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1. Introduction and mathematical preliminaries

Let (X, d) be a metric space. We denote the class of nonempty and bounded sub-
sets of X by B(X). For 4, B € B(X), functions D(A4, B) and 6(4, B) are defined as
follows:

D(A,B) = inf{d(a,b) :a € A, b € B},

0(A4,B) = sup{d(a,b) :a € A, b € B}.
If A = {a}, then we write D(A4, B) = D(a, B) and 6(4, B) = 6(a, B). Also in addi-
tion, if B={b}, then D(A4,B)=d(a,b) and 0(A4,B)=d(a,b). Obviously,
D(A,B) < 6(A4,B). For all 4,B,C € B(X), the definition of 6(A4, B) yields the
following:

0(A4,B) = 0(B, A),

0(A4,B) < 6(4,C)+ d(C, B),

0(4,B) =0 iff 4 =B={a},

0(A4,A4) =diamA (Fisher, 1981; Fisher and Ise’ki, 1983).

Fixed point theory of multivalued functions is a vast chapter of functional analy-
sis. In particular, the function d(A4, B) has been used in many works in this area.
Some of these works are noted in Choudhury (1996), Fisher (1981) and Fisher and
Ise’ki (1983).

We will use the following relation between two nonempty subsets of a partially
ordered set.

Definition 1.1 (Beg and Butt, 2010). Let 4 and B be two nonempty subsets of a
partially ordered set (X, < ). The relation between A and B is denoted and defined
as follows: A< B, if for every a € A there exists b € B such that ¢ < b.

We will utilize the following control function which is also referred to as Alter-
ing distance function.

Definition 1.2 (Khan et al., 1984). A function ¢ : [0,00) — [0,00) is called an
Altering distance function if the following properties are satisfied:

(1) ¥ is monotone increasing and continuous,
(i) ¥(¢) = 0 if and only if ¢t = 0.

The above control function has been utilized in a large number of works in met-
ric fixed point theory. Some recent references are Choudhury (2005), Dori¢ (2009),
Dutta and Choudhury (2008), Naidu (2003) and Sastry and Babu (1999). This
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control function has also been extended and applied to fixed point problems in
probabilistic metric spaces (Choudhury and Das, 2009; Choudhury et al., 2009;
Mihet, 2009) and fuzzy metric spaces (Choudhury and Dutta, 2005).

The purpose of this paper is to establish the existence of fixed points of
multivalued mappings in partially ordered metric spaces. The mappings are
assumed to satisfy certain inequalities which involve the above mentioned control
function. One of these inequalities, which has been used in Theorem 2.5, is a weak
contractive type inequality. This type of inequality was considered by Alber and
Guerre-Delabriere (1997) in Hilbert spaces where they established the weak
contraction principle. Rhoades established that the weak contraction principle is
also valid in an arbitrary complete metric space (Rhoades, 2001). The importance
of weak contraction is that it is intermediate to a contraction and a non-expansive
mapping. The former has a unique fixed point in a complete metric space whereas
the latter need not have a fixed point. According to the result in Rhoades (2001)
the weak contractions necessarily have fixed points in a complete metric space.
Afterwards, weak contraction and functions satisfying weak contractive type
inequalities have been considered in a large number of papers, some of which
are noted in Chidume et al. (2002), Choudhury and Metiya (2010), Choudhury
and Metiya (2010), Choudhury et al. (2011), Rouhani and Moradi (2010), Zhang
and Song (2009). In particular, in partially ordered metric spaces, there are a
number of such works (Altun and Simsek, 2010; Altun, 2011; Gnana Bhaskar
and Lakshmikantham, 2006; Harjani and Sadarangani, 2009; Lakshmikantham
and Ciri¢, 2009; Nieto and Rodr guez-Lpez, 2005; Ran and Reurings, 2004; Samet,
2010; Zhang, 2010). Further we have established that in the corresponding single-
valued cases a partial order condition of the metric space can be omitted if the
function is continuous. Finally, we have concluded our paper with two illustrative
examples.

2. Main results

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T : X — B(X) be a
multivalued mapping such that the following conditions are satisfied:

(1) there exists xo € X such that {xo}~<Txo,
(i) for x,y € X,x = y implies Tx< Ty,
(iii) if x, — x is a nondecreasing sequence in X, then x, =< x, for all n,
. D(x,7y)+D(y,Ix)
(i) w((Ts, 7)) < (max {d(x,»), D(x, ), DOy, Ty), 22520 for—all
comparable x,y € X, where 0 < o < 1 and y is an altering distance function.

Then T has a fixed point.
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Proof. By the assumption (i), there exists x; € Tx, such that x, < x;. By the
assumption (ii), 7xo<;7x;. Then there exists x, € Tx, such that x; < x,. Contin-
uing this process we construct a monotone increasing sequence {x,} in X such that
Xur1 € Tx,, for all m = 0. Thus we have xp < x; = x» X x3 % -+ X x, =X
Xnt1 j e

If there exists a positive integer N such that xy = xy., then xy is a fixed point
of T. Hence we shall assume that x,, # x,, for all n > 0.

Using the monotone property of i and the condition (iv), we have for alln = 0,

l//(d(xn+1;xn+2)) < lp(é(T‘xnv Txn+l))
D s T n D n )T n
g O“,b <max {d(xi17xn+l)7D(xna Txn)vD(anrla Txl1+l)7 (x’ al +l) —; (x = al )})

d ns vn d n+lsn
g oa//<max {d(xnvxn+l)7d(xn7xn+l)ad(xr1+l;xn+2)7 (x i +2) +2 (X - x+])}>-

Since dnstur2) max{d(x,, X,11),d(X,y1, X112)}, it follows that
lp(d(lewl ) xn+2)) < Oﬂp(max{d(xm xn+1)a d(xn+1 3 xn+2)})- (2 1)

Suppose that d(x,, x,1) < d(x,41,X,42), for some positive integer n.
Then from (2.1), we have

Y(d(xnir, Xni2)) < o (d(Xi1; X012)),

which implies that d(x,.i,x,.2) =0, or that x,,; = x,.,, contradicting our
assumption that x, # x,,, for each n.

Therefore, d(x,11,Xp12) < d(Xy, Xy41), for all m > 0 and {d(x,, x,41)} is a
monotone decreasing sequence of nonnegative real numbers. Hence there exists an
r = 0 such that

d(Xy, Xyp1) — F as n— 0. (2.2)

Taking the limit as » — oo in (2.1) and using the continuity of , we have
W(r) <ap(r),
which is a contradiction unless r = 0.
Hence lim d(x,,x,,1) =0. (2.3)

n—oQ

Next we show that {x,} is a Cauchy sequence. If otherwise, there exists an ¢ > 0
for which we can find two sequences of positive integers {m(k)} and {n(k)} such
that for all positive integers k, n(k) > m(k) > k and d(x,x), Xu)) = €.

Assuming that n(k) is the smallest such positive integer, we get

n(k) > m(k) >k,
d(Xm(k), Xny)) = € and
d(xl17(k)7xn(lc)—l) < €.
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Now,
d(xm xn(k)) < d(xm(k) xn ) + d(xn laxn(k))v
that is, € < d( m(k)s Xn(k )) <€+ d(x” 1,x,1(k)).
Taking the limit as kK — oo in the above inequality and using (2.3), we have

lim d(xm Xn(k)) = €. (24)

k—o0

Again

A(Xmiie)> X)) < A(Xmiie)> Xm(iy+1) + A X +15 Xn()+1) + A X415 X))
and
(X1 Xn()+1) < A Xm(k)1, X)) + A Xmie)s X)) + A Xy Xni)+1)-

Taking the limit as kK — oo in the above inequalities and using (2.3) and (2.4), we
have

lim d(xm k)+15 xn(k)Jrl) €. (25)

k—o0
Again,

A(Xm(u)> Xn)) < A Xm(rys Xnoy+1) + d(Xngio+15 X))
and

A(Xm(uys Xnoy+1) < A Xmik)s Xn)) + d(Xngeys Xniry+1)-

Letting £ — oo in the above inequalities and using (2.3) and (2.4), we have

B (X0 Xaey 1) = €. (2.6)
Similarly, we have that
klll’l’l d(xn x,,,(k)+1) = €. (27)

For each positive integer k, x,,) and x,) are comparable. Then using the mono-
tone property of  and the condltlon (1V) we have

Y (d(Ximgo15 Xno+1)) < WO (T, TXiniiy))
<oy (max {d(xm(k)\xn(/\))v D(Xntkys Ty )> D (X, TXn(ry )

A(Xm(k) s Xnwy+1) + d(Xnge) s X 41
<oy (nlax{d(xm(k)wxn(k))vd(xr77(k)w~x771(/r)+l)vd(xr7(h)w~xll(k)+l>w ( (9, 2kl 1) B x AR ) .

DXty Tty )+D(xn<k>7Txm<k>)}>
2

Letting £ — oo in above inequality, using (2.3)—(2.7) and using the continuity of ,
we have

Y(e) < of(e),
which is a contradiction by virtue of a property of .

Hence {x,} is a Cauchy sequence. From the completeness of X, there exists a
z € X such that
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X, —Z asn— oo. (2.8)

By the assumption (iii), x, =< z, for all n.
Then by the monotone property of ¥ and the condition (iv), we have

Y(0(xns1, T2)) < Y ((Txy, T2))

<oy <max {d(x,17 z), D(xy, Tx,), D(z, TZ),

D(x,, T7) —;D(z, Txn)}>

D(x,, Tz) erd(z’x”“)})

<ap (max {d(xn, 2,30 xt), Dz, T2).

Taking the limit as n — oo in the above inequality, using (2.3) and (2.8) and the
continuity of , we have
W(8(z, T2)) < b (D(z, T2)) < s (3(2, T2)),

which implies that é(z, 7z) = 0, or that {z} = Tz. Moreover, z is a fixed point of
T. O

Taking y an identity function in Theorem 2.1, we have the following result.

Corollary 2.2. Let (X, =) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T : X — B(X) be a
multivalued mapping such that the following conditions are satisfied:

(1) there exists xo € X such that {xo}=<Txo,
(ii) for x,y € X, x = y implies Tx<,Ty,
(ii1) if x, — x is a nondecreasing sequence in X, then x,, =< x, for all n,
(iv) o(Tx, Ty) < amax {d(x,y),D(x, Tx),D(y, Ty),W}, for all comparable
x,y € X, where 0 < o < 1.

Then T has a fixed point.

The following corollary is a special case of Theorem 2.1 when T is a singleval-
ued mapping.

Corollary 2.3. Let (X, =) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T: X — X be a
mapping such that the following conditions are satisfied:

(1) there exists xo € X such that xo < Txo,
(ii) for x,y € X, x = y implies Tx =< Ty,
(iii) if x, — x is a nondecreasing sequence in X, then x, = x, for all n,
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(i) w(d(Tx, 7)) < o (max {d v, ), d v, Tx) d (v, 1), 2O foral
comparable x,y € X, where 0 < a < 1 and \y is an altering distance function.

Then T has a fixed point.

In the following theorem we replace condition (iii) of the above corollary by
requiring 7" to be continuous.

Theorem 2.4. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T: X — X be a
continuous mapping such that the following conditions are satisfied:

(1) there exists xo € X such that xo < Txo,

(i) for x,y € X, x = y implies Tx =< Ty,

iii d(Tx, Ty)) < o (max {d(x,v),d(x, Tx),d(y, Ty), L0 LY = g gl
(i) W (d(Tx, Ty ,¥),d(x, Ix), d(v, Ty >

comparable x,y € X, where 0 < o < | and \y is an altering distance function.
Then T has a fixed point.

Proof. We can treat T as a multivalued mapping in which case T'x is a singleton set
for every x € X. Then we consider the same sequence {x,} as in the proof of The-
orem 2.1. Arguing exactly as in the proof of Theorem 2.1, we have that {x,} is a
Cauchy sequence and lim,_,,.x, = z. Then, the continuity of 7 implies that

z=1lim x,,; = lim Tx, = Tz
n—o0 n—0o0
and this proves that z is a fixed point of 7. [

Theorem 2.5. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T : X — B(X) be a
multivalued mapping such that the following conditions are satisfied:

(i) there exists xy € X such that {xo}~<Tx,

(ii) for x,y € X, x = y implies Tx=<Ty,

(iii) if x, — x is a nondecreasing sequence in X, then x, =< x, for all n,

(i) w(3(Tx, 15)) < v (max {d(x,»), D(x, Tx), D(y, Ty), 22201 ) — g (max
{d(x,y),0(y, Ty)}) for all comparable x,y € X, where \y is an altering distance
Sfunction and ¢ : [0,00) — [0,00) is any continuous function with ¢(t) =0 if
and only if t = 0.

Then T has a fixed point.
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Proof. We take the same sequence {x,} as in the proof of Theorem 2.1. If there
exists a positive integer N such that xy = xy,, then xy is a fixed point of T. Hence
we shall assume that x,#Xx,,, for all n > 0.

Using the monotone property of i and the condition (iv), we have for alln > 0,
w(d(xwrl ) xn+2)> < lp(é(Txna Txn+l ))

< l// (max {d(xm xn+l)v D(xnv Txn)a D(xn+lv Tan)a
- q’)(max {d(xm xn-H)a 5(xn+1; Tx;z+1)})
g l// (max {d(xm Xn+1), d(xm er—l)» d(xn+17 Xn+2)7

- (b(max {d(xm Xn+1 )a d(xn+1 ) xn+2)})~
Since w < max{d(x,, Xns1), d(Xn11, Xni2)}, it follows that
lp(d(xn+l ) xn+2)) < lp(rrlax{d(xl77 xn+l)a d(anrl 9 xn+2)})
— ¢p(max{d(x,, Xus1), d(Xni1, Xns2)})- (2.9)

Suppose that d(x,, x,.1) < d(x,.1,X,42), for some positive integer n.
Then from (2.9), we have

Y(d(xnet, Xni2)) S Y(d(Xns1, Xni2)) — G(d(Xni1, Xni2),

that is, ¢(d(x,.1,x,2)) <0, which implies that d(x,,,x,2) =0, or that
Xu41 = Xny2, contradicting our assumption that x, # x,,, for each n.

Therefore, d(xyi1,Xn2) < d(xp,Xn41), for all n = 0 and {d(x,,x,41)} is a
monotone decreasing sequence of non-negative real numbers. Hence there exists
an r > 0 such that

D(xna Txn+l) + D<xn+17 Txn)})
2

d(xna x)1+2) + d(xn+l y Xn+1 ) })
2

lim d(x,, x,.1) =r. (2.10)

n—oo

In view of the above facts, from (2.9) we have for all n > 0,

Y (Xt Xnr2)) < Y(d(x, Xi1)) = G0, Xn11))

Taking the limit as # — oo in the above inequality, using (2.10) and the continu-
ities of ¢ and ¥, we have

Y(r) < y(r) — o(r),
which is a contradiction unless » = 0.
Hence

lim d(x,, x,11) = 0. (2.11)

Next we show that {x,} is a Cauchy sequence. If {x,} is not a Cauchy sequence,

then using an argument similar to that given in Theorem 2.1, we can find two se-
quences of positive integers {m(k)} and {n(k)} for which
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kh_)nolo A(Xm(k) Xn(r)) = €, (2.12)
]}glolc A(Xm(i) 1, Xn(k)+1) = € (2.13)
]}i_)m A(X (i) Xn(k +1) (2.14)
B d(xawy; X 41) = € (2.15)

For each positive integer k, X, and X, are comparable. Then using the mono-
tone property of Y and the condition (iv), we have

Y (d(Xmwy 15 Xngy+1)) < Y (S(TX gy, TxXnir)))
< lﬁ (max {d(xm(k)a xn(k))y D(xm Txm ) D(xn(k Txn )

DXy, Txn(iy) + D(Xnti)s TXimk)) })

2
- q’)(max {d(xm(k)v xl’l(k))v 5(xn k) Txn )})

< l//(de {d(xm (k) > Xn(k) ) d(xm (k)s xm(k)H) d(xn(k)7 xl7(k)+l)?

d(xm(k); xn(k)Jrl) + d(xn(k)7 Txm(k)H) })
2

— ¢ (max {d(Xg), Xutk))s d(Xnik)s Xnty41) })-

Letting £k — oo in the above inequality, using (2.11)—(2.15) and the continuities of
Y and ¢, we have

Y(e) < () — ¢(e),
which is a contradiction by virtue of a property of ¢.
Hence {x,} is a Cauchy sequence. From the completeness of X, there exists a
z € X such that

X, —Z asn— oo. (2.16)

By the assumption (iii), x, =< z, for all n.
Then by the monotone property of { and the condition (iv), we have

W(5(us1, T2)) < Y(3(Tx,, T2))
<y (max {d(xn, 2), D(xy, Tx,), D(z, T=),
~ g(max {d(x,2),5(z T2)})
< o (max {215, 5,00, D 72),

— ¢p(max {d(x,,z),0(z,T2)}).

D(x,, T=) erD(z, Txn)}>

D(x,, Tz) ;—d(z,xnﬂ)})
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Taking the limit as » — oo in the above inequality, using (2.11) and (2.16) and the
continuities of {y and ¢, we have

¥(6(z, Tz)) < Y(D(z, Tz)) — $(6(z, Tz)),
which implies that
Y(0(z,Tz)) < ¥ (8(2, Tz)) — ¢(d(z, Tz)),

which is a contradiction unless d(z, 7z) = 0, or that {z} = Tz; that is, z is a fixed
point of 7. [

Taking Y an identity function in Theorem 2.5, we have the following result.

Corollary 2.6. Let (X, =) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T : X — B(X) be a
multivalued mapping such that the following conditions are satisfied:

(1) there exists xo € X such that {xo}=<Txo,
(i) for x,y € X,x =X y implies Tx<Ty,
(ii1) if x, — x is a nondecreasing sequence in X, then x, =< x, for all n,
(iv) 8(Tx, Ty) < max {d(x ), D(x, Tx), D(y, Ty), M} — p(max {d(x,y),
0(y,Ty)}), for all comparable x,y € X, where ¢ : [0,00) — [0,00) is any con-
tinuous function with ¢(¢) = 0 if and only if t = 0. Then T has a fixed point.

The following corollary is a special case of Theorem 2.5 when T is a singleval-
ued mapping.

Corollary 2.7. Let (X, =) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T: X — X be a
mapping such that the following conditions are satisfied:

(1) there exists xo € X such that xo < Txo,

(ii) for x,y € X, x = y implies Tx = Ty,

(iii) if x, — x is a nondecreasing sequence in X, then x,, =< x, for all n,

(i) (@ (T, ) <y (max {d (e, ). d (x, T),d (v, Ty) ABEAIIL) — g (max{d (v, ),
d(y,Ty)}).for all comparable x,y € X, where \ is an altering distance function
and ¢ : [0,00) — [0,00) is any continuous function with ¢(t) = 0 if and only if
t=0.

Then T has a fixed point.
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In the following theorem we replace condition (iii) of the above corollary by
requiring 7" to be continuous.

Theorem 2.8. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let T: X — X be a
continuous mapping such that the following conditions are satisfied:

(1) there exists xo € X such that xo, < Txo,
(i1) for x,y € X, x = y implies Tx X Ty,
(i) (d(Tx, ) < v (max {d(x, ), d(x, Tx), d(y, Ty), 202520 )
—¢(max {d(x,y),d(y,Tv)}), for all comparable x,y € X, where s is an altering
distance function and ¢ :[0,00) — [0,00) is any continuous function with
¢(t) =0 if and only if t = 0.

Then T has a fixed point.

Proof. We can treat T as a multivalued mapping in which case T'x is a singleton set
for every x € X. Then we consider the same sequence {x,} as in the proof of The-
orem 2.5. Arguing exactly as in the proof of Theorem 2.5, we have that {x,} is a
Cauchy sequence and lim x, = z. Then, the continuity of 7 implies that

n—o0

z=lim x,,; = lim Tx, = Tz
n—o00 n—o00
and this proves that z is a fixed point of 7. [

Remark 2.1. The Corollary 2.7 and Theorem 2.8 are the corresponding results in
partially ordered metric spaces of Theorem 3.1 in Choudhury et al. (2011).

Example 1. Let X = {(0,0),(0,—1),(—1,0)} be a subset of R* with the order <

defined as: for (xi,y,),(x2,»,) € X, (x1,»,) = (x2,»,) if and only if
x1 < x2,1 <), Let d: X x X — R be given as

d(x,y) = max{|x; — xa|, [y; =3}, for x = (x1,01), ¥ = (x2,3,) € X.

Then (X, d) is a complete metric space with the required properties of Theorems
2.1 and 2.5.

Let T: X — B(X) be defined as follows:
{(0,0)}, if x = (0,0),

Tx = ¢ {(0,0),(=5,0)}, if x=(0,—3),
{(0,0)}, ifx=(-%,0).

Then T has the properties mentioned in Theorems 2.1 and 2.5.
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Let ¢ :[0,00) — [0,00) and ¢ :[0,00) — [0,00) be defined respectively as
follows:
y()=7 and (1) = 7.
Then ¢ and ¢ have the properties mentioned in Theorems 2.1 and 2.5.

Without loss of generality, we assume that x < y and discuss the following
cases.

(i) If x = (0, — 1) and y = (0,0), then &(7x, Ty) =4,

D D
man { s, ) DL 7). Dy, 1) P LI LOTIN L g
1
max {d(x,7), (v, Ty)} = 5.
(ii) If x = (—1,0) and y = (0,0), then 6(7x, Ty) =0,

D(x, T Dy, T 1
max{d(x,y),D(x, TX),D(y, Ty)7 (X7 y)_; (y7 X)} :g and
max{d(x,y),o(y, T)} = ¢

(iii) If x = (0,0) and y = (0,0), then 6(7x, Ty) = 0,

D(x, T Dy, T.
max {d(x,y),D(x, Tx),D(y,Ty), (x, y)42- O, x)} =0 and
max{d(x, y),d(y, Ty)} = 0.

(iv) If x = (0, —1) and y = (0, — 1), then 6(Tx, Ty) = 1,
max {d(x,y), D(x,Tx),D(y, Ty), Dix, Ty) ;D(y’ Tx)} = % and

max{d(x, ), 6(r, T)} = ¢

(v) If x=(—4,0) and y = (—+,0), then 6(Tx, Ty) = 0,

87
D(x, Ty) J2rD(y7 TX)} :é and

max {d(x,y), D(x,Tx),D(y, Ty),

max{d(x,y),o(y,Ty)}

In above all cases, clearly,
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Y(0(Tx, Ty)) < o (max {d(x,y), D(x, Tx), D(y, Ty),D(x’ Ty) —2FD(y, Tx)}>’

1
f == —
or o >

and

W(8(Tx, Ty)) < lp<max {d(x,y),D(x, Tx), D(y, Ty)yD(x, Ty) —;D(y, Tx)})

- ¢(max{d(xvy)v 5()/’ Ty)})'

Hence the conditions of Theorems 2.1 and 2.5 are satisfied and it is seen that (0, 0)
is a fixed point of T.

Remark 2.2. The above example does not satisfy the Corollary 2.2 when o = %
Hence Theorem 2.1 is a generalization of Corollary 2.2.

Remark 2.3. The condition (iv) of Corollary 2.7 or, alternately, the condition (iii)
of Theorem 2.8 implies the condition (iv) of Corollary 2.3 and the condition (iii) of
Theorem 2.4. For explanation, we start with the condition (iv) of Corollary 2.3

W (d(Tx, Ty)) < o (max {d(x,y), d(x, Tx), d(y, Ty), d(x, Ty) 72L d(y, Tx)})

) <max {d(x,y),d(x, T). i, Ty),d(x’ Ty) ;d(y, Tx)})
)

e ¢<max {d(x,y),d(x, T),d, Ty),d(x’ Ty) erd(J/, Tx)})

<y (max {d(x,y), d(x, Tx),d(y, Ty), 1) er ) }>

- (1 - O‘)lp(max{d(xvy)a d(ya Ty)})’

which is the special case of the condition (iv) of Corollary 2.7 or, alternately, the
condition (iii) of Theorem 2.8 when ¢ defined by ¢(¢) = (1 — a)y(¢). Hence the
Corollary 2.6 and Theorem 2.8 are more general than Corollary 2.3 and Theorem
2.4, respectively. The following example demonstrate that the generalizations are
actual.

Example 2. Let X = {0,1,2,3,...} with the usual order < be a partially ordered
set. Let d: X x X — R be given as

x+y, ifx#y,

d(x,y>:{0 o
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Then (X, d) is a complete metric space with the required properties of Corollary
2.7 and Theorem 2.8.

Let  :[0,00) — [0,00) and ¢ :[0,00) — [0,00) be defined respectively as
follows:

2

W)= 7 and ¢<z>={%’

1
2

ifr<1,
if ¢ > 1.

Then ¥ and ¢ have the properties mentioned in Corollary 2.7 and Theorem 2.8.
Let T: X — X be defined as

{x—l, if x#0,
Tx = .
0, if x=0.

Then T has the properties mentioned in Corollary 2.7 and Theorem 2.8.
We discuss following cases for x,y € X.

(1) If x > y and y # 0, then
Y(d(Tx, Ty)) = p(d(x = Ly = 1)) =Y(x +y = 2) = (x +y - 2)’,

30 T) + dly, TX)))

-1
:¢<max{x+y,2x—1,2y—1,x+y—1 or %})

=(2x—1)
x+y—1

(since L [d(x, Ty) +d(y,Tx)]=x+y—1or ,according as y # Tx or y = Tx
d ’ ’
an

Y (max{d(x,y),d(x, Tx),d(y, Ty)

pmax{d(x, ). d(y, T¥)}) = p(max{x + .2~ 1}) = 3.

(i) If y > x and x # 0, then
Y(d(Tx, Ty)) = y(d(x — L,y = 1)) = (x +y —2) = (x +y — 2)?,
v (m {d<x,y>, (. 7). d(y. Ty) L [d(x. T5) + d(y. T)] })

—1
:lp(max{x+y,2x— I,2y—1,x+y—1or x+;}>

=(@2y-1)

(Since L [d(x, Ty) + d(y, Tx)] = x +y — 1 or *2=1, according as x # Ty or x = T)
and
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1
¢(maxid(x,y),d(y, Ty)}) = p(max{x +y,2y = 1}) = 5.
(ii)) If x > y and y = 0, then
(T, Tv) = pld(x — 1,0)) = (x — 1)
=(x— 1)2, v (max {d(x,y), d(x, Tx),d(y, Ty)é [d(x, Ty) +d(y, Tx)]})

=y <max {d(x, 0), d(x, T), d(0,0), ~ [d(x,0) + d(0, T)] })

= 1//<max {x,2x— LO,x—%})

= (@2x—1)* and ¢(max {(d(x,y),
= ¢(max{d(x,0),d(0,0)}) = d(x) =

N8}

QU

O Ty)})

| —

(iv) If y > x and x = 0, then
YT, T9) = Y0,y — 1) = ply — )
2 1
= 0= 17 (ma { ). ), s, 7). 5 73) + )1
—p (max {a(0.).10,0)atv. 1) 0. ) + .01 })

=y (max {020 Ly= 3} ) =@ = 1 and glmax{d).d. 7))

1

= ¢p(max{d(0,y), d(y, Ty)}) = dp(max{y,2y — 1}) = 5.

(v) x =y, then

(T, T7)) = 0, (max{d(x, ), dix, T), d(y, T9), 5
0y, X))
=0 or (2x—1)

d(x,Ty)

according as x=y=0 or x=y## 0 and ¢(max{d(x,y),d(y,Ty)}) =0 or 3,
accordingas x=y=0orx =y #0.

In all the above cases, the condition (iv) of Corollary 2.7 or, alternately, the con-
dition (iii) of Theorem 2.8 is satisfied. Hence required conditions of Corollary 2.7
and Theorem 2.8 are satisfied and it is seen that 0 is a fixed point of T.

Note: In the above example, we set x =n+ 1 and y = n, where n is a positive
integer. Then according to the case (i), W(d(Tx,Ty))=2n—1)* and
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(max{d(x V), d(x, Tx), d(y, Ty), 4 [d(x, Ty) + d(y, T)]}) = (21 + 1), Then,
Y (d T;C - Ty)) = s (max{d(x, y), d(x, Tx), d(y, Ty),3ld(x, Ty) + d(y, Tx)]}), where
= ()

Sinée+lz>c,, — 1 as n — oo, condition (iv) of Corollary 2.3 or, alternately, the
condition (iii) of Theorem 2.4 does not hold for all comparable x,y € X. This
shows that Corollary 2.7 and Theorem 2.8 are more general than Corollary 2.3
and Theorem 2.4, respectively.
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