ARAB JOURNAL OF Arab J Math Sci 20(1) (2014), 1-10
MATHEMATICAL SCIENCES

Nonlinear anisotropic parabolic equations in L™
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Abstract.  In this paper, we give a result of regularity of weak solutions for a class of
nonlinear anisotropic parabolic equations with lower-order term when the right-hand
side is an L™ function, with m being “’small”. This work generalizes some results given
in [2] and [3].
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1. INTRODUCTION

In this work we study the regularity of the solution of the following nonlinear
anisotropic parabolic equation
O —div(a(t,x,u,Du)) + F(t,x,u) =f in Q,
(P) u(0,x) =0 in Q,
u=0 on (0,7) x 0Q,

where Q is a smooth bounded open set of RY (N >2), T>0 a real number,
0=(0,T)xQ,and d: 0 x R x RY — R" is a Carathéodory function satisfying, a.e.
(t,x) in Q and Yu € R and V¢, & € RY, the following:
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N
&(l,x,u,f)é = “Z|§yi|pi’ &() = (al(')v"'vaN('))v (1)
i=1
N l’nl,
Jas(t, 1, 8)] < B<b+ uf’ + Z|é_,-|"f> L i=1.N, 2)
=1
(a(t, x,u, &) —a(t,x,u,&)) (&= &) >0, &AL, (3)

where o, f§ are strictly positive real numbers, b is a given positive function in L'(Q), and
pi>1,i=1...,N

Let F(t,x,u): Q0 x R — R be a Carathéodory function satisfying the following
conditions:

sup|F(t,x,0)| € L'(Q), V4> 0, (4)
|o|<A
F(t,x,u)sign(u) = 0, a.e.(t,x) €0, VueR. (5)
We assume that /'€ L™(Q) when
(N+2)p
1 S L. 6
SMSIN¥2p-N' 5 NZ _1’ (6)
where the exponents py, ... ,py are restricted as follows:
p(2—m+N) .
l+d5<m< (l—rpn)(2+N),l3+mN’ i=1,...,N )
_ N(N+2
p< mENil; :

As a prototype example, we consider the model problem

N
Au — Z(D,-(|D,-uy'f-20,-u) —|uf'u)y =/ in Q,
i=1
u(0,x) =0 in Q,
u=20 on (0,7) x 0Q,

with /'€ L"(Q), m as in (6), and py, p», ... ,py are restricted as in (7).

Anisotropic operators are involved today in various branches of applied science. In
some cases, they provide realistic models for the study of natural phenomena in biology
and fluid mechanics (see references of [6]). In the isotropic case
Pr=p=,. = py = p), it has been proved in [2] that there exists a weak solution
ueL’0,T, W”’(Q)) to nonlinear parabolic equations with p > 1455 and
l<m< i ,\(,/1; i) + Existence and reguldrity of solutions to nonhnedr anisotropic elliptic
equatlons with F=0,1 <m < = N+ sand2 — 1 < p, < 73 L p < N, has been proved

n [3]. Recently in [7,6], the author has dlscussed the ex1stence of solutions for aniso-
tropic parabolic equations with measures (or L'(0,7:L'logL'(Q))) data under the
assumptions

{1+N+1< py <MD =1, N,

= N(NA2)
< N+1 0 °




Nonlinear anisotropic parabolic equations in L™ 3

In this paper, we treat the anisotropic parabolic case with
feLl™Q),l <m< (N+2)p/[(N+2)p—N],and p; for i = 1, ... N are restricted as
in (7).

Before giving our results, it seems of interest to make some remarks.

Remark 1.1. We note that the assumption p; > 1 + 5 for i = 1,...,N is usual when
we search for weak solutions to problems, as (P), with L’” data (m > 1 small). It
corresponds to the well-known isotropic condition p > 1 + =

N+1
Remarks 1.1. Letpl>l+N+l, i=1,...,N.
1. We have
P(N+1) p(2—m—+N)

VYm > 1.

<
N (1-=m)(2+ N)p+mN’
2. In the isotropic case (p; = p = p), the assumption
p(2—m+N)
—m)(2+ N)p+mN

is true for all m > 1.
3. If p < N, we can write

(N+2)p _N(N+2)_(N+2)((N+1)13—N)(13—N)
(N+2)p—N p(N+1)  p(N+1)((N+2)p—N)

N(N+2) -
m(N+1)

P<(1

<0.

Then, the assumption p < is true for all m € (1, ( léf;?f]v)

2. ON SOME ANISOTROPIC SOBOLEV SPACES

Let Q be a bounded smooth open subset of RY and j = (p,,...,py) € RY with p; > 1
fori = 1,...,N. We define the anisotropic space W(l)‘p"(Q) as the closure of C;°(Q) with
respect to the norm
o
3}(:[ '

I
Its dual is denoted by ( 1p’(Q)) . Next, we put

[Jull; = H”HLFI(Q) + ||Di“||w(g)a Dju =

= nWé””’(Q) and 7 (0, T; X(l]"ﬁ(Q)) = ﬁlf’ (0, T, W(l)’pi(Q)>

with

(0.1.x7(@) — ZH””L/’ (0.1:w,7 ()"

1(Q)> ([

N
ey = > l1Pw

Then one has the following Lemma.
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Lemma 2.1 (Anisotropic Sobolev inequality, [10]). Let p= (p|,ps,-..,py) With p; = 1
and u € X\7(Q). Then

[ull gy < (HIIDulqu), (8)

where r = p* = lfp < N with p given by = NZ,_ . The constant C depends on N

and p;, i = 1, . N Furthermore, if p = N, the mequallty (8) is true for all r = 1 and C
depends on r and ¥o'S

Possible references on the theory of anisotropic Sobolev spaces are [10,1].

3. STATEMENTS OF RESULTS

Definition 3.1. A function u is a weak solution of problem (P) if:

we L0, T; Wy (Q)), alt, x,u, Du) € L'(Q)"F(1, x,u) € L'(Q),

and

—/ua,q) dxdl—f—/&(nx, u, Du)Do dxdt+/
9] 0 0

for all ¢ € C(RM") which is zero in a neighborhood of (0,7) x dQ and {T} x Q.

F(t,x,u)p dxdt = / of dxdt,
[

The main result of this paper is the following.

Theorem 3.1. Let p;, i = 1,...,N are restricted as in (7), m as in (6), and f€ L (Q).
Then under the assumptions (1)—(5), the problem (P) has at least one weak solution

ue U_‘7<0, T; Xé"%Q)) where

_ ((N+ 1)13_ N)mpi
qi* (N+2—m)ﬁ I

i=1,...,N.

Proof. The proof needs three steps.
Stepl: Approximation.
Let (f,) C C5°(Q) such that
fo—f stronglyin L™(Q), as n — 400,

and

s

i) < Wlimgy Vn > 1.
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We define the problems (P,) by
O, — div(a(t, x,u,, Du,)) + F(t,x,u,) = f, in Q,
(Pn) u,(0,x) =0 in Q,
u, =0 on (0,7) x 0Q.
The existence of a solution u, in 17(0, T; X;”(Q)) N C([0, T); L*(Q)) of the problem (P,)
is classical; see for instance [5].
Remark 3.1.
Under the assumption f € L™(Q) in Theorem 3.1, we can deduce that fis never in the
- — !
dual space (I]_p (0, T; X(])"” (Q))) , so that the result of this paper deals with irregular
data asin [6,7] . If m tends to be 1, then ¢; tends to be% (* N]L) which is bound on ¢;
obtained in [4,7].

In the remainder of this paper, we denote by C or C;,j € N*, various positive constants
depending only on the structure of a, F,|Q},[Ol, /|| ), and T, never on n.

Step2: Uniform estimates on (uy,).

Lemma 3.1. Let m as in (6). Assume (1)—~(5) hold and the corresponding exponents

pii = 1, ... N are restricted as in (7). Then there exists a constant C; > 0 such that for
alln = I:
_((N+1)p— N)mp,
oo o) < O =0 T
and
1 1 1
||u’7||L‘7(Q) <G, == Z_ 9)
q9 N4,

Proof of Lemma 3.1. By the definition of ¢; and g, we set ¢; = 0p,, 0 = % Thanks to (6),
we have 6 € (0,1).

Let 6 € (0,1), T € (0, T), choosing
o(u) = (14 |u)) ™ = Dsgn(u)z.

as test function in (P”) by (1), we obtain

/dx/“ o)do + (1 — 8)a / / D] ~ddr+
i=1 +|un
//F(l,x,un)qo(un)dxdt
0 Q
< / / ol lp 10 el (10)
0 Q
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Observing that there exist two positive constants C> and Cs such that

Vo € R, / q0(l)dl = C2‘0'|27(3 — (s,
0

by (10) and (5), we can write

N
| Diu, |”
C4||Mn||yx 0,7:L79( )—i-cx(l B 5)2/ md d[

1/m'
|L’“(Q) (/(1 + |un|)(175>"1 dxd[) )
0

1/(2-9)
ol 7 2y < €+ c( /Q (1 1 )0 dxdr) ,

< C+Cllfy

So that

and

D; n L 1/m
/ D[ ~dxdt < C + C(/(1+|un)“ 5>’“dxdz) .
1+ ‘un| 0

Next, writing

Di n i
y,1i=/|Di“n|q'dde=/ L@g(lﬂunwga
0 o (1 + |ul)

and using Holder inequality, the inequality (13) gives

1/m’ 0 1-0
Vi & <C+ C(/(l + |un|)(1—5)m dxdt) ) </(1 + |u |) - 0) ,
0 0

foralli = 1,...,N. Now we choose 9, such that
00 N+2-96_

1 —0)m = =
(L=0)m' =14 N
so that
_N+2)(p—-9q)
N+p—q =

Putting d = ¥2=27, we obtain

_((N+1)p—N)m
 N+p—mp

Now, by (14) and (15), we can write

q

q (- mw,
Y < C(l +/(1 + |u,,|)ddxdt> ,
0

(11)
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this implies that
N @ (1=
I CN<1+/(1+|u,,|)ddxdt> .
i=1 Q0

Now, observe that

N 2N
=p> =2-d0<d<qg".
N+l P m+nN d

Using the interpolation inequality, we get

et (2, M oy < Mo, 25 g e, I

By (16), (17), and (19), we see that

p>1+

T= % and dr=gq
We combine (12) and (19), we can write
T
/ ||“n L4Q ||u"||L>00TL2 0(9))/0 24 dr*(ﬂ)dt

(1-1)d

o (T
< C(l +/(1 + Iunl)ddxdl> / a1
0 0

:C<l+/(1+|un|)ddxdz) / o gl
0 0

Let us apply Lemma 2.1, we get

T ) T N ¥
/ ||u,1|iq*(9)dt<C/0 H(/Q |D,-u,1|‘]’dx) dt.
i=1

The fact that Z 4 — 1 and the generalized Holder inequality, lead to

llN

T - N %
/ 2 gl < CH(/ |D,—u,,|q"dxdt)
0 i=1 0

From (18), (20), and (21) we can write

1+’\’m’ m
/ || “dxdt < C(l + / |u,1|ddxdt>
9] [

g _4q

1+%—W—W
:C<l+/|un|ddxdt) .
Q

9 49 4 N
l+—————<1l<=m< 1,
+N Nm mp " p+

Because

@y T 2-06—g)d
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and

N+2)p
(_Fi,)p < g + la
(N+2)p—=N p
thanks to (6), the inequality (22) implies that the sequence (u,) is bounded on
LYQ). Which then yields, by (14), a bound on the norm of (Da,) in L%(Q) where
¢; 1s given by (16). Thus (9) follows from (21). This finished the proof of Lemma
3.1. O

N(N+2)

Remark 3.2. The condition p < (V)

guarantees that ¢ < N.
Lemma 3.2. There exists a constant Cy such that

[FCs )l o) < Cay Vi =1
Proof of Lemma 3.2. By (10), (15), and (22), we can write

o 1/m
/ F(t, %, 1)@ () dxdt < C + Clfyll o ( / (1+un|)(1_b)mdxdt> <cC
o 9]

Using the above estimate and assumptions (4) and (5), we get

1
/ \F(t, x, )| dxdt < / \F(t, x, )| dxdt + —— / Flt, %, uy) o, )dxdr
0 onflu|<1} o(1) Jo

< C. O

Lemma 3.3. Assume that p;i = 1, ... ,N are restricted as in (7). Then

m(N + 1)p; _ N .
= —— | p— >1, i=1,...,N.
TR mi N, -1 \P TNt :
The sequence (u,) = (Ouy) remains in a bounded set of

L-(0,T; (X(l)ﬂ(Q))/) + LYQ),7 = (r,...,7y), 1, is the conjugate r;.

Proof of Lemma 3.3. Since p, < “7%%\], we have r; > 1. Knowing that
(f, — F(.,.,u,)) is in the bounded set of L'(Q), we have to show that
v, = div (a(t, x, u,, Duy,))

S /
belongs to a bounded set of L™~ (0, T; (Xé" (Q)) ) By using the inequality (11) of [7],
we have

r/ri
N
HVHH'(;(&, CZ (/ b+ ‘”n|p+Z|D un|!’/ ﬂ,‘)l‘idx> '

i=1 Jj=1

(D -

4.1
P
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Then

N N r—/ri
||VnH’(’;((l],F(Q))/ < C (/Q (by + |un|q + Z|D_ﬂ/ln|q/> dx) .
i=1

i Jj=1

Using this inequality, (9), and Lemma 3.1, we have

T
/0 HVHHE)_(é'?(Q))/ < C, Vn = 1.

Step3: Passage to the limit.

Let r. = min{r;, i=1,...,N} (r; given as in Lemma 3.3). Then, thanks to Lemma
3.3, we have that (u/,) remains in a bounded set of the space

1=(0.7, (X" @) ) + L'(@) < L0, T () + L'(Q).

By Lemma 3.1, (1,,) remains in a bounded set of

7 q N+ 1)p — N)mp;
L9 T- X4 (0 19 T Wl,q, Q _ (( i
(07 120 ( )) C (07 I 0 ( ))a (1, (N+2*I/I’l)]3

Using Corollary 4 in [9], we obtain that
u, — u strongly in L'(Q) andae.in Q. (23)

Now, adopting the approach of [7], there exists a subsequence (still denoted (u,,)) such
that

Du, — Du ae.on Q. (24)
Since a is a Carathéodory (23), (24), (2), and Lemma 3.1, we get foralli = 1,... ,N
a;(t, x,u,, Du,) — a;(t,x,u, Du) weakly in L'"(Q), (25)

where r; given as in Lemma 3.3. Using the fact that Fis a Carathéodory function, (4),
(5), (23), and (24), we work in exactly the same way as that of Lemma 4.5 in [8], we
obtain that

F(t,x,u,) — F(t,x,u) strongly in L'(Q). (26)

By (23), (25), (26) we can pass to the limit for » — + oo in the weak formulation of (P,,)
and we obtain that u is a weak solution for (P). [
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