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Abstract. By means of two fixed-point theorems on a cone in Banach spaces, some exis-
tence and multiplicity results of positive solutions of a nonlinear fractional differential equa-
tion boundary value problem are obtained. The proofs are based upon some properties of
Green’s function, which are also the key of the paper.
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1. INTRODUCTION

The purpose of this paper is to consider the existence and multiplicity of positive solutions
of the nonlinear fractional differential equation boundary value problem (BVP for short):

D ult) = a(t)(tu(t)), 0<1<1,
u(0) =u'(0) =0, u(1) =" Fu(&). @

where D, is the Riemann-Liouville differential operator of order 2 < a < 3and m > 1is
integer and &, 0: >0, f(-,-),a(-) satisfying

HD) B >0for1 <i<m,0<& <& < <& <land 3 B! <1,

(H2) a(t) € L[0,1] is non-negative and not identically zero on any compact subset of
(0,1), f:10,1] x [0,400) — [0, +00) is continuous.
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Fractional calculus arises in many mathematical models in engineering and scientific dis-
ciplines. In fact, fractional-order models are more accurate than integer-order models in
physics, mechanics, chemistry, aerodynamics, etc., see [3,6,7,5]. During the last few decades,
many papers and books on fractional calculus are devoted to the solvability of initial frac-
tional differential equations, see [12,1,9]. In recent years, many researchers focused on the
solutions, especially the positive solutions of fractional differential equation boundary value
problems, we refer to [4,2] and their references.

Very recently, the following BVP

Dgu(t) = a(t) f(t,u(t),u'(t), 0<t<1,

m

u(0) =/(0) =0, u(1) =Y fu(&) =X @

where 2 < a < 3, has been studied in [11]. By employing the Leggett—Williams fixed-point
theorem, the author in [11] obtained the existence of three positive solutions for BVP (2). He
proved the following conclusion (a key lemma, which is about some properties of Green’s
function G(t, s) corresponding to BVP (2) and these properties are critical in employing the
Leggett—Williams fixed-point theorem).

Conclusion (See [11], Lemma 5). G(t, s) satisfies the following conditions:

(i) G(t,s) > 0, G(t,s) < G(s,s) forall s,t € [0,1];

(ii) there exists a positive function g € C(0,1) such that min,<;<s G(t,s) > g(s)
G(s,s),s € (0,1),where 0 < v < < 1 and

6&—1(1 _ S)a—l _ ((S _ S)a—l

5 s € (0,m1]7
Sa—l 1 — s a—1
go)=9 s
(%) ) s € [mq,1),
where v < m; < 6;1
(lll) maxogtgl fO G(t, S)dS = %.
We show that G(t, s) mentioned above is
el (t— s, 0<s<t<l,

a—1
Glt,s) = —— {’5 (1-s 3)

Tla) t* 11—s)"t, 0<t<s<l,
where 2 < o < 3.
In the proof of Lemma 5 in [11], the author concludes that for 2 < a < 3,

T()G(t,s) =t* 11— )"t — (t — )
is decreasing with respect to ¢ for ¢t > s. But, we declare that the conclusion is wrong because
if we choose a = 3, s = %, then for 1 <t < 1, it is obvious that

1

T()G(t,s) =t 11 —s)*t —(t—s)* ! = Z(—?)tz +4t —1)

is increasing in [%, %] and decreasing in [%, 1]. Thus (i) cannot be obtained, hence (ii) and (iii)

are all invalid since their proofs are based upon (i). We refer to [11] for more details. In fact,
the conclusions above are definitely wrong.
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Coincidentally, the same mistake has appeared in [13], where the following BVP was
studied,

Dg.a(t) = qt)f(tx(t)), 0<t<1, )
2(0) = 2'(0) =a"(0) =+ =" 20 =0, 2(1) =} Fa(), @

where n — 1 < o« < nand n > 2. The expression of Green’s function corresponding to BVP
(4) is the same as (3), the only difference is that n — 1 < a < n and n > 2. The author also
concluded that G(t, s) is decreasing with respect to ¢ for ¢ > s and increasing with respect to
t for t < s. Unfortunately, we can also verify that this conclusion is wrong.

In this paper, we will give some proper properties of Green’s function G(¢,s) in
Lemma 2.2 which are also the key of the paper. We believe BVP (2) and BVP (4) can be
restudied based upon the proper properties of G(t, s).

The paper is organized as follows. After this section, some definitions and lemmas will be
established in Section 2. In Section 3, we give our main results in Theorems 3.1 and 3.2.

2. PRELIMINARIES

For convenience, we present some necessary definitions from fractional calculus the-
ory and lemmas. We also state two fixed-point theorems due to Guo—Krasnosel’skii and
Leggett—Williams.

Definition 2.1 (///]). Let f € L*(R™). The Riemann-Liouville fractional integral of order
a > 0 for f is defined as

B0 = [ 1009 as

where I'(+) is the Euler gamma function.

Definition 2.2 (///]). The Riemann-Liouville fractional derivative of order « > 0 for a
function f is defined as

NN B A S A (C) _
2590 gy (1) [ gt e

where the function f(-) has absolutely continuous derivatives up to order (n — 1) on R™.

Definition 2.3. Let (E, || - ||) be a Banach space. A non-empty closed convex set K C E is

said to be a cone if the following conditions are satisfied:
(1) ify € Kand A > 0, then \y € K;
(i)ify € Kand —y € K, theny = 0.

Definition 2.4. (E, || - ||) is a Banach space and K C E is a cone. The map 6 is said to be a
non-negative continuous concave function on cone K if § : K — [0, 00) is continuous and

Otz + (1 —t)y) > th(z) + (1 — t)6(y)

forany z,y € K and ¢ € [0, 1].
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Lemma 2.1 ([/1]). Let x € CT[0,1] = {x € C[0,1], z(t) > 0,t € [0,1]}. Then the

following BVP
Dgru(t) = a(O)f(t,x(t), 0<t<1,
u(0) = '(0) =0, u(l) = Zﬂiu(fz‘)
i=1

has a solution

u(t) = | G(t,s)a(s)f(s.x(s)ds +AY B | G(&s)als)f
0 = Jo

where A = 115,06 =31 3,67 < 1and G(t,s) is defined as in (3).

Lemma 2.2. G(t, s) has the following properties:
(i) For any (t,s) € [0,1] x [0,1], G(t, s) > 0.
(ii) Given s € [0,1], then for any t € [0, 1],

Sa—l(l _ S)a—l

G(t,s) < G(to,s) = ——ao
(@) [1 1 —s)a—2}

where tg = ——*—+ € [s,1).
1—(1—s)a—2

(s,2(s))dst* 1,

(iii) Given s € 0, 1], then for any t € [0,1], G(t, s) > p(t)G(to, s), where

(iv) Given s € [0,1], then for any t € [%,3], G(t,s) > £G(to, s).
Proof. (i) For any (¢, s) € [0,1] x [0,1], when s < ¢,

Glt,s) = %a) [ (1 — )2t — (¢ — )2 1]

— gt e = (1) 20

whent < s, G(t,s) = F(a)to‘ 1 —-s)2"t >0.
Now, we prove (ii). For a given s € [0, 1], when ¢ € [s, 1],

T(a)G(t,s) =t 11 —s)* 1 — (t —s5)*,
and thus,

<0

P@)GH(t.9) = o~ 1) 21— 9 = (1= 922 {50

)

t2t07
tSt07

&)
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where tg = ——=*—— € [s,1) (if s = 0, let to = lim,.g ——* 4= = 2=2). So
1—(1—s)a—2 1—(1—s)a—2
max G(t,s) = G(to, s).
te[s,1]

a—1

_17a—2
When ¢ € [0, s], since [1 —(1- s)ﬁ} < 1, we get by (3) that

T(a)G(t,s) =t 11 —s)* P <s* (1 —s)!

Sa—l(l _ S)a—l

- [1 —(1- s)i%ir_Z

= I'(a)G(to, $).

Above all, for a given s € [0, 1], we have G(¢, s) < G(tg, s) forany ¢ € [0, 1].
Next, we prove (iii). For a given s € [0, 1], when ¢ € (s, 1),

M@)G(tys) = (@ = D(a=2) [t (1 = s)* 7" = (t — )"
B (1-s)? 1
=(a—1)(a—-2) [ - ERERD

(t— ts)s—o

<0

)

which means that G(t, s) is concave about ¢ on [s, 1].
For any ¢ € [s, tg], by the concavity of G(¢, s), we have

Gits) G(to,s) — G(s, )

(t =)+ G(s,9)

o to — S
— G(s,s) — G(to, s) — G(s, S)s n G(to, s) — G(s,s)t. ©)
to—s to— s
a—1)\3—«
Since 2 < o < 3, we know 1 > (1 -—(1- s)m) and thus
a—1 a—1 2—a a—1
-9z [(1-a-93) " ] (1-0 -9,
then we get
- [(1- =95 ] (1- a- 95
ST =) = . >0,

(1- s)%
which means that

G(to,s) — G(s,s)

G(S,S) - tO — s

s> 0.

Then, for any ¢ € [s, to], by (6) we get

G(to, s) — G(s, s)s n G(to, s) — G(s,s)

G(t,s) > |G(s,s) — P Pa—
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— |(G(ta,9) = Gls,9) 1= + Gt s)| ¢
> G(ths)t
> Gto, s)t(1 —t). (N

For any ¢ € [to, 1], by the concavity of G(t, s), we have

G(to,s) — G(1,s)

G(t,s) > p— (t—1)+G(1,s)
G(to, s)
> lf%(lfﬂ
> G(tg, s)t(1 —t). (®)

From (7) and (8) we have
G(t,s) > G(to,s)t(1 —t) foranyt € [s,1]. )

On the other hand, let h(s) =1 — (1 — s)g%é — sem2 ,s € [0, 1]. It is not difficult to find
that " (s) < 0 and h(0) = h(1) = 0. Thus h(s) > 0 for any s € [0, 1], which means that

a—1

5 <1

(1 (- 3)3:5)“*2 -

Now, for ¢ € [0, s, by (3),

T'(a)G(t,s) =t 11 —s)*!
Z t2(1 _ S)a—l

Safl
> t3(1 —s)* ! — s
(1 —(1- s)m)
= I'()G(to, 5)t2. (10)
From (9) and (10), for a given s € [0, 1], we have
Gt.s) = p(t)G(to, ). teo0,1], an
where
£, 0<t<
p(t) = 12
Hl-1), g<t<l,

which proves (iii).

The result in (iv) is obvious since min, ¢, 31 p(t) = 15

1
1
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Lemma 2.3. If © € C(0, 1], then the solution u(t) of BVP (5) is non-negative and satisfies

Proof. Let x € CT[0,1], by Lemma 2.1, we have

1
u(t) = /o G(t,s)a(s)f(s ))ds + A ZB’ / (&, s)a(s )f(sw(s))dsta_l. (12)

From (i) of Lemma 2.2, we know G(t, s) > 0. Combining 7" | 3;£* ™' < 1 with the fact
that a(t) and f(¢,z(t)) are non-negative, we can easily get that u(¢) is non-negative by (12).
By (ii) of Lemma 2.2, we obtain that

Il = [ Gt (oo, (o) + 435, [ Gl o). 13
On the other hand, for any ¢ € [, 2], by (iv) of Lemma 2.2, we get
) = [ Gle ) o s+ 235 [ Gl a5 oo
> [ o, ate) .26
a3 / (€5 s)als) (s (o)) 1 )

/ Gto.s)a(s)f(s,a(s))ds + A Y / G, 5)a(s) f (5, 2(s))ds

| \/

1
16

1
> —
> lul, (14

which means that

In the paper, let E = C|0, 1] be endowed with the maximum norm ||u|| = maxg<i<1
lu(t)]. If u € E satisfies BVP (1) and w(t) > 0 for any ¢ € [0, 1], then w is called a non-
negative solution of BVP (1). If  is a non-negative solution of BVP (1) with ||u|| > 0, then
u is called a positive solution of BVP (1). Let P C E be defined as

then P is a cone in E.
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Define operator T : P — ([0, 1] as
= [ Gt a5, unas
0
m 1
+AY 5 [ Gl s)als) (s, ul)dst (15)
i=1 0

with G(t, s) defined in (3).
It is clear, from Lemma 2.1, that the fixed points of operator 7" in P coincide with the
non-negative solutions of BVP (1).

Lemma 2.4. T : P — P is completely continuous.

Proof. For each u € P, since G(t,s) > 0, by (15), one gets (T'w)(t) > 0 for any ¢ € [0, 1].
Using Lemma 2.3, we get T'(P) C P. The continuity of T is obvious since f : [0,1] X
[0,4+00) — [0, +00) is continuous.

Next, we show that 7" is uniformly bounded and equi-continuous.

Let D C P be bounded, which is to say there exists a positive constant ¢ > 0 such that
lul| < qforallu € D.Let k = max;e(o,1],ueo,q] f(t; ).

Firstly, for any u € D,

0 < (Tu)(t) = /0 Gt s)als) £ (5. u(s))ds
+A;ﬁzl G(gi’S)a(s)f(S,U(s))dst“—

1
Sk(/o G(to, s)a( dSJFAZﬁl/ (&, s)a(s)d >

Hence, T'(D) is uniformly bounded.
Secondly, for any ¢ > 0, since G(t, s) is uniformly continuous on [0, 1] x [0, 1] and ¢t*~*
is uniformly continuous on [0, 1], then there exists 77 > 0 such that for any ¢1,t2 € [0, 1],

when [t; — to| < 7, we have |G(t1,s) — G(ts, s)| < m and |97 — 157 <

. Then, for each u € D, one has

g
kAT, Bi [y G(&iss)a(s)ds

ITu(ty) — Tu(t)] = / (Gl(t1,5) — Glta, ))a(s) f (s, u(s))ds

-I-AZﬁi/ G(fiaS)Q(S)f(S,U(s))ds(t‘f_l —tg‘l)
/ |(G(t1,s) — G(t2,5))|a(s)kds
"‘AZ@/ G(&,s)a(s)kds|ty™r — 157

<e,

which means that T'(D) is equi-continuous.
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By means of the Arzela—Ascoli theorem, we know that 7' : P — P is compact, and thus
is completely continuous.

Theorem 2.1 ([8]). Let E be a Banach space and K C FE be a cone in E. Assume
2, and 25 are two bounded open balls of E at the origin with 21 C {X. Suppose
T : KN (R\2) — K is a completely continuous operator such that either

() |1Tul|| < |Jul| for any w € K N OSH and || Tul| > ||ul| for any w € K N OS2 or

(ii) [|Tu|| > ||ul| forany w € K N O and | Tu|| < ||ul| forany uw € K N 082 hold.
Then T has a fixed point in K N (\ (7).

Theorem 2.2 ([/0]). Let K be a cone in a Banach space X. Let K. = {x € K | ||z|| < ¢}.
0 is a non-negative continuous concave function on K with 0(x) < ||z|| for any » € K..
Let K(0,b,d) = {x € K|b < 0(x),]||z|| < d}. Suppose A : K. — K. is a completely
continuous operator and there exist constants 0 < a < b < d < ¢ such that

(cl) {z € K(6,b,d) | 6(x) > b} # 0 and 0(Ax) > b forany x € K(0,b,d);

(c2) |Az|| < aforany x € Kg;

(c3) (Az) > bforany x € K(0,b,c) with || Ax|| > d.

Then A has at least three fixed points 1,22 and x3 in K with ||z1]] < a,b < 0(x3),a <
lx3|| and 6(x3) < b.

3. MAIN RESULT

In this section, in order to establish some results of existence and multiplicity of positive
solutions for BVP (1), we will impose growth conditions on f which allow us to apply
Theorems 2.1 and 2.2.

Throughout this section, we shall use the following notations:

— (/0 G(tO,s)a(s)ds—kA;ﬂi/O G(fi,s)a(s)dg) :
N <ﬁ4 G (to, s)a(s)ds + AZ@' /; G(§i7s)a(8)ds> .

Theorem 3.1. Assume that there exist two positive constants ro > r1 > 0 such that
(Hl) f(t,u) < MTQfOI" any (tvu) € [Oa 1] X [077'2];
(H2) f(t,u) > 16Mry for any (t,u) € [0,1] x [0,71].
Then BVP (1) has at least one positive solution u € P with 1 < ||u|| < ra.

Proof. We divide the proof into two steps.
Step 1.Let £y = {u € E : ||u| < ri}.Forany u € P ()04}, we have 0 < u(s) < ry for
any s € [0, 1]. It follows from (H2) and (iv) of Lemma 2.2 that for ¢ € [, 3],

1

(Tu)(t) = [ Gt s)a(s)f(s,uls) d8+AZﬂz Gfu s)a(s)f (s, u(s))dst* ™!

0

16Mrq (/01 116G(to’ s)a(s)ds + (i)alAZBi /01 G(fi,S)CL(S)ds)

1= ull;

Y
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which means that
|Tu|| > ||u|| foranyu € PNof.

Step2.Let 5 = {u € E : ||u| < ro}. Forany u € P (0%, we have 0 < u(s) < ry for
any s € [0, 1]. It follows from (H1) and (ii) of Lemma 2.2 that for ¢ € [0, 1],

(Tu)(t) :/0 G(t,s)a(s)f(s,u(s))ds+AZﬁi/O G(&,s)a(s)f(s,u(s))dst™

Mr2</01G(to,) ds+AZﬁl/ (&, s)a(s)d )

=1y = |ull;

IN

which means that
ITu|| < ||u|| forany u € PN Ifs.

By (ii) of Theorem 2.1, we get that T has a fixed point v in P with 7y < ||u|| < ro, which
is also a positive solution of BVP (1).

Theorem 3.2. Assume that there exist three positive constants a,b,c with 0 < a < b < ¢
such that

(A1) f(t,u) < Maforany (t,u) € [0,1] x [0, al;

(A2) f(t,u) > 16Nb for any (t,u) € [i, %] x [b, c];

(A3) f(t,u) < Mcforany (t,u) € [0,1] x [0, c].

Then BVP (1) has at least one non-negative solution u, and two positive solutions us, us
in P with

a <a, b < i t)l,
trél[o)l(] (@] <a ter?%l?%] a0
a < max |u , min |u <b.

Bty 1]| 3(t)] t€[4’4]| 3(t)]

Proof. We will show that all conditions of Theorem 2.2 are satisfied.
Define a function 6 on cone P by

O(u) = min u(t),
te[1,%]

then @ is a non-negative continuous concave function on cone P. For any u € P,, it is obvious
that 0(u) < ||u|| and 0 < u(t) < ||lu|| < c. Thus by (A3) we have

|Tu|| = max (/ G(t,s)a(s)f(s,u(s))ds

t€[0,1]

+AZﬁz / (& s)als )f(s,U(S))dst“1>
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Me (/0 G(to, s)a(s)ds + A;ﬂi/o G(fi,S)d(S)ds)

IN

Hence T : P, — P, is completely continuous.

Firstly, we check condition (c1) of Theorem 2.2. We choose u(t) = b;”:, t € [0,1]. It is

easy to see that u(t) € P(6,b,c) and 6(u) = ¢ > b, which means that {P(6,b, ¢)|0(u) >
b} # 0. For any u € P(6,b,c), we have b < u(t) < cforany ¢ € [1, 3], so from assumption

(A2), we get that f(s,u(s)) > 16Nb, s € [L, 2]. Thus by (iv) of Lemma 2.2 we have

1
0(Tu) = mm}(/o G(t,s)a(s)f(s,u(s))ds

te[,2

- “Zﬂi/() G(&vS)G(S)f(&u(S))dst“‘l)

1t
> o [ 6t s, utonas
a—1 m 1
(1) AL s [ Gl
1 i
> IT: \ G(to, s)a(s)f(s,u(s))ds
a—1 m %
+(3) aXa [ e
=1 Y1
> lifi j G(to,s)a(s)lﬁNbds—FliﬁAZﬁi /j G(&;,8)a(s)16Nbds
=b.

(c2) of Theorem 2.2 is not difficult to proved by (Al).
(c3) is also obvious since d = ¢ and thus (c1) implies (c3) here.
By Theorem 2.2, T has at least three fixed points uy, ug, us in P with

max |ui(t)] < a, b< min |us(t)],
te[071]| 1(1)] i, ua(2)]
a < max |ug(t min |uz(t)] < b

te[0,1]| 3( )|a té[i%]| 3( )| )

which means BVP (1) has at least one non-negative solution u; and two positive solutions
U, U3.

REFERENCES

[1] R.P. Agarwal, M. Benchohra, S. Hamani, A survey on existence results for boundary value problems of
nonlinear fractional differential equations and inclusions, Acta Appl. Math. 109 (2010) 973-1033.

[2] Zhanbing Bai, L. Haishen, Positive solutions for boundary value problem of nonlinear fractional differential
equation, J. Math. Anal. Appl. 311 (2005) 495-505.


http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref1
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref2

236 D.-x. Ma

[3] AM.A. El-Sayed, Nonlinear functional differential equations of arbitrary orders, Nonlinear Anal. 33 (1998)

181-186.
[4] Dagqing Jiang, Chengjun Yuan, The positive properties of the Green function for Dirichlet-type boundary value

problem of nonlinear fractional differential equations and its application, Nonlinear Analysis TMA 72 (2010)

710-719.
[5] A.A.Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Differential Equations North-

Holland Mathematics Studies, vol. 204, Elsevier Science B.V., Amsterdam, 2006.
[6] A.A. Kilbas, J.J. Trujillo, Differential equations of fractional order: methods, results and problems I, Appl.
Anal. 78 (2001) 153-192.
[7]1 A.A. Kilbas, J.J. Trujillo, Differential equations of fractional order: methods, results and problems II, Appl.
Anal. 81 (2002) 435-493.
[8] M.A. Krasnoselskii, Positive Solutions of Operator Equations, Noordhoff, Groningen, 1964.
[9] V. Lakshmikantham, A.S. Vatsala, Basic theory of fractional differential equations, Nonlinear Analysis TMA
69 (2008) 2677-2682.
[10] R.W. Leggett, L.R. Williams, Multiple positive fixed points of nonlinear operators on ordered Banach spaces,
Indiana Univ. Math. J. 28 (1979) 673-688.
[11] Nemat Nyamoradi, Existence of solutions for multi-point boundary value problems for fractional differential
equations, Arab J. Math. Sci. 18 (2012) 165-175.
[12] I. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering, Academic Press, New
York, 1999.
[13] Hussein A.H. Salem, On the fractional order m-point boundary value problem in reflexive Banach spaces and
weak topologies, J. Comput. Appl. Math. 224 (2009) 565-572.


http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref3
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref4
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref5
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref6
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref7
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref8
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref9
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref10
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref11
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref12
http://refhub.elsevier.com/S1319-5166(15)00002-X/sbref13

	Positive solutions of multi-point boundary value problem of fractional differential equation
	Introduction
	Preliminaries
	Main result
	References


