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Abstract. In this paper, we consider the asymptotic behavior of the sequence of

monic polynomials orthogonal with respect to the Sobolev inner product
hp; qiS ¼
Z 1

0

pðxÞqðxÞdlþMpðmÞðfÞqðmÞðfÞ;
where f < 0, M P 0 and dl = e�xxadx. We study the outer relative asymptotics of these polyno-

mials with respect to the classical Laguerre polynomials, and we deduce a Mehler–Heine type

formula and a Plancherel–Rotach type formula for the rescaled polynomials.
Keywords: Laguerre–Sobolev type orthogonal polynomials; Outer asymptotics;

Mehler–Heine type formula; Plancherel–Rotach type formula
1. INTRODUCTION

Let l1,l2, . . . ,lk be k measures supported in the real line, such that
Z
C

jxj2ndljðxÞ <1; n 2 N; j ¼ 1; . . . ; k;
the support of l1 is infinite and lk is not the null measure. The elements of the sequence
fPnðxÞgn2N of polynomials orthogonal with respect to Sobolev inner product
7 3125013144.
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hp; qiS ¼
Xk
j¼1

Z
pðjÞðxÞqðjÞðxÞdljðxÞ;
are called Sobolev Type Orthogonal Polynomials, where p and q are real polynomials. In
particular, the present contribution is focused on the study of asymptotic properties of
the sequence Sa

nðxÞ
� �

n2N, of Laguerre–Sobolev type monic polynomials, orthogonal
with respect to the Sobolev-type inner product
hp; qiS ¼
Z 1

0

pðxÞqðxÞe�xxadxþMpðmÞðfÞqðmÞðfÞ; ð1Þ
whereM P 0, a > �1 and f < 0. The asymptotic behavior is an important topic in the
theory of orthogonal polynomials because it plays a key role in several applications in
physics and engineering, (electrostatic, rational approximation, among others). We
present an approach to the subject when l1 is the classical Laguerre measure (un-
bounded support), l2 is a Dirac mass, and l3 = � � �= lk = 0. The case f = 0 has been
studied extensively in [2,7], where are shown some asymptotic and analytic properties
of the corresponding orthogonal polynomials, as well as interlacing properties of their
zeros and a limit relation between these and the zeros of Bessel function Ja(x). The
monotonicity of each individual zero in terms of the mass M can be seen in [13]. On
the other hand, if the mass point f is located outside the support of the measure, that
is, if f < 0, an analytic approach has been done in [14], where is presented a second
order differential equation for these polynomials and a 2m + 3 term recurrence rela-
tion that they satisfy. In [3] some properties concerning the location and monotonicity
of the zeros and their asymptotics are established when either M converges to zero or
to infinity. The particular cases when m = 0 and m = 1, has been treated, respectively,
in [5,6], where it is interesting to note that the same results concerning outer relative
asymptotics are obtained, as well as the same Mehler–Heine type formula, that is,
the asymptotic behavior of these polynomials is independent of m. Motivated by the
above results, the structure of the paper is as follows. In Section 2 we present the basic
background concerning the classical Laguerre polynomials. In Section 3 we study the
outer relative asymptotic of the sequence Sa

nðxÞ
� �

n2N, in Section 4 we deduce the
respective Mehler–Heine type formula and in Section 5 we give a Plancherel–Rotach
type formula for the scaled polynomials.

2. PRELIMINARIES

Let La
nðxÞ

� �
n2N be the sequence of classical Laguerre monic polynomials, orthogonal

with respect to the inner product
hp; qi ¼
Z 1

0

pðxÞqðxÞdl;
where dl = e�xxadx, with a > �1, and for every n 2 N. It is well known that these
polynomials satisfy a three term recurrence relation, as well as their representation
as 1F1 hypergeometric function, their characterization as eigenfunction of a second
order linear differential equation, and the behavior of their zeros, their electrostatic
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interpretation and interlacing properties, (see [1,4,10–12,16,17]). We will summarize
the other properties of the classical Laguerre polynomials we will use in the sequel.

Proposition 1. The sequence bLa
nðxÞ

n o
n2N

denotes the classical Laguerre polynomials

with leading coefficients ð�1Þ
n

n! , i.e. for every n
ð�1Þn

n!
La

nðxÞ ¼ bLa
nðxÞ: ð2Þ
For every n 2 N
ð1Þ bLa
n

� �ðkÞ
ðxÞ ¼ ð�1Þk bLaþk

n�kðxÞ; ð3Þ

ð2Þ bLaþv
nþkðxÞ ¼ bLaþv

nþkþ1ðxÞ � bLaþv�1
nþkþ1ðxÞ; ð4Þ

(3) For z 2 C� ½0;1ÞbLa
nþjðzÞbLb
nþkðzÞ

¼ ð�zÞ�a=2þb=2
na=2�b=2 � 1þ

ffiffiffiffiffiffi
�z
p ffiffiffi

n
p ðj� kÞ

�
þ a

2
� 1

4

� �
j� b

2
� 1

4

� �
k� z

2
ðj� kÞ2

	 

1

n
þ Oðn�3=2Þ

�
: ð5Þ
(see [6]).
(4) (Mehler–Heine)
lim
n!1

bLa
nðx=ðnþ kÞÞ

na
¼ x�a=2Jað2

ffiffiffi
x
p
Þ; ð6Þ
uniformly on compact subset of C, (see [17, thm. 8.1.3]). Ja(x) represents Bessel’s
function of the first kind defined by
JaðxÞ ¼
X1
j¼0

ð�1Þjðx=2Þ2jþa

j!Cðjþ aþ 1Þ ;
and is known that if a > �1, Ja(x) has a countably infinite set of real and positive zeros,
all simple except for the possible zero at the origin, (see [18,19]).

(5) (Plancherel–Rotach) Let uðxÞ ¼ xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1
p

be the conformal mapping of
C� ½�1; 1� onto the exterior of the unit circle. Then
lim
n!1

bLa
n�1ðnxÞbLa
nðnxÞ

¼ � 1

uððx� 2Þ=2Þ ; ð7Þ
uniformly on compact subsets of C n ½0; 4�, (see [8]).

If
Knðx; yÞ ¼
Xn
k¼0

La
kðxÞLa

kðyÞ
La

k

�� ��2
a

denotes the n-th Kernel polynomial, then for every n 2 N, (see [4])
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Knðx; yÞ ¼
La

nþ1ðxÞLa
nðyÞ � La

nþ1ðyÞLa
nðxÞ

La
n

�� ��2
a
ðx� yÞ

; ð8Þ
called Christoffel–Darboux formula. As a consequence of (8), is well known the next
confluent formula, (see [7])
K
ð0;mÞ
n�1 ðx; yÞ ¼

m!

La
n�1

�� ��2
a
ðx� yÞmþ1

La
nðxÞT½n�1;a�m ðx; yÞ � La

n�1ðxÞT½n;a�m ðx; yÞ
� 


; ð9Þ
where
T½i;a�m ðx; yÞ ¼
Xm
k¼0

La
i

� �ðkÞðyÞ
k!

ðx� yÞk ð10Þ
denotes the Taylor Polynomial of degree m, of the polynomial La
i ðxÞ around x = y, and
Kði;jÞn ðx; yÞ �
@iþjKnðx; yÞ
@xi@yj

:

As a consequence of (9):
Kðm;mÞn ðf;fÞ¼ ðm!Þ2

ð2mþ1Þ! La
n

�� ��2
a

Xm
j¼0

2mþ1

j

� �
La

n

� �ðjÞðfÞ La
nþ1

� �ð2mþ1�jÞðfÞ� La
n

� �ð2mþ1�jÞðfÞ La
nþ1

� �ðjÞðfÞh i
:

ð11Þ
3. RELATIVE OUTER ASYMPTOTICS

In this section we will find the relative asymptotic behavior of the Laguerre–Sobolev-
type orthogonal polynomials in the exterior of the positive real semiaxis. Let

Sa
nðxÞ

� �
n2N be the sequence of orthogonal polynomials with respect to (1). By using

of the classical Laguerre polynomials La
nðxÞ

� �
n2N as a basis, for every n 2 N; Sa

nðxÞ
can be written as
Sa
nðxÞ ¼ La

nðxÞ þ
Xn�1
k¼0

an;kL
a
kðxÞ;
where for 0 6 j 6 n � 1
an;j ¼ �
MðLjÞðmÞðfÞ Sa

n

� �ðmÞðfÞ
La

j

��� ���2
a

;

then
Sa
nðxÞ ¼ La

nðxÞ �M Sa
n

� �ðmÞðfÞKð0;mÞn�1 ðx; fÞ: ð12Þ
Remark 1. From (12), if m P n then Sa
nðxÞ ¼ La

nðxÞ.
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In order to compute Sa
n

� �ðmÞðfÞ, we take the m � th derivative in (12) and evaluate it
at x = f
Sa
n

� �ðmÞðfÞ ¼ La
n

� �ðmÞðfÞ
1þMK

ðm;mÞ
n�1 ðf; fÞ

;

and replacing this value in (12), we have
Sa
nðxÞ ¼ La

nðxÞ �M
La

n

� �ðmÞðfÞKð0;mÞn�1 ðx; fÞ
1þMK

ðm;mÞ
n�1 ðf; fÞ

� � : ð13Þ
Now we are going to analyze how the quotient
Sa
nðxÞ

La
nðxÞ

behaves when n fi1, and x < 0.
In connection with (9), we have that for 0 6 k 6 m � 1, and y < 0
m!

k!

La
n

� �ðkÞðyÞðx� yÞk

La
n

� �ðmÞðyÞðx� yÞm
¼ m!

k!
ðx� yÞk�m

bLa
n

� �ðkÞ
ðyÞ

bLa
n

� �ðmÞ
ðyÞ

;

and using (3) and (5)
bLa
n

� �ðkÞ
ðyÞ

bLa
n

� �ðmÞ
ðyÞ
¼ ð�1Þk�mjyjðm�kÞ=2nðk�mÞ=2 � 1þ

ffiffiffiffiffiffi
jyj

p ffiffiffi
n
p ðm� kÞ

 

þ aþm

2
� 1

4

� �
m� aþ k

2
� 1

4

� �
k� y

2
ðm� kÞ2

	 

1

n
þ Oðn�3=2Þ

�
;� �ðkÞ
and given that k�m < 0;
bLa
n ðyÞbLa
n

� �ðmÞ
ðyÞ
! 0 when n fi1, as a consequence� �ðmÞ
T½n;a�m ðx; yÞ �
La

n ðyÞ
m!

ðx� yÞm ð14Þ
Now, we divide by La
nðxÞ in (13) and thus
Sa
nðxÞ

La
nðxÞ
¼ 1�M

La
n

� �ðmÞðfÞ Kð0;mÞn�1 ðx;fÞ
La
nðxÞ

1þMK
ðm;mÞ
n�1 ðf; fÞ

� � ð15Þ
In order to estimate the behavior of the above expression, by using the formula (9) and
(14), the numerator in the right hand side of (15) can be written as
La
n

� �ðmÞðfÞKð0;mÞn�1 ðx;fÞ
La

nðxÞ
¼

m! La
n

� �ðmÞðfÞ
La

n�1
�� ��2

a
ðx� fÞmþ1

La
nðxÞT½n�1;a�m ðx;fÞ�La

n�1ðxÞT½n;a�m ðx;fÞ
� 


La
nðxÞ

�
m! La

n

� �ðmÞðfÞ La
n�1

� �ðmÞðfÞðx� fÞm

La
n�1

�� ��2
a
ðx� fÞmþ1m!

1�La
n�1ðxÞ
La

nðxÞ
La

n

� �ðmÞðfÞ
La

n�1
� �ðmÞðfÞ

" #

¼
La

n

� �ðmÞðfÞ La
n�1

� �ðmÞðfÞ
La

n�1
�� ��2

a
ðx� fÞ

1�La
n�1ðxÞ
La

nðxÞ
La

n

� �ðmÞðfÞ
La

n�1
� �ðmÞðfÞ

" #
:
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Taking into account the normalization (2), we obtain
M La
n

� �ðmÞðfÞKð0;mÞn�1 ðx;fÞ
La

nðxÞ
��

n!ðn�1Þ!M bLa
n

� �ðmÞ
ðfÞ bLa

n�1

� �ðmÞ
ðfÞ

La
n�1

�� ��2
a
ðx�fÞ

1�
bLa
n�1ðxÞbLa
nðxÞ

bLa
n

� �ðmÞ
ðfÞ

bLa
n�1

� �ðmÞ
ðfÞ

264
375:
ð16Þ
On the other hand, applying (11), we get
1þMK
ðm;mÞ
n�1 ðf; fÞ ¼ 1þM

ðm!Þ2

ð2mþ 1Þ! La
n�1

�� ��2
a

Xm
j¼0

2mþ 1

j

� �
� La

n�1
� �ðjÞðfÞ La

n

� �ð2mþ1�jÞðfÞ � La
n�1

� �ð2mþ1�jÞðfÞ La
n

� �ðjÞðfÞh i
:

By using (2), the sum in the above expression becomes
n!ðn�1Þ!
Xm
j¼0

bmj 1�
bLa
n�1

� �ðjÞ
ðfÞ

bLa
n

� �ðjÞ
ðfÞ

bLa
n

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞ

264
375� bLa

n

� �ðjÞ
ðfÞ bLa

n�1

� �ð2mþ1�jÞ
ðfÞ;
where bmj ¼
2mþ 1

j

� �
. Thereby, the denominator 1þMK

ðm;mÞ
n�1 ðf; fÞ can be written as
1þM
ðm!Þ2n!ðn� 1Þ!
ð2mþ 1Þ! La

n�1
�� ��2

a

�
Xm
j¼0

bmj 1�
bLa
n�1

� �ðjÞ
ðfÞ

bLa
n

� �ðjÞ
ðfÞ

bLa
n

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞ

264
375 bLa

n

� �ðjÞ
ðfÞ bLa

n�1

� �ð2mþ1�jÞ
ðfÞ

ð17Þ

Taking the results obtained in (16) and (17) we get
M
La

n

� �ðmÞðfÞKð0;mÞn�1 ðx;fÞ=La
nðxÞ

1þMK
ðm;mÞ
n�1 ðf;fÞ

� � �
� 1
ðx�fÞ 1�

bLa
n�1ðxÞbLa
nðxÞ

bLa
n

� �ðmÞ
ðfÞbLa

n�1

� �ðmÞ
ðfÞ

" #

Nnþ ðm!Þ2
ð2mþ1Þ!

Xm
j¼0

bmj 1�
bLa
n�1

� �ðjÞ
ðfÞbLa

n

� �ðjÞ
ðfÞ

bLa
n

� �ð2mþ1�jÞ
ðfÞbLa

n�1

� �ð2mþ1�jÞ
ðfÞ

" # bLa
n

� �ðjÞ
ðfÞbLa

n

� �ðmÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞbLa

n�1

� �ðmÞ
ðfÞ

;

�
� 1
ðx�fÞ 1�

bLa
n�1ðxÞbLa
nðxÞ

bLa
n

� �ðmÞ
ðfÞbLa

n�1

� �ðmÞ
ðfÞ

" #
ðm!Þ2
ð2mþ1Þ!

Xm
j¼0

bmj 1�
bLa
n�1

� �ðjÞ
ðfÞbLa

n

� �ðjÞ
ðfÞ

bLa
n

� �ð2mþ1�jÞ
ðfÞbLa

n�1

� �ð2mþ1�jÞ
ðfÞ

" # bLa
n

� �ðjÞ
ðfÞbLa

n

� �ðmÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞbLa

n�1

� �ðmÞ
ðfÞ

 ! :
Taking into account that
Nn ¼
La

n�1
�� ��2

a

Mn!ðn� 1Þ! bLa
n

� �ðmÞ
ðfÞ bLa

n�1

� �ðmÞ
ðfÞ
! 0;
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when n fi1 is faster than Oðn�3=2Þ, therefore we can remove it from the computations.
Now we are going to estimate the rate of convergence of the ratios in the above result,
outside the support of the measure. Using (5)
bLa

n�1ðxÞbLa
nðxÞ

¼ 1�
ffiffiffiffiffiffiffi
�x
p ffiffiffi

n
p � a

2
� 1

4

� �
þ x

2

� �
1

n
þ Oðn�3=2Þ;
and applying (3)
bLa
n

� �ðmÞ
ðfÞ

bLa
n�1

� �ðmÞ
ðfÞ
¼ 1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p þ aþm

2
� 1

4

� �
� f
2

� �
1

n
þ Oðn�3=2Þ;
then the term � 1
ðx�fÞ 1�

bLa
n�1ðxÞbLa
nðxÞ

bLa
n

� �ðmÞ
ðfÞbLa

n�1

� �ðmÞ
ðfÞ

" #
can be written as
� 1

ðx� fÞ 1� 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p �

ffiffiffiffiffiffiffi
�x
p ffiffiffi

n
p �

ffiffiffiffiffiffiffi
�x
p ffiffiffiffiffi

jfj
p
n

þm� fþ x

2n
þ Oðn�3=2Þ

 !" #

� 1

ðx� fÞ

ffiffiffiffiffi
jfj

p
�

ffiffiffiffiffiffiffi
�x
pffiffiffi
n
p : ð18Þ
On the other hand, if 0 6 j 6 m, denoting b = 2m+ 1 � j and applying (5) we obtain
bLa
n�1

� �ðjÞ
ðfÞ

bLa
n

� �ðjÞ
ðfÞ
¼ 1�

ffiffiffiffiffi
jfj

pffiffiffi
n
p � aþ j

2
� 1

4

� �
þ f
2

� �
1

n
þ Oðn�3=2Þ;
and
 bLa
n

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞ
¼ 1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p þ aþ b

2
� 1

4

� �
� f
2

� �
1

n
þ Oðn�3=2Þ:
Then we conclude that
1�
bLa
n�1

� �ðjÞ
ðfÞ

bLa
n

� �ðjÞ
ðfÞ

bLa
n

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞ
¼ 1� 1�

ffiffiffiffiffi
jfj

pffiffiffi
n
p � aþ j

2
�1

4

� �
þ f
2

� �
1

n
þOðn�3=2Þ

 !

� 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p þ aþb

2
�1

4

� �
� f
2

� �
1

n
þOðn�3=2Þ

 !

¼ j�m�1

2

� �
1

n
þOðn�3=2Þ� j�m�1

2

� �
1

n
: ð19Þ
Moreover
bLa
n

� �ðjÞ
ðfÞ

bLa
n

� �ðmÞ
ðfÞ
¼ ð�1Þj�mjfjðm�jÞ=2nðj�mÞ=2 � 1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p ðm� jÞ

 

þ � a
2
þ j

2
� 1

4

� �
jþ a

2
þm

2
� 1

4

� �
m� f

2
ðm� jÞ2

	 

1

n
þ Oðn�3=2Þ

�
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and
bLa
n�1

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ðmÞ
ðfÞ

¼ ð�1Þmþ1�jjfjðj�1�mÞ=2nðmþ1�jÞ=2 � 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p ðj�m� 1Þ

 

þ � a
2
þ b

2
� 1

4

� �
ðj� 2m� 2Þ þ a

2
þm

2
� 1

4

� �
ðmþ 1Þ

	
� f
2
ðj�m� 1Þ2



1

n
þ Oðn�3=2Þ

�

thus
bLa
n

� �jÞ
ðfÞ

bLa
n

� �ðmÞ
ðfÞ

bLa
n�1

� �ð2mþ1�jÞ
ðfÞ

bLa
n�1

� �ðmÞ
ðfÞ

¼ ð�1Þj�mjfj
ðm�jÞ

2 n
ðj�mÞ

2 � 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p ðm� jÞ

 

þ � a
2
þ j

2
�1

4

� �
jþ a

2
þm

2
�1

4

� �
m� f

2
ðm� jÞ2

	 

1

n
þOðn�3=2Þ

�

�ð�1Þmþ1�jjfj
ðj�1�mÞ

2 n
ðmþ1�jÞ

2 � 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p ðj�m�1Þ

 

þ � a
2
þb
2
�1

4

� �
ðj�2m�2Þþ a

2
þm

2
�1

4

� �
ðmþ1Þ� f

2
ðj�m�1Þ2

	 

1

n

þOðn�3=2Þ
�
¼�jfj�1=2

ffiffiffi
n
p

1�
ffiffiffiffiffi
jfj

pffiffiffi
n
p þKðm;a; jÞ

n
þOðn�3=2Þ

 !

��jfj�1=2
ffiffiffi
n
p

1�
ffiffiffiffiffi
jfj

pffiffiffi
n
p

 !
; ð20Þ
where K(m,a, j) is a term that does not depend on n. Then from (18)–(20) we get
M
La

n

� �ðmÞðfÞKð0;mÞn�1 ðx; fÞ=La
nðxÞ

1þMK
ðm;mÞ
n�1 ðf; fÞ

� � � �
1

ðx�fÞ

ffiffiffiffi
jfj
p

�
ffiffiffiffiffi
�x
pffiffi
n
p

1ffiffi
n
p ffiffiffiffi

jfj
p 1�

ffiffiffiffi
jfj
pffiffi

n
p

� �� �
ðm!Þ2
ð2mþ1Þ!

Xm
j¼0

bmj j�m� 1
2

� �" #
In the next proposition, we are going to compute the sum of the above result.

Proposition 2. For every m 2 N [ f0g
ðm!Þ2

ð2mþ 1Þ!
Xm
j¼0

2mþ 1

j

� �
j�m� 1

2

� �
¼ � 1

2
ð21Þ
Proof. It can be shown that
Xm
j¼0

2mþ 1

j

� �
ð2mþ 1� 2jÞ ¼

2mþ 1

mþ 1

� �
ðmþ 1Þ � ð22Þ
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Finally, by using (21) we get
Sa
nðxÞ

La
nðxÞ
¼ 1�

M La
n

� �ðmÞðfÞ Kð0;mÞn�1 ðx;fÞ
La
nðxÞ

1þMK
ðm;mÞ
n�1 ðf; fÞ

� � � 1�
2
ffiffiffiffiffi
jfj

p ffiffiffiffiffi
jfj

p
�

ffiffiffiffiffiffiffi
�x
p� �

ðx� fÞ ¼
ffiffiffiffiffiffiffi
�x
p

�
ffiffiffiffiffi
jfj

pffiffiffiffiffiffiffi
�x
p

þ
ffiffiffiffiffi
jfj

p ;
thus, we have proved the next

Theorem 3.
limn!1
Sa
nðxÞ

La
nðxÞ
¼

ffiffiffiffiffiffiffi
�x
p

�
ffiffiffiffiffi
jfj

pffiffiffiffiffiffiffi
�x
p

þ
ffiffiffiffiffi
jfj

p ; ð23Þ
uniformly on compact subsets of C n Rþ.

Note that the above result has been obtained in [5] , (m = 0), and in [6], (m = 1). It

means that the sequence of analytic functions f/nðxÞgn2N, with /nðxÞ ¼
Sa
nðxÞ

La
nðxÞ

, converges

uniformly on compact subsets of the exterior of the positive axis to /ðxÞ ¼
ffiffiffiffiffi
�x
p

�
ffiffiffiffi
jfj
pffiffiffiffiffi

�x
p

þ
ffiffiffiffi
jfj
p .

Thus thanks to the well known Hurwitz’s theorem, [17, Thm. 1.91.3], given that fis
a simple zero of /(x), then f is an accumulation point of roots of /n(x), that is, given
that the zeros of every Sa

nðxÞ are the same as those of every /n(x), then f attracts exactly
one zero of Sa

nðxÞ for n large enough. As a consequence, for n large enough, Sa
nðxÞ has a

negative zero, but this fact is well known of [15].

4. MEHLER–HEINE TYPE FORMULA

In this section we will focus our attention on Mehler–Heine type formula for the
polynomials Sa

nðxÞ
� �

n2N. Taking into account the connection formula
Sa
nðxÞ ¼ La

nðxÞ �M
La

n

� �ðmÞðfÞKð0;mÞn�1 ðx; fÞ
1þMK

ðm;mÞ
n�1 ðf; fÞ

� � ;

multiplying both hand sides by ð�1Þ

n

n!
, and applying (2), we get
bSa
nðxÞ ¼ bLa

nðxÞ �M
La

n

� �ðmÞðfÞ ð�1Þn
n!

K
ð0;mÞ
n�1 ðx; fÞ

h i
1þMK

ðm;mÞ
n�1 ðf; fÞ

� � :
Making the change of variable x fi x/n, and taking into account the results of the

previous section, it is convenient to introduce the factor La
n�1

� �ðmÞðfÞ in the next way
bSa
n

x

n

� �
¼ bLa

n

x

n

� �
�M

La
n

� �ðmÞðfÞ La
n�1

� �ðmÞðfÞ ð�1Þn
n!

K
ð0;mÞ
n�1

x
n;fð Þ

� 

La
n�1ð ÞðmÞðfÞ

1þMK
ðm;mÞ
n�1 ðf; fÞ

� � : ð24Þ
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In order to estimate the behavior of the numerator in (24) and by using (9), we get
La
n

� �ðmÞðfÞ La
n�1

� �ðmÞðfÞ ð�1Þnn!
K
ð0;mÞ
n�1

x
n
;f

� �h i
La

n�1
� �ðmÞðfÞ ¼

m! La
n

� �ðmÞðfÞ La
n�1

� �ðmÞðfÞ
La

n�1
�� ��2

a
x
n
�f

� �
�

bLa
n

x
n

� �
T½n�1;a�m

x
n
;f

� �
þ
bLa
n�1

x
nð Þ

n
T n;a½ �

m
x
n
;f

� �	 

�ðn�1Þ!ð�1Þn ð�1Þ

m bLaþm
n�ð1þmÞðfÞ x

n
�f

� �m ;
Now we will analyze the behavior of the terms
T n�1;a½ �
m

x
n
; f

� �
� ðn�1Þ!ð�1Þn ð�1Þ

m bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ð25Þ
and
1
n
T½n;a�m ðxn ; fÞ

� ðn�1Þ!ð�1Þn ð�1Þ
m bLaþm

n�ð1þmÞðfÞ x
n
� f

� �m : ð26Þ
Beginning with (25), we will use (10) as follows
T½n�1;a�m
x
n
; f

� �
� ðn�1Þ!ð�1Þn ð�1Þ

m bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼
Xm
k¼0
ð�1Þk

bLaþk
n�ð1þkÞðfÞ

k!
x
n
� f

� �k
ð�1Þm bLaþm

n�ð1þmÞðfÞ x
n
� f

� �m :

Then, if 0 6 k 6 m � 1, we get
ð�1Þk�m

k!

bLaþk
n�ð1þkÞðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ ð�1Þk�mk!

bLaþk
n�ð1þkÞðfÞbLaþm
n�ð1þmÞðfÞ

x

n
� f

� �k�m
;

and by using (5) as our main tool to analyze the above ratios, we get
bLaþk
n�ð1þkÞðfÞbLaþm
n�ð1þmÞðfÞ

¼ ðjfjÞ
ðm�k
2 n

k�m
2 � 1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p ðm�kÞ

 

� ðaþkÞ
2
�1

4

� �
ðkþ1Þþ ðaþmÞ

2
�1

4

� �
ðmþ1Þ� f

2
ðm�kÞ2

	 

1

n
þOðn�3=2Þ

�
:

Given that k�m
2
< 0 and limn!1

x
n
� f

� �k�m ¼ jfjk�m, we have 0 6 k 6 m � 1
lim
n!1

ð�1Þk�m

k!

bLaþk
n�ð1þkÞðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ 0:
When k = m we obtain
ð�1Þk�m

k!

bLaþk
n�ð1þkÞðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ 1

m!
:
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As a consequence
T½n�1;a�m
x
n
; f

� �
� ðn�1Þ!ð�1Þn ð�1Þ

m bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m � 1

m!
: ð27Þ
On the other hand, (26) can be written as
�

Xm
k¼0

ð�1ÞðkÞbLaþk
n�kðfÞ

k!
x
n
� f

� �k
ð�1Þm bLaþm

n�ð1þmÞðfÞ x
n
� f

� �m

then if 0 6 k 6 m � 1, using (5) we get
ð�1Þk�m

k!

bLaþk
n�kðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ðjfjÞm�k2 n
k�m
2 � 1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p ððmþ1Þ�kÞ

 

� ðaþkÞ
2
�1

4

� �
k� ðaþmÞ

2
�1

4

� �
ðmþ1Þþ f

2
ððmþ1Þ�kÞ2 1

n
þ

	 

þOðn�3=2Þ

�
:

Given that k � m < 0 and taking into account that limn!1
x
n
� f

� �k�m ¼ jfjk�m, we have

limn!1

ð�1Þk�m

k!

bLaþk
n�kðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ 0:
In the case where k= m, we obtain
1

m!

bLaþm
n�mðfÞ x

n
� f

� �m
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ 1

m!
1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p þ ðaþmÞ

2
� 1

4

� �
� f
2

	 

1

n
þ Oðn�3=2Þ

 !

� 1

m!
1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p

 !
:

Now taking into account the above process, we conclude that
1
n
T n;a½ �

m
x
n
; f

� �
� ðn�1Þ!ð�1Þn ð�1Þ

m bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m � � 1

m!
1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p

 !
: ð28Þ
By using (27), (28) and (6) and knowing that
bLa
n�1

x
nð Þ

na �
bLa
n

x
nð Þ

na , if the expression (24) is di-
vided by na we have
bSa
n

x
n

� �
na
¼
bLa
n

x
n

� �
na
�
M

m! La
nð ÞðmÞðfÞ La

n�1ð ÞðmÞðfÞ
La
n�1k k2aðxn�fÞ

bLa
n

x
nð Þ

na T
½n�1;a�
m

x
n;fð Þþ

bLa
n�1

x
nð Þ

na
1
nT
½n;a�
m

x
n;fð Þ

	 

�ðn�1Þ!ð�1Þn ð�1Þ

mbLaþm
n�ð1þmÞðfÞ

1þMK
ðm;mÞ
n�1 ðf; fÞ

� �

� x�a=2Jað2
ffiffiffi
x
p
Þ �

2
jfj

ffiffiffiffi
jfj
pffiffi

n
p x�a=2Jað2

ffiffiffi
x
p
Þ

	 

1ffiffi

n
p ffiffiffiffi

jfj
p

� � ¼ �x�a=2Jað2
ffiffiffi
x
p
Þ:
We summarize the last result in the next
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Theorem 4. � �

limn!1

bSa
n

x
n

na
¼ �x�a=2Jað2

ffiffiffi
x
p
Þ; ð29Þ
uniformly on every compact subset of C.

Note that the same result is obtained in [5,6], for the particular cases m= 0 and
m = 1. On the other hand, given that 0 is a zero of wðxÞ ¼ �x�a=2Jað2

ffiffiffi
x
p
Þ, then for

Hurwit’s theorem, for n large enough, it attracts at least one zero of the polynomial
Sa
nðxÞ. Let fgn;kg

n
k¼1 be the zeros in the increasing order of this one, then if ja,i represents

the i � th positive zero of the Bessel function Ja(x), again by Hurwitz’s theorem, the
number j2a;i=4 attracts to ng�n;i, for n large enough, where g�n;i represents the i � th posi-
tive zero of the polynomial Sa

nðxÞ.

5. PLANCHEREL–ROTACH TYPE FORMULA

Our next purpose is to determine the Plancherel–Rotach type formula of the Laguerre–
Sobolev-type for the scaled polynomials Sa

nðnxÞ
� �

n2N. Taking into account the formula
Sa
nðxÞ ¼ La

nðxÞ �
Mm!

La
n�1

�� ��2
a
ðx� fÞmþ1

�
La

n

� �ðmÞðfÞ La
nðxÞT½n�1;a�m ðx; fÞ � La

n�1ðxÞT½n;a�m ðx; fÞ
� 


1þMK
ðm;mÞ
n�1 ðf; fÞ

� � ;
multiplying both sides by ð�1Þ
n!

we get
bSa
nðxÞ ¼ bLa

nðxÞ �
Mm!

La
n�1

�� ��2
a
ðx� fÞmþ1

�
La

n

� �ðmÞðfÞ bLa
nðxÞT½n�1;a�m ðx; fÞ þ bLa

n�1ðxÞ
T
½n;a�
m ðx;fÞ

n

h i
1þMK

ðm;mÞ
n�1 ðf; fÞ

� � ;
and scaling the variable x fi nx, divide by bLa
nðnxÞ, and introducing the factor

La
n�1

� �ðmÞðfÞ, we have
bSa
nðnxÞbLa
nðnxÞ

¼ 1� Mm!

La
n�1

�� ��2
a
ðnx� fÞmþ1

�
La

n

� �ðmÞðfÞ La
n�1ð ÞðmÞðfÞ

La
n�1ð ÞðmÞðfÞ

T½n�1;a�m ðnx; fÞ þ
bLa
n�1ðnxÞbLa
nðnxÞ

T
½n;a�
m ðnx;fÞ

n

� �
1þMK

ðm;mÞ
n�1 ðf; fÞ

� � : ð30Þ
We will analyze the behavior of the terms
T½n�1;a�m ðnx; fÞ
La

n�1
� �ðmÞðfÞ ; ð31Þ
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and
T½n;a�m ðnx; fÞ
n La

n�1
� �ðmÞðfÞ :
As before, beginning with (31), when k 6 m � 1
ð�1Þk�m

k!

bLaþk
n�ð1þkÞðfÞðnx� fÞkbLaþm
n�ð1þmÞðfÞðnx� fÞm

¼ ð�1Þ
k�m

k!

bLaþk
n�ð1þkÞðfÞbLaþm
n�ð1þmÞðfÞ

nk�m x� f
n

� �k�m

! 0;
when n fi1. When k= m the quotient ð�1Þ
k�m

k!

bLaþk
n�ð1þkÞðfÞðnx�fÞkbLaþm
n�ð1þmÞðfÞðnx�fÞm

becomes 1
m!
and then as a

consequence
T½n�1;a�m ðnx; fÞ
La

n�1
� �ðmÞðfÞ � 1

m!
: ð32Þ
On the other hand, if 0 6 k 6 m � 1,
ð�1Þk�m

k!
limn!1

bLaþk
n�kðfÞ x

n
� f

� �k
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m ¼ 0;
and if k= m
1

m!

bLaþm
n�mðfÞ x

n
� f

� �m
bLaþm
n�ð1þmÞðfÞ x

n
� f

� �m � 1

m!
1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p

 !
;

and thus
T n;a½ �
m ðnx; fÞ

n La
n�1

� �ðmÞðfÞ � � 1

m!
1þ

ffiffiffiffiffi
jfj

pffiffiffi
n
p

 !
ð33Þ
Then, by using (32), (33) and (7) we have
bSa
nðnxÞbLa
nðnxÞ

� 1�
� m!
ðnx�fÞ

1
m!
þ 1

uððx�2Þ=2Þ
1
m!

1þ
ffiffiffiffi
jfj
pffiffi

n
p
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1

2
ffiffi
n
p ffiffiffiffi

jfj
p

¼ 1þ 2
ffiffiffi
n
p ffiffiffiffiffi

jfj
p

ðnx� fÞ 1þ 1

uððx� 2Þ=2Þ 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p

 ! !
:

Note that
ffiffi
n
p

ðnx�fÞ

��� ��� ¼ ffiffi
n
p

ðnxþjfjÞ

��� ��� 6 1
jxj
ffiffi
n
p , so that
2
ffiffiffi
n
p ffiffiffiffiffi

jfj
p

ðnx� fÞ 1þ 1

uððx� 2Þ=2Þ 1þ
ffiffiffiffiffi
jfj

pffiffiffi
n
p

 ! !
! 0;
when n fi1. We summarize the main result of this section in the next



186 L.A.M. Molano
Theorem 5.
limn!1
bSa
nðnxÞbLa
nðnxÞ

¼ 1: ð34Þ
uniformly on compact subsets of C n ½0; 4�

Note that the value of m does not modify the result obtained in [6], in the case
m = 1. The same result is given for m = 0 in [9].
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[7] H. Dueñas, F. Marcellán, The Laguerre–Sobolev-type orthogonal polynomials, J. Approx. Theory 162

(2010) 421–440.

[8] J.S. Geronimo, W. Van Assche, Relative asymptotics for orthogonal polynomials with unbounded

recurrence coefficients, J. Approx. Theory 62 (1990) 47–69.

[9] E. Huertas, F. Marcellán, B. Xh. Fejnullahu, R.Xh. Zejnullahu, On orthogonal polynomials with respect

to certain discrete Sobolev inner product, Pacific J. Math. 257-1 (2012) 167–188.

[10] M.E.H. Ismail, An electrostatic model for zeros of general orthogonal polynomials, Pacific J. Math. 193

(2000) 355–369.

[11] M.E.H. Ismail, Classical and Quantum Orthogonal Polynomials in One VariableEncyclopedia of

Mathematics and its Applications, vol. 98, Cambridge University Press, Cambridge, UK, 2005.

[12] N.N. Lebedev, Special Functions and Their Applications, Dover Publications, NewYork, 1972.

[13] F. Marcellán, F.R. Rafaeli, Monotonicity and asymptotics of zeros of Laguerre–Sobolev type

orthogonal polynomials of higher derivatives, Proc. Am. Math. Soc. 139 (2011) 3929–3936.

[14] F. Marcellán, A. Ronveaux, On a class of polynomials orthogonal with respect to a discrete Sobolev

inner product, Indag. Math. N.S. 1 (1990) 451–464.

[15] H.G. Meijer, On real and complex zeros of orthogonal polynomials in a discrete Sobolev space, J.

Comput. Appl. Math. 49 (1993) 179–191.
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