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Abstract. The object of the present paper is to characterize Weyl semisymmetric
almost Kenmotsu manifolds with its characteristic vector field £ belonging to the (k, u)’-
nullity distribution and (k, p)-nullity distribution respectively. Also we characterize almost
Kenmotsu manifolds satisfying the curvature condition C' - S = 0, where C' and S are the
Weyl conformal curvature tensor and Ricci tensor respectively with its characteristic vector
field € belonging to the (k, )’ -nullity distribution. As a consequence of the main results we
obtain several corollaries. Finally, we present an example to verify our results.
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1. INTRODUCTION

In the present time the study of nullity distributions is a very interesting topic on almost
contact metric manifolds. The notion of k-nullity distribution (¥ € R) was introduced by
Gray [7] and Tanno [11] in the study of Riemannian manifolds (M, g), which is defined for
any p € M and k € R as follows:

Ny(k) ={Z € T,M : R(X,Y)Z = klg(Y, Z)X — g(X, Z)Y]}, (1.1)

forany X,Y € T,,M, where T}, M denotes the tangent vector space of M at any point p € M
and R denotes the Riemannian curvature tensor of type (1, 3).

* Corresponding author.
E-mail addresses: uc_de @yahoo.com (U.C. De), krishanu.mandal013 @ gmail.com (K. Mandal).

Peer review under responsibility of King Saud University.

FLSEVIER Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.ajmsc.2016.04.001
1319-5166 (© 2016 The Authors. Production and Hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.ajmsc.2016.04.001&domain=pdf
mailto:uc_de@yahoo.com
mailto:krishanu.mandal013@gmail.com
http://dx.doi.org/10.1016/j.ajmsc.2016.04.001
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

110 U.C. De, K. Mandal

Recently Blair, Koufogiorgos and Papantoniou [3] introduced a generalized notion of
the k-nullity distribution named the (k, p)-nullity distribution on a contact metric manifold
(M?"+L ¢, & n, g), which is defined for any p € M?"+1 and k, u € R as follows:

Ny (ko) = {Z € T,M>: R(X,Y)Z = Kg(Y, Z)X - (X, 2)Y]
+ulg(Y. 2)hX — g(X, Z)AY]}, (12)

where h = %£ ¢ ¢ and £ denotes the Lie differentiation.
In [4], Dileo and Pastore introduced the notion of (k, u)’-nullity distribution, another

generalized notion of the k-nullity distribution, on an almost Kenmotsu manifold
(M?"*L ¢ & n, g), which is defined for any p € M?"*! and k, 1 € R as follows:

Ny (ko) = {Z € T,M*"*" : R(X,Y)Z = Klg(Y. Z)X — g(X, Z)Y]
+ulg(Y, Z)WX — g(X, Z)W'Y]},(13)

where b/ = h o ¢.

On the other hand, Kenmotsu [9] introduced a new type of contact metric manifolds named
Kenmotsu manifolds nowadays. Let us consider M?2"*! be an almost contact metric manifold
with almost contact structure (¢, £, 7, g) given by a (1, 1) tensor field ¢, a characteristic vector
field &, a 1-form 7 and a compatible metric g satisfying the conditions [1,2]

¢2:*I+77®§7 ¢(£):Oa 7’(5):17 770(15:0,
9(6X, 9Y) = g(X,Y) = n(X)n(Y),

for any vector fields X and Y of T, M?"*!. The fundamental 2-form & is defined by
®(X,Y) = g(X,¢Y) for any vector fields X and Y of 7,M?" 1. The condition for
an almost contact metric manifold being normal is equivalent to vanishing of the (1,2)-
type torsion tensor Ny, defined by Ny = [, ¢] + 2dn ® &, where [¢, ¢] is the Nijenhuis
torsion of ¢ [1]. A normal almost Kenmotsu manifold is a Kenmotsu manifold such that
dn = 0and d¢ = 2n A &. Also Kenmotsu manifolds can be characterized by (Vx¢)Y =
9(6X, V)¢ — n(Y)¢X, for any vector fields X, Y. It is well known [9] that a Kenmotsu
manifold M?"*1 is locally a warped product I x ;f N2 where N2" is a Kéhler manifold,
I is an open interval with coordinate ¢ and the warping function f, defined by f = ce? for
some positive constant c. Let us denote the distribution orthogonal to & by D and defined
by D = Ker(n) = Im(¢). In an almost Kenmotsu manifold, since 7 is closed, D is an
integrable distribution.

A Riemannian manifold (M?"*! g) is called locally symmetric if its curvature tensor
R is parallel, that is, VR = 0, where V is the Levi-Civita connection. The notion of
semisymmetric manifold, a proper generalization of locally symmetric manifold, is defined
by R(X,Y)- R = 0, where R(X,Y) acts on R as a derivation. A complete intrinsic
classification of these manifolds was given by Szabd in [10]. A Riemannian manifold is said
to be Weyl semisymmetric if the Weyl conformal curvature tensor C' satisfies R-C = 0. In a
recent paper [8] Jun, De and Pathak studied Weyl semisymmetric Kenmotsu manifolds.

In [5], Dileo and Pastore studied locally symmetric almost Kenmotsu manifolds. Moreover
almost Kenmotsu manifolds satisfying some nullity conditions were also investigated by
Dileo and Pastore [4]. We refer the reader to [5,4,6] for more related results on (k, p)’-
nullity distribution and (k, p)-nullity distribution on almost Kenmotsu manifolds. In recent
papers [12—15] Wang and Liu study almost Kenmotsu manifolds with nullity distributions.
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In [13], Wang and Liu study £-Riemannian semisymmetric almost Kenmotsu manifolds with
¢ belonging to the (k, 1)’ -nullity distribution and (k, u1)-nullity distribution.

The paper is organized as follows:

In Section 2, we give a brief account on almost Kenmotsu manifolds with £ belonging
to the (k, p)-nullity distribution and £ belonging to the (k, 1)’ -nullity distribution. Section 3
deals with Weyl semisymmetric almost Kenmotsu manifolds and almost Kenmotsu manifolds
satisfying the curvature condition C'- S = 0 with characteristic vector field £ belonging to the
(k, p)'-nullity distribution. Section 4 is devoted to study conformally flat almost Kenmotsu
manifolds and Weyl semisymmetric almost Kenmotsu manifolds with characteristic vector
field £ belonging to the (k, p)-nullity distribution. As a consequence of the main results we
obtain several corollaries. In the final section, we present an example to verify our results.

2. ALMOST KENMOTSU MANIFOLDS

Let M2+ be an almost Kenmotsu manifold. We denote h = %;E ¢ ¢andl = R(-,£)¢ on
M?"+1 The two (1,1)-type tensors [ and h are symmetric and satisfy [4]

hé =0, =0, tr(h) =0, tr(h¢) =0, h¢ + ¢h = 0. (2.1)
Besides the above we have the following results [4]
Vx€=X—n(X)§ - ohX(= V£ =0), (2.2)

Plg — 1 =2(h* — ¢°), 2.3)
R(X,Y)§=n(X)(Y = ¢hY) = n(Y)(X — ¢hX) + (Vyoh)X — (Vxoh)Y, (2.4)

for any vector fields X, Y. The (1, 1)-type symmetric tensor field A’ = ho¢ is anticommuting
with ¢ and '€ = 0. Also it is clear that

h=0 < W =0 W =(k+1)p*(eh?=(k+1)¢%. 2.5)

3. £ BELONGS TO THE (k, pt)’-NULLITY DISTRIBUTION

In this section we consider an almost Kenmotsu manifold with £ belonging to the (k, p)’-
nullity distribution. Let X € D be the eigenvector of A’ corresponding to the eigenvalue
A. Then from (2.5) it is clear that \> = —(k + 1), a constant. Hence ¥ < —1 and \ =
++v/—k — 1. We denote the eigenspaces associated with 2’ by [A]" and [—\]’ corresponding
to the non-zero eigenvalues A and —\ of A’ respectively. To prove our main theorem in this
section we recall some results:

Lemma 3.1 (Prop. 4.1 and Prop. 4.3 of [4]). Let (M?"*Y ¢, & 1, g) be an almost Kenmotsu
manifold such that £ belongs to the (k, ) -nullity distribution and h' # 0. Then k <
—1, p = —2and Spec (') = {0, A\, — A}, with 0 as simple eigenvalue and A = /—k — 1.
The distributions [] & [\ and [§] & [— )] are integrable with totally geodesic leaves. The
distributions [\ and [—)\)" are integrable with totally umbilical leaves. Furthermore, the
sectional curvature is given as follows:
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@) K(X,6) =k —2\if X € [\ and
K(X,€) = k+20if X €[],

b) K(X,Y) =k —2\if X,Y € [\/;
KX, Y)=k+2\if XY € [\ and

KX, Y)=—(k+2)if X e[\, Y e[-),
(c) M?"*L has constant negative scalar curvature r = 2n(k — 2n).

Lemma 3.2 (Lemma 3 of [14]). Let (M?"*1 ¢,£,1m,9) be an almost Kenmotsu manifold
with & belonging to the (k, p)'-nullity distribution. If h' # 0, then the Ricci operator Q of
M?"+1 s given by

Q = —2nid +2n(k + 1)n® & — 2nh/'. (3.1)

Moreover; the scalar curvature of M?"+1 is 2n(k — 2n).

Lemma 3.3 (Proposition 4.2 of [4]). Let (M*"*1 ¢ ,£,m,9) be an almost Kenmotsu
manifold such that h' # 0 and & belongs to the (k, —2) -nullity distribution. Then for any
X, Yo, Zy € [N and X_5,Y_x,Z_\ € [-\], the Riemannian curvature tensor satisfies:
R(X\,YA)Z_\ =0,
R(X_»,Y_2)Z» = 0,
R(X\,Y_\)Zx = (k+2)g(Xx, Z))Y-»,
R(X\,Y_\)Z-x = —(k+2)g(Y_x, Z_) X),
R(X,\, Y)\)Z)\ = (k‘ — 2)\>[g(Y)\, Z)\)X)\ — g()(,\7 Z)\)Y)\],
R(X,)\, Y,)\)Z,)\ = (k + 2)\)[9(}/,)\, Z,)\)X,)\ - g(X,)\, Z,)\)Y,)\].

From (1.3) we have

R(X,Y)E = kn(Y)X —n(X)Y] + pn(Y)R'X —n(X)h'Y], (3.2)
where k, 1 € R. Also we get from (3.2)

R(§, X)Y = k[g(X,Y)E — n(Y)X] + ulg(h'X,Y)E —n(Y)W X]. (3.3)
Contracting Y in (3.2) we have

S(X, &) = 2nkn(X). 3.4

The Weyl conformal curvature tensor C' on a (2n + 1)-dimensional manifold is defined
by [16]

C(X,Y)Z = R(X,Y)Z — znl_ AS(Y, 2)X - S(X, 2)Y +¢(Y, 2)QX
—g(X,2)QY} + m{gm 7)X — g(X, 2)Y}, (35

where X,Y, Z are any vector fields, S is the Ricci tensor of type (0,2) and @ is the Ricci
operator defined by S(X,Y) = g(QX,Y). Using the results (3.1)—(3.4) one can easily obtain



On a type of almost Kenmotsu manifolds with nullity distributions 113

the following:

Cle)Z = (ot oo ) LY. 206~ n(z'Y ). 66)
CYIE= (1 52 ) GOV WX = (I, 37)

Now we are in a position to prove our main theorem.

Theorem 3.1. Let (M*"*1 ¢ & n,g)(n > 1) be an almost Kenmotsu manifold with &
belonging to the (k, ) -nullity distribution and h' # 0. If the manifold M*" 1 is Weyl
semisymmetric then M?"*1 is locally isometric to the Riemannian product of an (n + 1)-
dimensional manifold of constant sectional curvature —4 and a flat n-dimensional manifold.

Proof. We suppose that the manifold is conformally semisymmetric, that is, R - C' = 0. Then
(R(X,Y) - C)(U, V)W = 0 for all vector fields X, Y, U, V, W, which implies

R(X,Y)C(U, VYW — C(R(X,Y)U, V)W — C(U, R(X,Y)V)W
— C(U,V)R(X,Y)W = 0. (3.8)

Substituting X = U = £ in (3.8) we have,

Making use of (3.3) and (3.6) we get

R(£,Y)C(E V)W
= k[g(Y,C(&,V)W)E —n(C(E,V)W)Y]
+ pulg(R'Y, C (&, VI)W)E —n(C(E, V)W)R'Y]

= (1 5 ) (VWY )6 = g8V WY = (W), K V)E)

2n
2n—1

i (1 gt ) YRV W)+ gV I, (3.10)

for any vector fields Y, V, W on M?"+1,
Similarly, it follows from (3.3) and (3.6) that

C(R(& YY) V)W
= kn(Y)C(&, V)W — kC(Y, V)W — uC(R'Y, V)W

= (1 g ) (VW )~ (W (Y VY

— kC(Y, V)W — uC(KY, V)W, (3.11)

for any vector fields Y, V, W on M?2"+1,
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With the help of (3.3) and (3.6) we obtain

C& R(EY)VIW
= kg(Y,V)C(& W — kn(V)C(&, Y)W
+pg(WY,V)C(§, W — um(V)C (&, WY)W

=k (14 g YWV = (V'Y )

uk+ 1) (u n ) (g Wn(V)e — n(Wn(V)Y), (3.12)

2n —1

for any vector fields Y, V, W on M?2n+1,
Again using (3.3), (3.6) and (3.7) we have

C(&V)R(E Y)W
= kg(Y,W)C(&, V)€ = kn(W)C(E, V)Y
+ug(R'Y,W)C(§,V)E — un(W)C(, V)R'Y

B (u + 1) {kg(Y. W'V + pg(W'Y, W'V + pg(h'V, 1Y (W)€}

(0 g ) VY IOV IE — Y (W)Y, a1

for any vector fields Y, V, W on M?"+1,
Finally, substituting (3.10)—(3.13) in (3.9) yields

1>{ kg(W'V, W)Y

— ug(WV, W'Y + kg(h'Y, W)y (V),g len(V)n(W)R'Y
—pu(k+ Dg(Y, W)n(V)§ + p(k + )n(V)n(W)Y
+kg(Y,W)R'V + pug(h'Y,W)h'V} = 0, (3.14)

kC(Y, V)W + uC (W'Y, V)W + (

for any vector fields Y, V, W on M?"+1,
Substituting Y = h’Y in (3.14) and using the fact B2 = = (k+1)¢? of (2.5) we get

2n —1
+pu(k + Dg(R'V,W)Y = k(k + 1)g(Y, W)n(V)E + k(k 4+ Dn(V)n(W)Y

—pu(k 4+ D)g(WY, W)n(V)E + u(k + 1)n(V)n(W)R'Y

+hg(R'Y, WR'V — pu(k + 1)g(Y, W)WV} = 0, (3.15)

kC(R'Y, VYW — u(k + 1)C(Y, V)W + (u + ) {—kg(WV,W)KY

for any vector fields Y, V, W on M?"+1,
Subtracting p multiple of (3.15) from £ multiple of (3.14) implies

(4 2200V W + (422 (0 520 ) (oY Wn( e

— (V)WY = g(W'V, W)Y + g(¥, W)W'V} = 0, (3.16)
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for any vector fields Y, V, W on M?"*!, In [4], Dileo and Pastore proved that if £ belongs
to the (k, u)’-nullity distribution then ¢ = —2. Using this result, Lemmas 3.2 and 3.3 and
letting Y, V, W € [—)]’ we have

2nk — 2\ + 2n

Y. =
ey, vw T

{g(V,W)Y — g(¥, W)V}, (3.17)
for any vector fields Y, V, W on M?2"+1,
With the help of (3.17) and noticing Y, V, W € [— )]’ we obtain from (3.16)

(k+2)2%k+1-MN{g(V,W)Y — g(Y, W)V} =0. (3.18)
Making use of (3.18) and the fact A = £+v/—k — 1 yields
AMA—1D2A+ 1) =0. (3.19)

Since b/ # 0, (2.5) implies k # —1 and hence A # 0. Then it follows from (3.19) that A2 = 1
and consequently £ = —2. Without loss of any generality we may choose A\ = 1. Then we
have from Lemma 3.3

R(X\, Y\)Zx = —4[g(Yx, Z))Xx — g(Xx, Z))Y)],
R(X_\,Y_\)Z_» =0,

forany X,,Y\,Zy € [\’ and X_,,Y_»,Z_» € [-)]. Also noticing ; = —2 it follows
from Lemma 3.1 that K (X,¢) = —4 forany X € [A]' and K(X,¢{) = 0forany X € [—)].
Again from Lemma 3.1 we see that K(X,Y) = —4 forany X,Y € [\]; K(X,Y) =0
forany X,Y € [-)]' and K(X,Y) = O forany X € [A],Y € [-A]’. As is shown in [4]
that the distribution [£] @ [A]’ is integrable with totally geodesic leaves and the distribution
[—A] is integrable with totally umbilical leaves by H = —(1 — \)&, where H is the mean
curvature vector field for the leaves of [—\]’ immersed in M?"*!. Here A = 1, then two
orthogonal distributions [£] & [A]’ and [— ]’ are both integrable with totally geodesic leaves
immersed in M 2" "1, Then we can say that M2"*1 is locally isometric to H"*1(—4) x R".
This completes the proof of our theorem. [J

Since conformally symmetric manifold (VC' = 0) implies R - C' = 0, therefore from
Theorem 3.1 we can state the following:

Corollary 3.1. A conformally symmetric almost Kenmotsu manifold M?"*1(n > 1) with £
belonging to the (k, u)'-nullity distribution and h/ # 0 is locally isometric to the Riemannian
product of an (n + 1)-dimensional manifold of constant sectional curvature —4 and a flat n-
dimensional manifold.

Since R - R = 0 implies R - C' = 0, we obtain the following:

Corollary 3.2. A semisymmetric almost Kenmotsu manifold M*"*1(n > 1) with ¢
belonging to the (k, p)’'-nullity distribution and h' # 0 is locally isometric to the Riemannian
product of an (n + 1)-dimensional manifold of constant sectional curvature —4 and a flat n-
dimensional manifold.
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The above corollary has been proved by Wang and Liu [13]. Obviously, Theorem 3.1
generalizes the theorem of Wang and Liu [13].

Next we consider an almost Kenmotsu manifold with ¢ belonging to the (k, p)’-nullity
distribution and A’ # 0 satisfying the curvature condition C' - S = 0. Then (C(X,Y) -
S)(U, V) = 0 for all vector fields X, Y, U, V, which implies

S(C(X,Y)U,V) + S(U,C(X,Y)V) =0, (3.20)

for any vector fields X, Y, U,V on M?"*1,
Substituting X = U = £ in (3.20) we have,

Making use of (3.4) and (3.6) we get from (3.21)

2n , , -
(M + GT 1) {S(W'Y,V)—2nkg(h'Y,V)} =0, (3.22)

for any vector fields Y,V on M?"*!, Since ¢ belongs to the (k, ) -nullity distribution,
therefore pn = —2 [4].
Hence for 2n +1 > 5,

S(K'Y,V) = 2nkg(KY, V), (3.23)

for any vector fields Y, V on M?"+1,
Replacing Y by A'Y in (3.23) and using (2.5) yields

(k+D{S(Y,V) — 2nkg(Y,V)} =0, (3.24)

for any vector fields Y, V on M?"+1,
Suppose k + 1 = 0, that is, k = —1. Dileo and Pastore [4] prove that in an almost
Kenmotsu manifold with ¢ belonging to the (k, u) -nullity distribution if & = —1, then

h' = 0 and the manifold M?2"*! is locally a warped product of an almost Kihler manifold
and an open interval. Thus £ + 1 = 0 contradicts our hypothesis A’ # 0. Therefore
S(V,Y) = 2nkg(V,Y), for any vector fields VY on M?"*1. Thus the manifold is an
Einstein manifold.

Conversely, if the manifold under consideration is an Einstein manifold, then from (3.20)
it follows that C' - S = 0 holds identically.

By the above discussions we can state the following:

Theorem 3.2. An almost Kenmotsu manifold (M*" 1, ¢,£,m,g), n > 1, with & belonging to
the (k, w) -nullity distribution and h' # 0 satisfies the curvature condition C - S = 0 if and
only if the manifold is an Einstein manifold.

4. £ BELONGS TO THE (k, pt)-NULLITY DISTRIBUTION

In this section we study the curvature properties C' = 0 and R - C' = 0 on an almost
Kenmotsu manifold with & belonging to the (k, x)-nullity distribution, where C' and R are
the conformal curvature tensor and Riemannian curvature tensor respectively.
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From (1.2) we have
R(X,Y)E = k[n(Y)X —n(X)Y] + pn(Y)hX — n(X)hY],

where k, 1 € R.
Now we state the following:
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A.1)

Lemma 4.1 (Theorem 4.1 of [4]). Let M?"+1 be an almost Kenmotsu manifold of dimension
2n + 1. Suppose the characteristic vector field & belonging to the (k, p)-nullity distribution.
Then k = —1, h = 0 and M?"*! is locally a warped product of an open interval and an

almost Kdhler manifold.

From (4.1) and Lemma 4.1 we have the following:

R(X,Y){ =n(X)Y —n(Y)X,
R(€7 X)Y = _g(X7 Y)E + n(Y)X7
S(X, &) = —2nn(X),

for any vector fields X, Y on M?2"*!. Moreover, we have the following:
n(R(X,Y)Z) = g(X, Z)n(Y) = g(Y, Z)n(X),

for any vector fields X,Y on M?"+1,
Let us consider the manifold M/2"*! be conformally flat, that is,

C(X,Y)Z =0,

for any vector fields X, Y, Z on M?"+1,
From (3.5) and (4.6) we have

R(X,Y)Z = 2n1_ AS(Y.2)X — S(X.2)Y +¢(Y, 2)QX
—9X DY} = 5 s (g 2)X —g(X, 2)Y

Substituting Z = £ in (4.7) and using (4.2), (4.4) yields

n(Y)QX —n(X)QY = (1+ ) n(¥)X —n(X)Y}.
Putting Y = £ in (4.8) and using (4.4) we obtain

r

QX:(1+L>X—(1+27H-
2n 2n

) n(X)g.
Taking inner product of (4.9) with Y we have

o
2n

S(X,Y) = (1 + ) 9(X,Y) — (1 +on+ %) n(X)n(Y).

(4.2)
4.3)
(4.4)

(4.5)

(4.6)

.7

(4.8)

(4.9)

(4.10)
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Now substituting the values of QX and S(X,Y) in the expression of the conformal curvature
tensor and considering the hypothesis C(X,Y)Z = 0, we get

r+4n
RX, YV = | ————= Y, Z2)X —g(X,2)Y
(X112 = (s ) 1o 2)X = (X, 2)Y)
T

— 5 (14 20+ 3 ) {oV. 2m(X) = g(X. Z)n(¥ )¢

+n(Y)n(Z2)X —n(X)n(2)Y}. (4.11)
In [4], Dileo and Pastore prove that in an almost Kenmotsu manifold with & belonging to
the (k, p)-nullity distribution the sectional curvature K (X,€¢) = —1. From this we get in
an almost Kenmotsu manifold with £ belonging to the (k, 11)-nullity distribution the scalar
curvature 7 = —2n(2n + 1).

Thus from (4.11) we obtain
R(Xv Y)Z = 7{9(Yﬂ Z)X - g(X7 Z)Y}a

which implies that the manifold is of constant curvature —1.

Conversely, if the manifold M2+ is of constant curvature —1, then it can be easily shown
that the manifold under consideration is conformally flat.

Hence we can state the following:

Proposition 4.1. Let (M?"*1 ¢ £ 0, g) be an almost Kenmotsu manifold with & belonging
to the (k, p)-nullity distribution. Then M "+ is conformally flat if and only if the manifold
is of constant curvature —1.

Using (4.3), (4.4) and (3.5) one can easily verify the following:

Cen)Z = (oo ) v 206 - n(2)7)
- S 26— n(2)QY @12)

for any vector field Y, Z on M7+,
Now we prove the following:

Proposition 4.2. Let (M?"*1 ¢, £ n, g) be an almost Kenmotsu manifold with ¢ belonging
to the (k,p)-nullity distribution. Then M?"*' is Weyl semisymmetric if and only if the
manifold is conformally flat.

Proof. Let M2+ be a Weyl semisymmetric almost Kenmotsu manifold with & belongs to
the (k, po)-nullity distribution. Therefore (R(X,Y") - C)(U, V)W = 0 for all vector fields
X, Y, U, V, W, which implies

R(X,Y)C(U, V)W — C(R(X,Y)U, V)W
—C(U,R(X,Y)V)W — C(U,V)R(X,Y)W = 0. (4.13)

Substituting X = U = ¢ in (4.13) we have,

—C(&REY)VIW = C (& V)R(E Y)W = 0. (4.14)
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Making use of (4.3) and (4.12) we get

RENICEVIW = (s ) 1V e = oV Whn(v)g
gV, WY — n(W)(V)Y)

SV WY )E — S(V.Y )n(W)e

Jr2n

for any vector field Y, V, W on M?"+1,
Again using (4.3) and (4.12) we obtain

CREYIEVIW = CEVIW <2n<;f_nl> >

x {g(V,W)n(Y)§ —n(W)n(Y)V}

S LSV (e — (Y In(W)QVY,

+

for any vector field Y, V, W on M?"+1,
Similarly, it follows from (4.3) and (4.12) that

r+2n
2n(2n — 1)

S LS WV )E — (W )(V)QY Y,

(6. REY)V)W = ( ) {9 Wn(V)E = n(V)n(W)Y}

for any vector field Y, V, W on M?"+1,
With the help of (4.3) and (4.12) we have

CEVIRETIW = (G5 LYV = g Whn(1 )¢

+g(Y,V)n(W)§ —n(W)n(Y)V}
{2ng(Y,W)n(V)€ + g(Y,W)QV

2n —1
+S(V,Y)n(W)E —n(W)n(Y)QV},

for any vector field Y, V, W on M?"+1,
Finally, substituting (4.15)—(4.18) in (4.14) gives

(%) {g(V.W)Y —g(Y, W)V} - C(Y, V)W

S (SO W)V )E — n(W)n(V)QY + 2ng (Y, W)n(V )¢

+g9(Y,MQV — S(V,W)Y —2nn(V)n(W)Y'} =0,

+

for any vector field Y, V, W on M?"+1,
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(4.15)

(4.16)

4.17)

(4.18)

(4.19)
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Using (3.5) in (4.19) yields

RY,VIW = o ——{g(V.W)Y — (Y, W)V = 2n(V)n(W)Y

+ SV, Wn(V)E = n(V)n(W)QY + 2ng(Y, W)n(V)é
— SV, W)V + g(V,W)QY }. (4.20)

Contracting Y in (4.20) it follows that

r

SV, W) = (1+ o

) g(V, W) — (1 +on+ %) n(V)n(Ww), 421

for any vector field V, W on M?"+1,
Taking inner product of (4.19) with respect to Z gives

(M) {g(V,W)g(Y,Z) — g(Y,W)g(V,Z)} — g(C(Y, V)W, Z)

1
2n—1
+g(Y,W)S(V, Z) = S(V,W)g(Y, Z) — 20p(V)n(W)g(Y, Z)} = 0. (422)

_|_

S, Win(Vn(Z) —n(W)n(V)S(Y, Z) + 2ng(Y, W)n(V)n(Z)

Putting the value of S(V, W) in (4.22) one can easily obtain
9(C(Y, V)W, Z) =0, (4.23)

that is, C(Y, V)W = 0, for any vector field Y, V,W on M?"*1 Hence the manifold is
conformally flat.

Conversely, if the manifold is conformally flat then obviously it is Weyl semisymmetric.
This completes the proof of the proposition. [

From Propositions 4.1 and 4.2 we obtain the following:

Theorem 4.1. An almost Kenmotsu manifold M>"*1(n > 1) with £ belonging to the (k, u)-

nullity distribution is Weyl semisymmetric if and only if the manifold is of constant curvature
—1.

Since conformally symmetric manifold (VC' = 0) implies R - C' = 0, therefore from
Theorem 4.1 we can state the following:

Corollary 4.1. An almost Kenmotsu manifold M*"*1(n > 1) with £ belonging to the
(k, w)-nullity distribution is conformally symmetric if and only if the manifold is of constant
curvature —1.

Since R - R = 0 implies R - C' = 0, we obtain the following:

Corollary 4.2. An almost Kenmotsu manifold M>*"*(n > 1) with ¢ belonging to the (k, j)-
nullity distribution is semisymmetric if and only if the manifold is of constant curvature —1.

The above corollary has been proved by Wang and Liu [13].
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5. EXAMPLE OF A 5-DIMENSIONAL ALMOST KENMOTSU MANIFOLD

In this section, we construct an example of an almost Kenmotsu manifold such that &
belongs to the (k, ) -nullity distribution and A’ # 0, which is an Einstein manifold. We
consider 5-dimensional manifold M = {(z,vy,z,u,v) € R®}, where (x,y, z,u,v) are the
standard coordinates in R?. Let &, e, e3, e4, e5 be five vector fields in R® which satisfies [4]

[Ea 62] = 72627 [57 63] = 72637 [fa 64] = 0? [Ea 65] = 07
[ei,ej] =0, wherei,j=2,3,4,5.

Let g be the Riemannian metric defined by

g(gaf) = 9(62762) = 9(63,63) = 9(64784) = 9(65,65) =1
and g(§,e;) =g(es,e5) =0 fori#j;i,5=2,3,4,5.

Let 1 be the 1-form defined by
(%) = g(2,6),
for any Z € x(M). Let ¢ be the (1, 1)-tensor field defined by
?(&) =0, P(e2) = ey, P(es) = es, P(es) = —ea, ¢(es) = —es.
Using the linearity of ¢ and g we have
n€) =1,  ¢*Z=-Z+n2)
and
forany Z,U € x(M). Moreover,
hlf = 0, hleg = €2, hleg = €3, h/64 = —€4, h/€5 = —€s5.
The Levi-Civita connection V of the metric tensor g is given by Koszul’s formula which is
given by
29(VxY.Z) = Xg(Y. Z) + Yg(Z,X) — Zg(X.Y)
Using Koszul’s formula we get the following:
Vgg = O7 V&BQ = 0, Vgeg = O, V§€4 = 0, Vgeg, = f,
Vegé‘ = 2627 v6262 = _263 v6263 = 07 V82e4 = 0) V6265 = 07
Vegf = 2eg, ve:geZ =0, vegeS = _261 Vege4 = 0; v(:‘365 =0,
V64§ = 0, ve462 = O7 ve463 = O, Ve464 = 0, ve465 = 0,
Vesg =0, ve5e2 =0, v6563 =0, v6564 =0, V5565 =0.

In view of the above relations we have

Vxé=—-¢’X + WX,
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for any X € x(M). Therefore, the structure (¢, &, 7, g) is an almost contact metric structure
such that dn = 0and d® = 2n A @, so that M is an almost Kenmotsu manifold.

By the above results, we can easily obtain the components of the curvature tensor R as
follows:

R(&, e2)& = 4des, R(&, ea)eq = —4E, R(&,e3)¢ = 4des,

R(§, e3)es = —4¢,

R(§ es)€ = R(&, ea)es = R(§, e5)€ = R(&, e5)es = 0,

R(ea, e3)es = 4des, R(ea, e3)e3 = —4dea, R(ea,e4)e2 = R(ea, eq)eq =0,
R(ea,e5)ea = R(eq, e5)es = R(es, eq)es = R(es,eq)eq =0,

R(
R(es,e5)es = R(es, es)es = R(eq, e5)eqs = R(eq, e5)es = 0.

With the help of the expressions of the curvature tensor we conclude that the characteristic
vector field £ belongs to the (k, p)’-nullity distribution, with & = —2 and pn = —2.

Using the expressions of the curvature tensor we find the values of the Ricci tensor S as
follows:

S(£,€) = S(ea,e2) = S(es,e3) = =8, S(eq,eq) = S(es,e5) =0.

Since {, ea, €3, e4, e5 } forms a basis, any vector field X,Y € x(M) can be written as
X = a1& + ages + azes + ageq + ases

and
Y = b1§ + baea + bzes + baey + bses,

where aq, as, ag, aq, as, by, b, bs, by, b5 € R\ {0} such that a4bs + asbs = 0. Hence,

9(X,Y) = a1by + azbs + asbs

and

S(X, Y) = —8(@1[)1 + asby + a3b3).
Therefore, we see that S(X,Y) = —8¢(X,Y), that is, the manifold M is an Einstein
manifold.

Thus, Theorem 3.2 is verified.
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