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Abstract. In this paper we consider, discuss, improve and generalize recent fixed point
results for mappings in b-metric, rectangular metric and b-rectangular metric spaces estab-
lished by Pukic et al. (2011), George and Rajagopalan (2013) and Roshan et al. (2015). Also,
we prove a Geraghty type theorem in the setting of b-metric spaces as well as a Boyd—Wong
type theorem in the framework of b-rectangular metric spaces, in both cases, without using
Hausdorff assumption. One example is given to support the results.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that the Banach contraction principle [5] is a fundamental result in the
fixed point theory, which has been used and extended in many different directions. Also,
there are several generalizations of usual metric spaces. Three well known generalizations of
(usual) metric spaces are b-metric spaces [4,7] or metric type spaces—MTS by some authors
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[22,15,19,28], generalized metric spaces (g.m.s.) [6] or rectangular metric spaces [9,12,16,
17,21] and rectangular b-metric space [11] or a b-generalized metric space (b-g.m.s.) [26].
The following definitions are consistent with [4,7,6] and [11,26], respectively:

Definition 1.1 (/4,7]). Let X be a (nonempty) set and s > 1 be a given real number. A func-
tiond : X x X — [0,00) is a b-metric on X if, for all z,y, 2z € X, the following conditions
hold:

(bl) d(z,y) = 0if and only if x = y,

(b2) d(z,y) =d(y,2),

(b3) d(x,z) < s[d(x,y) + d(y, 2)] (b-triangular inequality).

In this case, the pair (X, d) is called a b-metric space (metric type space).

Further, for all definitions of notions as b-convergence, b-completeness, b-Cauchy in the
setting of b-metric spaces see [1,4,7,8,3,22,14,15,19,20,23,24,27].

Definition 1.2 (/6]). Let X be a nonempty set, and let d : X x X — [0, 00) be a mapping
such that for all z, y € X and all distinct points u, v € X, each distinct from = and y:
(r]) d(x,y) = 0if and only if z = y,
(2) d(z,y) = d(y,z),
(3) d(z,y) < d(z,u) +d(u,v) + d (v, y) (rectangular inequality).
)

Then (X, d) is called a rectangular or generalized metric spaces (g.m.s.).

For all definitions of notions regarding this new class of generalized metric spaces see
[6,9,10,12,16,17,21,26] and references in [17].

Definition 1.3 (//1,26,18]). Let X be a nonempty set, s > 1 be a given real number and let
d: X x X — [0,00) be a mapping such that for all 2,y € X and distinct points u, v € X,
each distinct from x and y:

(b1) d (x,y) = 0 if and only if x = y,

(b2) d (z,y) = d(y, ),

@3) d (z,y) < sld(z,u) + d(u,v) + d (v, y)] (b-rectangular inequality).

Then (X,d) is called a b-rectangular metric space or a b-generalized metric space
(b-g.m.s.).

Note that every metric space is a rectangular metric space (g.m.s.) and every rectangular
metric space is a rectangular b-metric space (with coefficient s = 1). However the converse
is not necessarily true ([11], Examples 2.4. and 2.5.). Also, every metric space is a b-metric
space (metric type space) and every b-metric space is a b-rectangular metric space.

Note also that every b-metric space with coefficient s is a b-rectangular metric space with
coefficient s2 but the converse is not necessarily true ([11], Examples 2.7).

Hence we have the following diagram

metric spaces  — b-metric spaces

’ rectangular metric spaces ‘ — ’ b-rectangular metric spaces ‘

where arrows stand for inclusions. The inverse inclusions do not hold.
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Note that the limit of a sequence in a b-rectangular metric space (the same as in a
rectangular metric space (g.m.s.)) is not necessarily unique and also every rectangular metric
convergent sequence in a b-rectangular metric space is not necessarily b-rectangular metric
space-Cauchy ([11], Examples 2.7).

The following four crucial lemmas are useful in proving all main results in [27] and [26]
(see also [25]):

Lemma 1.1 (/27], Lemma 1.6). Let (X, d) be a b-metric space with s > 1, and suppose that
{zn} and {y,} are b-convergent to x,y, respectively. Then we have

1
—d (z,y) <liminfd (z,,y,) < limsupd (z,,yn) < sd (z,y), (1.1)

52 n—oo n— oo
in particular, if x =y, then we have lim,,_. oo d (x,,y,) = 0. Moreover, for each z € X, we

have,

1
gd (z,2) <liminfd(x,,2) <limsupd (z,,2) < sd(z, 2) . (1.2)

n—oo n—oo

Lemma 1.2 ([27], Lemma 1.7). Let (X, d) be a b-metric space with s > 1 and let {z,, } be a
sequence in X such that

lim d(zp,Tn41) = 0. (1.3)

n—oo

If {xn} is not a b-Cauchy sequence, then there exist ¢ > 0 and two sequences {m (k)} and
{n (k)} of positive integers such that for the following four sequences

A (Tm)> Tnik)) > & (Tim(e)s Tuk)+1) > & (Tm@e) 41, Tn(r))  and

(1.4)

A (Tr(k)+1> Tr(k)41) 5
it holds:

e <liminfd (xm(k),xn(k)) < limsupd (xm(k),xn(k)) < sg, (1.5)
g < liminfd (xm(k),xn(k)_,_l) < limsupd (xm(k), xn(kH_l) < s, (1.6)
z < liminfd (xm(k)_,_hmn(k)) < limsupd (xm(k)_H, acn(k)) < s, 1.7)
€ L. .
2 < lhfggfd (T (k)+15 Tn(r) 1) < hgljolipd (T 1> Tnky+1) < 8% (1.8)

Lemma 1.3 ([26], Lemma I). Let (X, d) be a b-g.m.s. with s > 1 and let {x,, } be a Cauchy
sequence in X such that x,, # x,, whenever n # m. Then {x,,} can converge to at most one
point.

Lemma 1.4 ([26], Lemma 2). Let (X,d) be a b-g.m.s. with s > 1.
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(a) Suppose that sequences {x,,} and {y,} in X are such that x,, — x and y, — y as
n — 0o, with x # vy, and x,, # x,y, # yfor n € N. Then we have

1

—d(z,y) <lminfd (z,,y,) <limsupd (z,,yn) < sd(z,y). (1.9)
S n—oo n— 00

(b) If y € X and {x,} is a Cauchy sequence in X with x,, # x., for infinitely many

m,n € N,n # m, converging to x # vy, then

1
gd(ac,y) <liminfd(x,,y) < limsupd (z,,y) < sd(z,y), (1.10)

n— 00 n—oo

forallx € X.

2. MAIN RESULTS

In our first result we generalize, complement and improve recent Geraghty type result [13]
from ([29], Theorem 3.8) for b-metric spaces. For the use in b-metric spaces (with the given
s > 1) we will consider the class of functions B, where 3 € B; if 5 : [0, +00) — [0, %) and
has the property

1
B(tn) — B implies ¢, — 0. 2.1

An example of a function in B, is given by 3 (t) = Le~ for ¢ > 0 .and 8 (0) € [0, 1).

In the following result we generalize and improve Theorem 3.8. from [29]. Note that we
do not assume that the b-metric d is continuous.

Theorem 2.1. Let (X, d) be a b-metric space with s > 1, and let f,g : X — X be two self
maps such that f (X) C g (X), one of these two subsets of X being complete. If for some
function 3 € By,

d(fz, fy) < B(d(9z,9y))d(gz, 9y) (2.2)

holds for all x,y € X, then f and g have a unique point of coincidence w. Moreover, for each
xo € X, a corresponding Jungck sequence {y,} can be chosen such that lim,,_, . y, = w.

If, moreover, f and g are weakly compatible, then they have a unique common fixed point.

Proof. Let us prove that the point of coincidence of f and g is unique (if it exists). Suppose
that wy and wy are distinct points of coincidence of f and g. From this follows that there exist
two points u; and wuy such that fu; = gu; = wy and fus = gus = wo. Then (2.2) implies
that

d(wi,w2) = d(fui, fuz) < B(d(gu1, guz)) d(gu1, gus)

— B(d(wy,ws)) d (wi1,w2) < %d(wl,wg) < d(wi,w), 2.3)

which is a contradiction.
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In order to prove that f and g have a point of coincidence, take an arbitrary point xo € X
and, using that f (X)) C g (X), choose sequences {z,,} and {y,, } in X such that

Yn = fTn = gxps1, forn=0,1,2,.... 2.4)

If Yy = Yny+1 for some ng € N, then gz, 41 = Yng = Yno+1 = fTne+1 and f and g have
a point of coincidence. Suppose, further, that y,, # y,41 for all n € N. Putting z = 2,41,
Yy = Ty in (2.2) we obtain that

d (yn+17 yn) =d (fxn—o—la fxn)
1
< B(d(92nt1,9%0)) d(9Tng1, gTpn) < ;d<yn7ynfl) (2.5)

for all n € N. From (2.5) further follows that d (y,,+1,¥,) — 0, as n — oo.

Let us prove that {y,} is a b-Cauchy sequence in b-metric space (X, d). According to
Lemma 1.2 if {x,} is not a b-Cauchy sequence, then there exist £ > 0 and two sequences
{m (k)} and {n (k)} of positive integers such that

n(k)>m (k) >k, d(Ymm)Ynry) =€ and  d (Yme)y, Ynry—1) <€ (2.6)
for all positive k. Now, putting & = Z,,,(x)+1, Y = Tn(k) in (2.2) we obtain

d (Y +1: Un)) < B(d Ym)> Ynt)—1)) d (Ym(k) Ynir)—1)
< B(d (Ymk) Yn(i)—1)) & 2.7

that is,

d m 1IN
4 — D) < 5 (d (g tnier-1) < é @8

whenever n (k) > m (k) > k for all positive k.
Hence, by (1.7) of Lemma 1.2 and (2.8) we have

d (ym(k)+17 yn(k))

1 1 e .. .
5 = - : 3 < llnﬁ_l)logf - < hnnlgfﬁ (d (ym(k)7yn(k)—1))
. 1
< lim Supﬁ (d (ynb(k)a yn(k)—l)) < g, (2.9)
that is,
. 1
klinoloﬂ (d (ym(k)7yn(k:)—1)) = g (2.10)

From this further implies that d (Y, (k) Yn(k)—1) — 0, as k — co. However, this is impossi-
ble, because by (1.5) of Lemma 1.2 we obtain that

< =d (Y@ Ynk)) < d (Ym@)s Yn(i)—1) + & (Yn)=1> Yn)) — 0, (2.11)

w | ™
®» | =

as k — oo. Therefore, {y, } is a b-Cauchy sequence.
Suppose, e.g., that the subspace g (X)) is complete (the proof when f (X) is complete is
similar). Then {y, } tends to some w € g (X), where w = gz for some z € X. To prove that
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fz = gz, we have

*d(fz 92) < d(fz, fry) + d(9Tnt1,92)
< B(d(9z,97n)) d (92, 9zn) + d (92n11, 92)
éd(gz 9%y) + d(92ni1, 92)
1 04+0=0. (2.12)

Hence, fz = gz = w is a unique point of coincidence of f, g.
If f, g are weakly compatible, well-known Jungck’s result implies that f and g have a
unique fixed point (here it is w). [

Taking g = Ix (identity mapping of X) in Theorem 2.1 we obtain the following variant
of Geraghty-theorem in b-metric spaces (with correct proof).

Corollary 2.2 ([29], Theorem 3.8). Let s > 1, and let (X, d) be a complete b-metric space.
Suppose that a mapping f : X — X satisfies the condition

d(fx, fy) < B(d(z,y))d(z,y), (2.13)

forall z,y € X and some 3 € Bs. Then f has a unique fixed point z € X, and for each
x € X the Picard sequence {f™x} converges to z in (X, d) .

The following theorem can be proved in a very similar way as ([15], Theorem 3.11.).

Theorem 2.3. Let (X, d) be a b-metric space with s > 1, and let f,g : X — X be two
mappings such that f (X)) C g (X) and one of these subsets of X is complete. Suppose that
there exists X € [0, 1) such that for all z,y € X

d(fz, fy) <AM (f,g;2,y) (2.14)

where

M (f,g;2,y)

= max {d(gx,gy) d(gz, fx),d(gy, fy),

d(gx, fy) + d (gy, fx) } @15

2s

Then f and g have a unique point of coincidence. If, moreover, the pair (f,g) is weakly
compatible, then f and g have a unique common fixed point.

In the sequel we announce two lemmas which are useful for the proofs of some things in
the setting of rectangular and b-rectangular metric spaces.

Lemma 2.4. Let (X, d) be a b-rectangular metric space with s > 1, and let f : X — X be
a self maps. If Picard’s sequence {f"x} ,x € X and f"z # f*z for all n € N satisfies

d(f"a, fre) <M (P, M), (2.16)
foralln € N, where \ € (0,1), then f"x # f™x whenever n # m.
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Proof. Suppose that f"z = f™x for some n > m. Now, we have f"Tlx = f(f"z) =
f(fmx) = fm*+lz. Then (2.16) implies that
d(f"la, frr) <d (o, ) << d (e fa) = d (P e fe)
(2.17)

A contradiction. Hence, n # m implies f"xz # f™x. O

Lemma 2.5. Let (X, d) be a b-rectangular metric space with s > 1, and let f,g : X — X
be two self maps such that f (X) C g (X). If Jungck sequence y, = fx, = gTnt1,20 € X
and Ypn, # Yn+1 for all n € N satisfies

d (Ynt1,Yn) < A (Yns Yn—1) , (2.18)

forallm € N, where A € (0,1), then y,, # ym whenever n. # m.

Proof. Suppose that y,, = y,,, for some n > m then we choose z,,+1 = Z,,+1 (Which is
obviously possible by the definition of Jungck’s sequence ¥,,) and hence also ¥y, 4+1 = Ym+1-
Then (2.18) implies

d(yn+17y7L) <d (ynayn—l) << d(ym—i-hym) =d (yn+1ayn) . (2.19)

A contradiction. We obtain that n # m implies y,, # Y. O

Let ¥ denote set of all continuous functions ¢ : [0,00) — [0, 00) for which ¢ (¢) = 0
if and only if ¢ = 0. In the following result we generalize, complement and improve main
results from ([9], Theorem 4) and ([12], Theorem 3.1) with much shorter proofs and without
using Hausdorff assumption.

Theorem 2.6. Let (X, d) be a rectangular metric space and let f,g : X — X be two self
maps such that f (X) C g (X), one of these two subsets of X being complete. If, for some
v, ¢ € W, L >0, the function 1) is non-decreasing,

Y (d(fx, fy) <o (M (z,y) — ¢ (M (z,9)) + LY (N (2,y)) (2.20)
forall z,y € X, where

M (z,y) = max {d (gz, gy) ,d (9=, fx),d (gy, fy)} (2.21)

N (x,y) = min{d (g, fz) + d(gy, fy),d (92, fy) ,d (gy, fz)}, (2.22)

then f and g have a unique point of coincidence. If, moreover, f,g are weakly compatible,
then they have a unique common fixed point.

Proof. First of all, it is easy to check that the conditions (2.20), (2.21) and (2.22) imply that
the point of coincidence of f and g is unique (if it exists). In order to prove that f and g have
a point of coincidence, similarly as in Theorem 2.1, take an arbitrary point ¢y € X and, using
that f (X) C g (X), choose sequences {z,, } and {y,, } in X such that

Yn = fTn = gxpy1, forn=0,1,2,.... (2.23)
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If y = yr4+1 for some & € N, then gzi+1 = yr = Yr+1 = fTr+1 and f and g have a point
of coincidence. Suppose, further, that y,, # y, 11 for all n € N. Putting z = x,,41,y = z,
in (2.20) we obtain that

Y (d (Ynt1,Yn)) =¥ (d(frni1, fTn))
S w (M (xn-‘rla .73")) - ¢ (M (m7l+1a xn)) + L¢ (N ('rn-i-la xn)) (224)

where

M (anrla 5En) = max {d (ynv ynfl) 5 d (ynv yn+1)} (225)

and

N (x,y) = min{d (Yn, Yn+1) +dYn-1,Yn) »d Yn,Yn) »d (Yn—1,Yn+1)} = 0.(2.26)

Further from (2.24), (2.25) and (2.26) follows that

7/) (d (yn+1, yn)) < dj (max {d (yn7 ynfl) ’ d (yn+17 yn)})
—¢ (maX {d (yna yn—l) ,d (yn+17 yn)}) . (2.27)

Ifd (Yn, Yn-1) < d (Yn+1, yn) for some, then from (2.27) follows

V(A (Yn+1,Yn)) < (A (Ynt1,9n) = 6 (d (Yns1,Yn)) < U (d(Ynt1,9n)),  (2.28)

which is a contradiction. Hence, we have that

7/} (d (yn—i-la yn)) § l/} (d (yna yn—l)) - ¢ (d (yna yn—l)) < l/} (d (yna yn—l)) ) (229)

or d (Yn+1,Yn) < d(Yn,yn—1) for alln € N (because v is non-decreasing). Hence, there ex-
ists limy, o0 d (Ynt1,Yn) = d* > 0, as n — oo. From (2.28) follows that ¢ (d*) < 9 (d*) —
¢ (d*) < (d*), thatis, d* = 0.

Now, we easy get that y,, # y,, whenever n # m. Indeed, if y,, = y.,, for some n > m,
then we choose x,,+1 = Z,,+1 (and hence also ¥, +1 = Ym+1). Then we have

d(ynJrl; yn) < d(ynvynfl) <0 < d(merlaym) =d (yn+17yn) . (2.30)

A contradiction.
The rest of the proof that {y,, } is a Cauchy sequence is further as in ([12], page 46).
Suppose, e.g., that the subspace g (X)) is complete (the proof when f (X) is complete is
similar). Then ¥,, tends to some gz for some z € X. In order to prove that fz = gz, suppose
that fz # gz. By (2.24), we have

P (d (fl‘n,fZ)) < (M (xmz)) - ¢(M (xn,z)) + Ly (N (mnvz)) ) (2.31)
where

M (zn,z) = max {d (9xn, 92) ,d (9Tn, frn),d (92, [2)} — d(gz, f2),
asn — oo (2.32)
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and

N (xna Z) = min {d (gmna fxn) + d(gu7 fu) 7d(gxna fZ) ad(gza fxn)} — 0,
asn — oo. (2.33)

Taking upper limit as n — oo in (2.31), we obtain

y (um supd (fan, fz>) < (d (g2 £2)) — 6 (d (g2, £2)) < 6 (d (g2 £2)), (2.34)

n—oo

and using the non-decreasing of function v, we get

limsupd (fz,, fz) < d(gz, fz). (2.35)

n—oo

On the other hand, by Lemma 1.3, it follows that y,, differs from both fz and gz for n
sufficiently large. Hence, we can apply the rectangular inequality to obtain

from which it follows

d(fz,gz) <limsupd (fz,, fz), (2.37)
because d (fxy, fnt1) — 0and d (fzpy1,92) — 0, as n — oo. Now, (2.34) by (2.35) and
(2.37) becomes

¢(d(gz7fz)) gq/)(d(gz,fz))—gb(d(gz,fz)), (238)

or ¢ (d(gz, fz)) =0, thatis, fz = gz, a contradiction with the assumption that fz # gz.
In the case when f and g are weakly compatible, well-known Jungck’s result implies that
f and g have a unique common fixed point. [J

Let ¢ denote the set of all functions ¢ : [0, 00) — [0, 00) satisfying:

(@) ¢(0) = 0;

(b) ¢(t) < tforallt > 0;

(c) ¢ is upper semi-continuous from the right (that is, for any sequence {¢,,} in [0, c0) such
that ¢, — t as n — oo, we have limsup,,_, . ¢ (tn) < ¢ (t)).

It is worth to notice that for every ¢ € @, we have that lim,,_. ., ¢™ (t) = 0 foreach ¢ > 0.
In the following new result we consider Boyd—Wong type theorem for b-rectangular metric
spaces. Namely, we announce the following result:

Theorem 2.7. Let (X, d) be a b-rectangular metric space with s > 1 and let f,g: X — X
be two self maps such that f (X) C g (X), one of these two subsets of X being complete. If,
for some function ¢ € P,

sd (fz, fy) < ¢ (d(gz, gy)) (2.39)

holds for all x,y € X, then f and g have a unique point of coincidence say w € X.
Moreover, for each xo € X, the corresponding Jungck sequence {y,} can be chosen such
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that lim,, o0 Yn, = w. In addition, if f and g are weakly compatible, then they have a unique
common fixed point.

Proof. Let us prove first that the point of coincidence of f and ¢ is unique (if it exists).
Suppose that wy and w- are two distinct points of coincidence of f and g. Then there exist
two points w1 and ug such that fu; = gu; = wy and fus = gus = we. Then (2.39) implies
that

d(wi,w2) = d(fur, fuz) < sd(fur, fuz) < ¢ (d(gus, gusa))
= ¢(d (wl,wg)) < d(w17w2)7 (240)

which is a contradiction.
In order to prove that f and ¢ have a point of coincidence, take an arbitrary point g € X
and, using that f (X) C g (X), choose sequences {x,, } and {y,, } in X such that

Yn = fTn = gTp+1, forn=0,1,2,.... (2.41)

If Yy = Yno+1 for some ng € N, then gz,,11 = Yny = Yno+1 = [Tny+1 and f and g have
a (unique) point of coincidence. Suppose, further, that y,, # y,,+1 for all n € N. For the rest,
assume that y,, # y,41 for all n € N. In this case we can show that y,, # y,, if n # m.
Indeed, let y,, = y,,, for some n > m. Then (2.39) implies that

d (ym7 ym+1) =d (ym yn+1)
=d(frn, frns1) < sd(fTn, frni1) < & (d(gTn, 9Tni1))
= ¢ (d(Yn-1,Yn)) <d¥Un-1,Yn) <+ < d(Ym, Ym+1)» (2.42)
a contradiction. Thus, in the sequel, we will assume that y,, # y,,, for n £ m.

Further, we shall prove that the sequence {d (yy,, yn+1)} tends to 0 as n — oco. In order to
prove this we first have

d (yna yn+1) =d (fxm fxn+1) <sd (f:En, fxn+1) <o (d (gxm gIn+1))
= ¢(d (yn—layn)) < d(yn—la yn) ) (2.43)

that is, the sequence {d (yn, yn+1)} is strictly decreasing. Therefore, there exists d* > 0 such
that

Letting n — oo in (2.43) and using the upper semi-continuity from the right of ¢, we get that
d* = 0. Hence, d (yn, Yn+1) tends to 0 as n — oco.

We next prove that {y, } is a Cauchy sequence. Suppose to the contrary that {y,, } is not
a Cauchy sequence (for metric space see [2], Lemma 1). Then there exists € > 0 for which
we can find two subsequences { Yy, (k) } and {yy,x)} of {z,} such that n (k) is the smallest
index for which

n(k)>m(k) >k and d (ym(k.),yn(k)) > e, (2.45)
This means that

d (Ym(k)s Yn(k)—2) < €. (2.46)
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Using (2.46) and taking the upper limit as k — oo, we get
Hm sup d (Yo (k) Yn(r)—2) < €. (2.47)
n—oo
On the other hand, we have

d (Ymkys Ynk)) < 54 (Ymkys Ym@e)+1) T 54 (Ym(e)+15 Yn(i)—1)
+ 50 (Yn(k)—15 Yn(k)) - (2.48)

Using (2.44), (2.45) and taking the upper limit as £ — oo, we get

w | ™

< Lmsup d (Yo (k)+15 Yn(k)—1) - (2.49)

n—oo

Using the b-rectangular inequality once again we have the following inequalities:

d (Ym@)s Yn(k)) < 54 (Ym(k) Yn(r)—2)
+ 5d (Yn(k)—25 Yn(k)—1) + & (Yn(k)—1, Yn(k)) - (2.50)

Using (2.44), (2.45) and taking the upper limit as k — oo, we get

< lim sup d (ym(k)a yn(k)—Q) . (2.51)

n—oo

® | ™

Now, putting T = Ty (k)+1,Y = Tn(k)—1 in (2.39), we obtain

A (Ym(e)+1> Un(k)—1) = 54 (FTm)+1,f Tnr)—1)
< ¢ (d (9Tmr)+1,9%n(k)-1))
= & (d (Ym@)s Yn(k)—2)) - (2.52)

Further, taking the upper limit as ¥ — oo in (2.52) and using (2.49) and (2.47) we obtain

e=s-—<¢e)<e, (2.53)

€
s
a contradiction to ¢ (¢t) < t for t > 0. Thus, {y,} = {fxn} = {g@ny1} is a b-rectangular
(b-g.m.s.)-Cauchy sequence in (X, d). It follows from the completeness of g (X) (the proof
when f (X) is complete is similar) that there exists z € X such that w = gz € g (X) and
Yn — w. We shall show that fz = gz. In view of Lemma 1.3 we can assume that y,, differs
from both fz and gz for sufficient large n. Hence,

éd(fz,gz) <d(fz frn) +d(frn, frai1) +d(frng1, g2)

o (d (gz, gxn)) +d (yn7 ynJrl) +d (yn+17 gz)

d(92,yn-1) +dYn, Ynt1) + d(Yn+1,92) — 0, (2.54)
as n — oo. It follows that fz = gz = w is a point of coincidence of f and g. Thus, w is the
unique point of coincidence of f and g.

If f and g are weakly compatible, then by known Jungck’s result w is the unique common
fixed point of f and g. [J

<
<
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Putting g = Ix in (2.39) we obtain Boyd—Wong type theorem for b-rectangular metric
spaces.

Corollary 2.8. Let (X,d) be a complete b-rectangular metric space with s > 1 and f :
X — X satisfies

sd(fz.fy) < ¢ (d(x,y)), (2.55)

forallx,y € X, where ¢ € @. Then f has a unique fixed point, say z € X, and f"x — z as
n —ooforallx € X.

The following example supports Theorem 2.3.

Example 2.9. Let X = {0,1,3} be equipped with the b-metric d given by d(z,y) =
(x — y)2 with s = 2. Consider the mapping f : X — X defined by f0 = f1 =1, f3 =0.
Let A € [0, §]. Then we obtain

d(f0,f3)=d(1,0) =1< M (0,3) = )\max{9,0,9,i} =9
and

d(f1,f3)=d(1,0) =1 < AM (1,3) = )\max{4,0,9,i} =9\
Hence, f satisfies all assumptions of Theorem 2.3 and thus it has a unique fixed point (here
itis 1).

The following example supports Corollary 2.8.

Example 2.10. Let X = AU B, where A = {1 :n € {2,3,4,5}} and B = [1,2]. Define
d: X x X —[0,00) such that d (z,y) = d (y,z) forall z,y € X and

11 11 11 11
Z 2 = Z.Z) =0.03: —Z ) = Z Z) =0.02:
i(53) =4(13) =00 a(53)=a(57) -0
11 11 ) .
S 2 =d( 2,2 ) =06 = |z — h .
d(2,4> d(5,3) 0.6; d(z,y)=|xr—y|° otherwise
Then (X, d) is a b-rectangular metric space with coefficient s = 4 > 1. But (X, d) is neither
a metric space nor a rectangular metric space. Let f : X — X be defined as:

ifre A
f(z)=
ifx € B.

QU =] =

Then f satisfies all conditions of Corollary 2.8 with ¢ (t) = %t and has a unique fixed point
1
xTr =

N
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