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Abstract.  In this paper we obtain a characterization of little Hankel operators defined on
the Bergman space of the unit disk and then extend the result to vector valued Bergman
spaces. We then derive from it certain asymptotic properties of little Hankel operators.
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1. INTRODUCTION

Let dA(z) be the Lebesgue area measure on the open unit disk D, normalized so that the
measure of the disk D equals 1. The Bergman space A?(ID) is the Hilbert space consisting of
analytic functions on I that are also in L?(ID, dA). For z € D, the Bergman reproducing ker-
nel is the function K, € A?(D) such that f(z) = (f, K.) for every f € A%(D). The normal-

ized reproducing kernel k. is the function Hlé(izl\z Here the norm || - [|2 and the inner product

(,) are taken in the space L?(D,dA). For any n > 0,n € Z, let e, (z) = v/n + 12™. Then
{en}5°, forms an orthonormal basis [23] for A%(D). Let K(z,w) = K,(w) = ﬁ =
Yoo o en(2)en(w). Let L>°(D) be the space of all essentially bounded Lebesgue measurable
functions on I with the norm | f||oc = esssup,cp |f(2)|. For ¢ € L*>°(D), the Toeplitz
operator T with symbol ¢ is the operator on A?(ID) defined by T}y f = P(¢f); here P is the
orthogonal projection from L?(D,dA) onto A%(D). The Hankel operator H, : A?(D) —

(A%(D))* with symbol ¢ € L°°(D) is defined by Hyf = (I — P)(¢f). The little Hankel

* Corresponding author.
E-mail addresses: namitadas440@yahoo.co.in (N. Das), pabitramath @ gmail.com (P.K. Jena).

Peer review under responsibility of King Saud University.

i

aviee Production and hosting by Elsevier

http://dx.doi.org/10.1016/j.ajmsc.2015.05.002
1319-5166 © 2015 The Authors. Production and Hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.ajmsc.2015.05.002&domain=pdf
mailto:namitadas440@yahoo.co.in
mailto:pabitramath@gmail.com
http://dx.doi.org/10.1016/j.ajmsc.2015.05.002
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

78 N. Das, PK. Jena

operator Sy : A?(D) — A?*(D) is defined by S,f = PJ(¢f) where J : L*(D,dA) —
L?(D,dA) is defined as Jf(z) = f(%). There are also many equivalent ways of defin-
ing little Hankel operators on the Bergman space. For example, for ¢ € L°°(D), define
Iy : A2(D) — A%(D) as I'yf = P(¢Jf). It is not difficult to see that I, = S;,. Here
we refer both the operators Sy and I'y as little Hankel operators on the Bergman space. Let
H>(ID) be the space of bounded analytic functions on D. Let Aut(ID) be the Lie group of all
automorphisms (biholomorphic mappings) of D. We can define for each a € D, an automor-
phism ¢, in Aut(D) such that

(i) (¢a 0 ¢a)(2) = 2
(ii) ¢a(0) = a, (ba(a) =0;
(iii) ¢, has a unique fixed point in D.

In fact, ¢, (z) = 1= forall a and z in D. An easy calculation shows that the derivative of
}q at z is equal to —k,(2). It follows that the real Jacobian determinant of ¢, at z is Jy () =

—|a 2)? . .
lka(2)] = (|11J76,|z\‘)1 Given a € D and f any measurable function on D, we define a func-

tion U, f on D by U, f(2) = ko(2) f(¢a(2)). Notice that U, is a bounded linear operator on
L?(D,dA) and A%(D) for all @ € D. Further, it can be verified that U2 = I, the identity
operator, U¥ = U,,U,(A?(D)) C A%(D) and U,((A%(D))1) C (A%(D))* for all a € D.
Thus U, P = PU, for all a € D.

Let T = {2 € C: |z] = 1} and L?(T) be the space of square integrable, measurable
functions on T with respect to the normalized Lebesgue measure on T. The sequence

{en(2)}52_ = {e™P}oc _ _ forms an orthonormal basis for L?(T). Given f € L'(T),
the Fourier coefficients of f are ¢, (f) = 5= 0% f(e®)e~m0df n € Z, where Z is the set

of all integers. The Hardy space H?(T) is the subspace of L?(T) consisting of functions f
with ¢, (f) = 0 for all negative integers n. Since ¢, = ¢,(.) is a bounded linear functional
on L*(T) for any fixed n, and H*(T) = (), o ker ¢y, it follows that H?(T) is a closed
subspace of L?(T) and therefore a Hilbert space.

Let L>°(T) be the space of all essentially bounded measurable functions on T. For
¢ € L>°(T), we define the multiplication operator M, from L?(T) into itself by My f = ¢f.
The multiplication here is to be understood in the obvious sense, namely it is the pointwise
one: (¢f)(e?) = @(e)f(e?) for all & € [0,27]. Let P be the orthogonal projection
of L*(T) onto H*(T). For ¢ € L*>(T), the Toeplitz operator 75 on H?(T) is defined
by 7,f = P(¢f) for f in H*(T) and the Hankel operator Sy : H*(T) — H?*(T) as
Sef = PI(¢f) where J(e'?) = e=% 0 < 6 < 2. The function ¢ is called the symbol of the
Hankel operator S,. Let H?(ID) be the space of analytic functions on I which are harmonic
extensions of functions in H?(T). It is not very important [10] to distinguish H?(ID) from
H?(T). Let £(H) be the set of all bounded linear operators from the Hilbert space H into
itself and LC(H) be the set of all compact operators in L(H ).

In 1964, Brown and Halmos [5] established that T € L(H?(T)) is a Toeplitz operator
if and only if 7”17, = T. Further, they have shown that 77, = 7,7 if and only if
T =Ty,¢ € H*(T). In 1996, Cao [6] established that there is no nonzero bounded operator
T € L(A%*(D)) such that T;TT, = T. Englis [11] in 1988 proved that if A, B € L(A%(D))
are such that ATy B = Ty for all f € L°° (D) then both A and B are scalar multiples of
the identity. Nehari [22] in 1957 gave a characterization of Hankel operators on the Hardy
space. Nehari showed that if H € L(H?(T)) then 7 H = H7, if and only if there exists
¢ € L°(T) such that H = Sy, a Hankel operator with symbol ¢. In 1991, Faour [15]
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established that if S € £(A?(ID)) then TS = ST if and only if there exists a ¢ € L>(D)
such that S = Sy, a little Hankel operator on the Bergman space.

M. Englis [12,14] showed that Toeplitz operators on A%(ID) are dense in £(A%(ID)) in the
weak operator topology and their norm closure contains all compact operators. Barria and
Halmos [3], Feintuch [16] and Das [7] introduced the concept of asymptotic Toeplitz and
asymptotic Hankel operators on the Hardy and Bergman spaces.

In this paper we obtain a new characterization of little Hankel operators defined on the
Bergman space of the disk A%(ID) involving inner functions and then extend the result for op-
erators defined on vector valued Bergman spaces. We also derive from these certain asymp-
totic properties of little Hankel operators and Toeplitz operators. In Section 2, we obtain
a characterization of little Hankel operators defined on A%(D) and vector valued Bergman
spaces A%, (D), n > 1. In Section 3, we derive certain asymptotic properties of little Hankel
operators.

2. CHARACTERIZATION OF LITTLE HANKEL OPERATORS ON THE BERGMAN SPACE

In this section we obtain a characterization of little Hankel operators defined on the
Bergman space A?(ID). We then extend the result to obtain a characterization for little Hankel
operators defined on vector valued Bergman spaces.

Let ay,as, ... be a sequence of complex numbers such that 0 < |a1| < Jag| < --- < 1
and Y77 (1 — |a,|) < oc. Then the infinite product B(z) = [[0—, 2= 2= converges

n=1 |a,| 1-anz

uniformly in each disk |z] < R < 1. Each a,, is a zero of B(z), with multiplicity equal to the
number of times it occurs in the sequence, and B(z) has no other zeros in |z| < 1. Finally,
|B(2)] < 1in |z| < 1and |B(e")| = 1 a.e.

A function of the form B(z) = 2™ [, IEI 12— is called a Blaschke product. Here m
is a nonnegative integer and > -, (1 — |a,|) < co. If the set {a,, } is empty, it is understood
that B(z) = 2™.

It is well known [10] that every function v € H*°(ID) can be extended almost everywhere
on T via taking radial limits: u(e*) = lim,_,; u(re®). These radial limits uniquely determine
u. Recall that a function u € H®°(D) is called an inner function if |u(e®)| = 1 almost
everywhere on T. A finite Blaschke product is a function of the form B(2) = A[]}_, %
where |a;| < 1forall j and |A| = 1.

In Theorem 1, we obtain a characterization of little Hankel operators on the Bergman
space.

Theorem 1. Let S € L(A%*(D)). Then T;S = ST, for all inner functions ¢ € H>(D) if
and only if S is a little Hankel operator on the Bergman space. That is, S = Sy for some
¢ € L= (D).

Proof. Let T;S = ST, for all inner functions ¢ € H> (D). Since z is inner, we obtain
TzS = ST,. By Theorem 2 of [15], there exists ¢y € L (D) such that S = Sy, a little
Hankel operator on A%(ID) with symbol 1.

Now to prove the converse, without loss of generality, let S = Sy,p, for some ¢ €
L>*(D),a € D. Forif S = Sy then S = S(y0g,)04, forall a € D. Then Ty S = U, T
UaSsos, = UaTiUUSpU, = U,TFSpU, as U2 = 1. Similarly, STy, = U,SsU,U,
T.Uy = UgSpT.U,. It is shown in [15] that 77 Sy = S4T.. Thus T;)‘GS = STy,. Let B, =
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[T, ‘Z;" s = I, Ta-1%a, be a finite Blaschke product in H*° (D). Let o; = ot =

1,...,n. Itis well known [1] that T} Ty, = Ty, if either ¢y € H>(D) or 1o € H>(D).
Using this we obtain,

T S=|T% S
Bn [T aida;

=
_ * * - *
- Ta1¢a1 Ta2¢a2 anday,

= STa1¢a1 Ta2¢a2 e Tan(f)an
= ST n = SVTVBn .
i=1 AiPai
Since every Blaschke product B is the uniform limit [17] of finite Blaschke products, we ob-
tain T3S = STp. Itis shown in [20] that every inner function is the uniform limit of Blaschke
products and hence it follows that Ty S = ST, for all inner functions ¢ € H>*(D). [0

Let M,, be the set of all n x n matrices with complex entries. Let A%, (D) = A%2(D)®C".
For & € L3} (D) = L>(D) ® M, define S¢ : AZ. (D) — AZ.(D) as S¢f = P(I(2f))
where P is the orthogonal projection from L>C" (D, dA) onto A2, (D), J : L*>C" (D, dA) —
L>C" (D, dA) is defined as JF(z) = F(Z) and ($F)(z) = &(2)F(z), z € D. Define Ty on
A%, (D) as ToF = P(®F). Let I,«,, be the n x n identity matrix.

Theorem 2. Let S € L(AZ.(D)). Then Ty, ., S = STy, for all inner functions q €
H®°(D) if and only if S is a little Hankel operator on the Bergman space A%, (D). That is,
S =S4 for some ¢ € Lﬁn(D).

Proof. Let S € L(AZ,.(D)). Since A%, (D) = A%*(D) & A%(D) & - - - & A?(D), hence

5’11 512 Sln
R
Snl Sn2 Snn

where S;; € L(A*(D)),1 < 4,5 < n. Thus Ty, ., S = STy, ., for all inner functions
g € H>°(D) if and only if T3S;; = S;;T, for all inner functions ¢ € H>*(D),1 <i,j < n.
But from Theorem 1, it follows that S;; = S,,, € L(A?(ID)), a little Hankel operator on

A?%(D) with symbol ¢;; € L>°(D),1 < i,j < n. Hence

Stpu 5@12 S<,91n
s=[Se S Seun | = 54 € £(42.(D))
Sﬂﬂnl SWnQ S‘Pnn

a little Hankel operator with symbol @ € L7 (D) and

Y11 P12 0 Pin
D= P21 w22 -0 - Yo
Pn1 Pn2 0 0 Pnn
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Now suppose S is a little Hankel operator on A2, (D) with symbol

8011 9012 - P (pln
45 = SD21 SD22 e e 90277« = Lﬁn (]D))
Spnl SD’I’L2 e e SOTLTL
Since A%, (D) = A*(D) @ - -- & A*(D), hence
S<P11 5@12 S<P1n
Se = S@zl Swzz el e Sq@zn
S%n S‘PnZ e T SS"nn

where S,,,, € L(A*(DD)) is a little Hankel operator on A?(ID) with symbol ¢;; € L*°(D).
From Theorem 1, it follows that TqS#,U = Swj T,,1 < 4,5 < n, for all inner functions
q € H*(D). Hence

Ta1, 86 = SaTy for all inner functions ¢ € H*(D). O

Lnxn

3. ASYMPTOTIC PROPERTIES OF LITTLE HANKEL OPERATORS

In this section we derive certain asymptotic properties of Toeplitz and little Hankel oper-
ators defined on A%(D). Define a map W from H?(D) onto A%(D) as W2" = /n + 127,
n > 0,n € Nand z € D. The map W is an isometry operator [13] from H?(D) onto A%(D),
WW?* = I,2(), the identity operator from A%(D) into itself and W*W = Iy (D), the
identity operator from H?(DD) into itself.

Theorem 3 is just a superposition of results of the authors appeared in [8]. To make the
presentation self-contained, we give a sketch of the proof here again.

Theorem 3. Suppose T € L(A%(D)). The following hold:

G If '];ﬁ W*TW = W*TW, for all inner functions ¢ € H*® (D) then there exists a
¢ € L>(T) such that T = WS, W* where Sy is a Hankel operator on the Hardy space
H?(D). Here ¢t (2) = q(2).

(ii) Suppose N*(W*TW)N = W*TW where N is the unilateral shift on H?(D). Then
there exists ¢ € L*(T) such that W*TW = T, a Toeplitz operator on the Hardy
space H*(D) and WIGWTWTT\W*) — L strongly where L = WS,W* €
L(A?%(D)) as m — oo.

(iii) If K € LC(A%(D)) then (W’];ﬂmW*)K — 0 in norm as m — oo, for all inner
functions ¢ € H* (D).

(v) If T W*TW = W*TW, for all inner functions q € H>(D) then T(WT"W*) —
0 strongly as m — oo.

Proof. If T € L(A*(D)) then W*TW € L(H?(D)) and since T*(W*TW) = (W*TW)T,
for all inner functions ¢ € H° (D), hence by [8], there exists a function ¢ € L>°(T) such that
W*TW =S, where S, is a Hankel operator on the Hardy space H?(ID). This implies (i).

We shall now prove (ii). The first part of (ii) follows from [5]. Suppose 7' € L(A?(D)).
By [8], J;T(W*TW)T(’ZZ) — Sy where S is the Hankel operator on the Hardy space with
symbol ¢ € L>(T). Hence (WJ*W*)T(WT '}, W) — L strongly as m — oo where
L =WS,W*.
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To prove (iii), let K € LC(A?(D)). Then W*KW € LC(H*(D)). By [8], 7% (W*KW)

— 0in norm as m — oo for all inner functions ¢ € H°°(D). This implies (W7 W*)K —
0 in norm as m — oo.

Now we shall prove (iv). Suppose 7 (W*TW) = (W*TW)7; for all inner functions
g € H>*(D). Then by [8], there exists a function ¢ € L>°(T) such that W*TW = S,. Again
by [8], it follows that (W*TW)7,™ = S4T,™ — 0 strongly as m — oo. [

Theorem 4. Let ¢ € L>°(D) be such that ||¢||oc < 1,ker(T;_z) = {0}. Then

St Tt 50 forall = € L*(D).

Proof. Assume that ||¢||oc < 1. Then ||T:1s| < 1. Hence the sequence {177, }5°, is
2 =
bounded. So by [2] the sequence {TﬂJ }59 , has a subsequence which converges to an oper-
2

ator K € L(A?(D)) in the weak operator topology. Without loss of generality, we shall as-
sume the original sequence {T';7, }°° , converges to an operator K € £(A?(D)) in the weak
2

operator topology. Hence <<Tﬂ‘j R f) , g> — 0 for every f,g € A?(D) and
2 2

{(Tffjlf, g}} converges to (K f, g) as n tends to oo for all f,g € A%(ID). This implies
n=0
(Thio f. Tiseg) — (Kf,g) for allf.g € A*(D).

Thus (K f,Trieg) = (Kf,g) for all f,g € A%(D) and therefore T;,, K = K. Further
2 =

n oo
since {<TT+¢ T, 1 g)} converges to (K f, g) for all f, g € A%(D), we get
= n=0

1=

<KTT+T¢J‘Z9> = (Kf,g) for all f,g € A*(D).

Thus KT%,, = K and 5, K = K forall n € Z. That is,
2 2

( @Kﬂm:@f@ for all f,g € A*(D).

Taking limits on both sides, we obtain K? = K. This proves that the operator K is an idem-
potent. Moreover, T1+¢K K implies T/ K = K and K T1+¢ = K implies KT; = K. So

Ran (K) C ker(T
On the other hanc(ib for f € ker(T)_ ), we have T7 f = f, so TT+¢f = f. Hence

Tiiyf = fforalln € Z, and this implies K f = f. Hence Ran (K) = ker( 1-3)-

To prove the inclusion Ran (T;_3) C ker(K), let f € A?(DD) be an arbitrary element and
g=f-T;f Thenwehave Kg=Kf—KT;f=Kf—Kf=0.Henceg € ker(K). Thus
we have shown that, if ||¢||o < 1 then there exists an idempotent K € L(A?(D)) whose
range is ker(7} _3) and kernel contains Ran (T _).

Now suppose (T7,, f,g) — 0 forall f,g € A?(D). Then

2
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forall f,g € A%(D). Since ||$]|oo < 1, the sequence {T;, fto } is bounded and we have already

seen in the first part that

n w
1Y, — K
2

in £(A?(D)) and the operator K is an idempotent. Thus it follows that K = 0, the sequence
Ti., — Oand Ran (K) = ker(T,_5) = {0}.

2C0nversely, assume that ker(T;_z) = {0}. Since ||¢[|c < 1, the sequence {7, +qb} is
bounded and

{Tﬂ} ., K € £(AX(D)),
2
the operator K is an idempotent and Ran K =kerT| 5 = {0}. Thus it follows that K = 0

and T%,, - 0. The result follows since S% € L(A%(D)) forall 5 € L>°(D). O
=N

If m is a nonnegative integer and z € D, the function K™ (w) = W, w e Dis
the reproducing kernel at z in the weighted Bergman space L2 (dA,,), where

dAm(w) = (m+ 1)(1 — [w]2)"dA(w).

The m-Berezin transform of an operator S € £(A%(D)) is defined as
(BmS)(2) = (m +1)(1 — |2])>™ Z ( ) <S(w3K(m)) wa;m)> .
It is clear that B,,S € L°°(D) for every S € L(A?(DD)). Using the fact that

é;(T)«4MwW:41—mP>

we see that if § = T with ¢ € L>°(D), then
(Bno)(2) = (BnTs)(2)

2\24m — (m j p(w)|w|>
= (m41)(1 = [22)2 Z (j ) (—1) /Dl_zw|2(2+m)dA(w)
= [ ot '“P”Wm+nu—mﬂwmw>
|1 _ Zw|2(2+m)

=AM@@Mm+UO—WWWMm

where the last equality comes from the change of variables w = ¢,(p). Notice that
|1 B (@) |loo < ||#]|oo forall ¢ € L2 (D). The 0-Berezin transform of an operator is the usual
Berezin transform. The m-Berezin transforms of functions (not necessarily bounded) were
introduced by Berezin in [4]. It is not difficult to verify that for S € £(A?(D)) and m > 0;
(m+2)(1 = |2/)Bp (S — TeSTy) (2) = (m + 1)Byg1 (T1—52ST1—2) (2)

forevery z € D and || B;,,S|loo < (m + 2)2™||5]|.
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Definition 1. A function ¢ € A?(DD) is called an inner function in A*(D) if [, (|q(2)
1)g(2)dA(z) = 0forall g € H>*(D).

For more details about Bergman space inner functions see [18].

Theorem 5. Let ¢ : D — D be analytic. Suppose there is p > 3 such that

D T3, 50000. Ly < O and - sp [T, 5,100, 1l < © <1>

where C' > 0 is independent of m and q be a nonconstant inner function in A?(D). Then
T

GBS — 0asm — oo.

Proof. Assume that the operator Sy, € L(A?(D)) satisfies the condition (1). It follows

from [21] that T, 5, s S 74 in the operator norm as m — oo. In particular T'g, 5, " N
Sj¢. Further, notice that [|q|[ 42y = 1 and [g(2)| < 1 for all z € D. It is well known
[23] that the reproducing kernels {K )} ep span A%(D). So, let f = >" b;K),. Then

Ty (X7 biKy,) = 7 big(A;) | Ky, Hence

Tgm (ZbiKAi> Z [billg(A
i=1 i=1

as m — oo. Thus Tzm — 0 as m — oo. Hence, it follows from [9] that Tgmp
— 0. 0O

—0

mSJIé

Theorem 6. Let Sy be a little Hankel operator on A?(D) with the symbol ¢ € L*°(D)
with Sy = V'|Sy| be the polar decomposition of Sy and {z,}32, be a sequence in D with
|zn| — 1. Then U., (S¢)n — 0asn — oo. Here (Sg)n = Sy(|Sg| + )7}

Proof. We shall first show that U, — 0. Since span{k, : z € D} is dense in A?(DD), it
suffices to show that for all z,w € D we have lim,, o (U, k: kw) = 0. Fix z,w € D. For
n>1,

1= ) ) el
Oeukees k) = 1015 ) 2N @ — (w0, 2

Since |{(¢., (w), 2)| < |z| and |{w, z,,)| < |w]|, we obtain

(1= JwP)(@ = |2*)(1 = |2n]*)
(=)@ = w))®

It then follows that lim,, .o (U, k., k) = 0. For more details see [19].

Further, let (Sy), = S4(]Ss| + L) ~1. Next, we shall prove that (S), — V strongly as
n — oo. Let { E, } be the spectral family for |Sy4|. Then (Sy),, strongly converges to I — E as
n — oo. The reason is as follows: Notice that | S| = fooo AdE) is the spectral decomposition
of [Sy|. Let &,, = [Sy[(|Ss| + £)~*. Then S, Eof = (|Sy| + £)7'|Sy|Eof = 0 for

(U= ks k)| <
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f € A%(D) and
160 f — (I = Eo)fII* = (&n — I)(I — Eo) fI?

00 A 2
-,

Y d||Ex(I = Eo) f|?
| 1
— n
/0 ‘A+ 1

n
n

-1

2
d| Ex(I — Eo)f]|*.

From Lebesgue’s dominated convergence theorem, it follows that &,, strongly converges to
I — Ey as n — oo. Thus we have (Sy), — V(I — Ej) strongly as n — oo. Since Ej
is the projection onto the eigenspace {f € A?(D) : S,f = 0}, we get VE, = 0. Conse-
quently, (Sy), — V strongly as n — co. Hence it follows from [9] that U, (Sg), — 0 as
n—oo. U
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