 X · X, such that
Fðx0; y0Þ ¼ gðx0Þ; Fðy0; x0Þ ¼ gðy0Þ; ð7Þ

which is known as a coupled coincidence point problem, considered by Lakshmi-
kantham and Ćirić [7].

5. If g is an identity mapping, then (7) is equivalent to finding (x0,y0) 2 X · X, such
that
Fðx0; y0Þ ¼ x0; Fðy0; x0Þ ¼ y0; ð8Þ

which is known as a coupled fixed point problem, considered by Bhaskar and
Lakshmikantham [3].

The aim of this paper is to obtain the results existence of a solution of SNVI prob-
lem (1) using the KKM technique.

We need the following definitions and results.
Let F:X( Y be a multivalued mapping from a set X into the power set of a set Y.

For A ˝ X, let F(A) = [ {F(x) : x 2 A}. For any B ˝ Y, the lower inverse and upper
inverse of B under F are defined by
F �ðBÞ ¼ fx 2 X : FðxÞ \ B – ;g and F þðBÞ ¼ fx 2 X : FðxÞ#Bg;

respectively.

A mapping F:X( Y is upper (lower) semicontinuous on X if and only if for every
open V ˝ Y, the set F+(V) (F�(V)) is open. A mapping F:X(Y is continuous if and
only if it is upper and lower semicontinuous. A mapping F:X(Y with compact values
is continuous if and only if F is a continuous mapping in the Hausdorff distance, see for
example [4].

Let X be a normed space. If A and B are nonempty subsets of X, we define
Aþ B ¼ faþ b : a 2 A; b 2 Bg and kAk ¼ inffkak : a 2 Ag:

We will use the notion a C-convex map for multivalued maps.
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Definition 1.1 (Borwein [5]). Let X and Y be real vector spaces, K a nonempty convex
subset of X and C is a cone in Y. A multivalued mapping F:K( Y is said to be
C-convex if,
kFðx1Þ þ ð1� kÞFðx2Þ � Fðkx1 þ ð1� kÞx2Þ þ C ð9Þ

for all x1,x2 2 K and all k 2 [0,1].

A mapping F is convex if it satisfies condition (9) with C= {0} (see for example,
Nikodem [8], Nikodem and Popa [9]). If F is a single-valued mapping, Y ¼ R and
C= [0, +1), we obtain the standard definition of convex functions. The convex mul-
tivalued mappings play an important role in convex analysis, economic theory and con-
vex optimization problems see for example [1,2,5,11].

Lemma 1.1 (Nikodem [8]). If a multivalued mapping F:K( Y is C-convex, then
k1Fðx1Þ þ � � � þ knFðxnÞ � Fðk1x1 þ � � � þ knxnÞ þ C; ð10Þ

for all n 2 N; x1; . . . ; xn 2 K and k1, . . . ,kn 2 [0,1] such that k1 + . . . + kn = 1.

From Lemma 1.1 we easily obtain the following lemma.

Lemma 1.2. Let K be a convex subset of normed space X if the multivalued mapping
F:K( X is convex, then
F
Xn
i¼1

kixi

 !
þ u

�����
����� 6

Xn
i¼1

kikFðxiÞ þ uk ð11Þ
for all n 2 N; x1; . . . ; xn 2 K; u 2 X and k1, . . . ,kn 2 [0,1] such that k1 + . . . + kn = 1.

Definition 1.2 (Prolla [10]). Let X be a normed space and C a nonempty convex subset
of X. A map g:C fi X is almost affine if for all x,y 2 C and u 2 C
kgðkxþ ð1� kÞyÞ � uk 6 kkgðxÞ � uk þ ð1� kÞkgðyÞ � uk

for each k with 0 < k < 1.

Remark 1.1. If F : K fi K is single valued and almost-affine mapping then the condi-
tion (11) holds.

Definition 1.3. Let K be a nonempty subset of a topological vector space X. A multi-
valued mapping H : K fi 2X is called a KKM mapping if, for every finite subset
{x1,x2, . . . ,xn} of K,
cofx1; x2; . . . ; xng �
[n
i¼1

HðxiÞ;
where co denotes the convex hull.
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Lemma 1.3 (Ky Fan [6], Lemma 1). Let X be a topological vector space, K be a non-
empty subset of X and H:K fi 2X a mapping with closed values and KKM mapping. If
H(x) is compact for at least one x 2 K then ˙x2KH(x) „ ;.
2. MAIN RESULT
Lemma 2.1. Let X be a normed space, K a nonempty convex compact subset of X,
S,T : K · K fi X continuous mappings and M,N : K fi 2X continuous convex mappings
with compact values. Then there exists (x0,y0) 2 K · K such that
kMðx0Þ þ Sðx0; y0Þk þ kNðy0Þ þ Tðx0; y0Þk
¼ inf
ðx;yÞ2K�K

fkMðxÞ þ Sðx0; y0Þk þ kNðyÞ þ Tðx0; y0Þkg:
Proof. Define a multivalued mapping H : K · K fi 2K · K by
Hðz; tÞ ¼ fðx; yÞ 2 K� K : jjMðxÞ þ Sðx; yÞjj þ jjNðyÞ þ Tðx; yÞÞjj
6 jjMðzÞ þ Sðx; yÞjj þ jjNðtÞ þ Tðx; yÞjjg for each ðz; tÞ 2 K� K:
We have that (z,t) 2 H(z,t), hence H(z,t) is nonempty for all (z,t) 2 K · K.

The mappings S,T,M and N are continuous and we have that H(z,t) is closed for
each (z,t) 2 K · K.

Since K · K is a compact set we have that H(z,t) is compact for each (z,t) 2 K · K.

Mapping H is a KKM map. Namely, suppose for any (zi,ti) 2 K · K, i 2 {1, . . . ,n},
there exists
ðz0; t0Þ 2 cofðz1; t1Þ; . . . ; ðzn; tnÞg; ð12Þ

such that
ðz0; t0Þ R
[n
i¼1

Hðzi; tiÞ: ð13Þ
From (12) we obtain that there exist ki P 0, i 2 {1, . . . ,n}, such that
ðz0; t0Þ ¼
Xn
i¼1

kiðzi; tiÞ and
Xn
i¼1

ki ¼ 1:
Since M is convex mapping, from Lemma 1.2, we have
kMðz0Þ þ Sðz0; t0Þk 6
Xn
i¼1

kikMðziÞ þ Sðz0; t0Þk:
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In a similar way, since N is convex mapping, we have
kNðt0Þ þ Tðz0; t0Þk 6
Xn
i¼1

kikNðtiÞ þ Tðz0; t0Þk:
In other hand, from (13) we obtain
kMðz0Þ þ Sðz0; t0Þk þ kNðt0Þ þ Tðz0; t0Þk > kMðziÞ þ Sðz0; t0Þk
þ kNðtiÞ þ Tðz0; t0Þk
for all i 2 {1, . . . ,n}. This is a contradiction andH is KKM mapping. From Lemma 1.3
it follows that there exists (x0,y0) 2 K · K such that
ðx0; y0Þ 2 Hðx; yÞ for all ðx; yÞ 2 K� K:
So,
kMðx0Þ þ Sðx0; y0Þk þ kNðy0Þ þ Tðx0; y0Þk
6 kMðxÞ þ Sðx0; y0Þk þ kNðyÞ þ Tðx0; y0Þk;
for all (x,y) 2 K · K. h

Applying Lemma 2.1, we have the following theorem on existence solutions the
SNVI problem (1).

Theorem 2.1. In addition to the hypotheses of Lemma 2.1 suppose that for every
(x,y) 2 K · K
0 2MðKÞ þ Sðx; yÞ and 0 2 NðKÞ þ Tðx; yÞ: ð14Þ

Then there exists (x0,y0) 2 K · K such that
0 2 Sðx0; y0Þ þMðx0Þ and 0 2 Tðx0; y0Þ þNðy0Þ:
Proof. From Lemma 2.1, we have that there exists (x0,y0) 2 K · K such that
kMðx0Þ þ Sðx0; y0Þk þ kNðy0Þ þ Tðx0; y0Þk
¼ inf
ðx;yÞ2K�K

fkMðxÞ þ Sðx0; y0Þk þ kNðyÞ þ Tðx0; y0Þkg:
From condition (14) we obtain that
inf
ðx;yÞ2K�K

fkMðxÞ þ Sðx0; y0Þk þ kNðyÞ þ Tðx0; y0Þkg ¼ 0;
so, we have
kMðx0Þ þ Sðx0; y0Þk þ kNðy0Þ þ Tðx0; y0Þk ¼ 0;
hence,
0 2Mðx0Þ þ Sðx0; y0Þ and 0 2 Nðy0Þ þ Tðx0; y0Þ:

h
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3. A COUPLED COINCIDENCE POINT

Applying Theorem 2.1, we have the following multivalued coupled coincidence point
theorem.

Theorem 3.1. Let X be a normed space, K a nonempty convex compact subset of X,
F : K · K fi X continuous mapping and G : K fi 2X continuous convex mapping with
compact values such that F(K · K) ˝ G(K). Then F and G have a multivalued coupled
coincidence point.

Proof. Put
Sðx; yÞ ¼ �Fðx; yÞ; Tðx; yÞ ¼ �Fðy; xÞ for x; y 2 K;

MðxÞ ¼ GðxÞ; NðyÞ ¼ GðyÞ for x; y 2 K:
Then S,T,M and N satisfy all of the requirements of Theorem 2.1. Therefore, there
exists (x0,y0) 2 K such that
0 2 �Fðx0; y0Þ þ Gðx0Þ and 0 2 �Fðy0; x0Þ þ Gðy0Þ

i.e.
Fðx0; y0Þ 2 Gðx0Þ and Fðy0; x0Þ 2 Gðy0Þ:

h

Corollary 3.1. Let X be a normed space, K a nonempty convex compact subset of
X, F : K · K fi X continuous mapping and g : K fi X continuous almost-affine mapping
such that F(K · K) ˝ g(K). Then F and g have a coupled coincidence point.

Proof. Let G(x) = {g(x)} and apply Theorem 3.1. h

Corollary 3.2. Let X be a normed space, K a nonempty convex compact subset of
X, F : K · K fi K continuous mapping. Then F has a coupled fixed point.

Proof. Let G(x) = {x} and apply Theorem 3.1. h
4. A COUPLED BEST APPROXIMATIONS

Theorem 4.1. Let X be a normed space, K a nonempty convex compact subset of X,
F : K · K fi X continuous mapping and G : K fi 2X continuous convex mapping with
compact values. Then there exists (x0,y0) 2 K · K such that
kGðx0Þ � Fðx0; y0Þk þ kGðy0Þ � Fðy0; x0Þk
¼ inf
ðx;yÞ2K�K

fkGðxÞ � Fðx0; y0Þk þ kGðyÞ � Fðy0; x0Þkg: ð15Þ
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Proof. Put
Sðx; yÞ ¼ �Fðx; yÞ; Tðx; yÞ ¼ �Fðy; xÞ for x;y 2 K;

MðxÞ ¼ GðxÞ; NðyÞ ¼ GðyÞ for x;y 2 K:
Then S,T,M and N satisfy all of the requirements of Lemma 2.1. Therefore, there exists
(x0,y0) 2 K · K such that (15) holds. h

Corollary 4.1. Let X be a normed space, K a nonempty convex compact subset of X,
F : K · K fi X continuous map and g : K fi X continuous almost-affine map. Then there
exists (x0, y0) 2 K · K such that
kgðx0Þ � Fðx0; y0Þk þ kgðy0Þ � Fðy0; x0Þk ¼ inf
ðx;yÞ2K�K

fkgðxÞ � Fðx0; y0Þk

þ kgðyÞ � Fðy0; x0Þkg:
Corollary 4.2. Let X be a normed space, K a nonempty convex compact subset of X,
F : K · K fi X continuous mapping. Then there exists (x0,y0) 2 K · K such that
kx0 � Fðx0; y0Þk þ ky0 � Fðy0; x0Þk ¼ inf
ðx;yÞ2K�K

fkx� Fðx0; y0Þk þ ky� Fðy0; x0Þkg:

ð16Þ
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