
Arab J Math Sci 21(1) (2015), 84–97ARAB JOURNAL OF
MATHEMATICAL SCIENCES
q T
* T

E-m

Peer

1319

http
Inequalities of Hermite–Hadamard type for functions whose

derivatives in absolute value are convex with applications
q

his p

el.: +

ail add

review

-5166

://dx.d
MUHAMMAD AMER LATIF *

School of Computational and Applied Mathematics, University of the

Witwatersrand, Private Bag 3, Wits 2050, Johannesburg, South Africa

Received 8 August 2013; revised 19 October 2013; accepted 22 January 2014
Available online 31 January 2014
Abstract. In this paper some new Hadamard-type inequalities for functions whose

derivatives in absolute values are convex are established. Some applications to special

means of real numbers are given. Finally, we also give some applications of our

obtained results to get new error bounds for the sum of the midpoint and trapezoidal

formulae.
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INTRODUCTION

The following definition for convex functions is well known in the mathematical
literature:

A function f : I! R; ;–I# R, is said to be convex on I if inequality
fðtxþ ð1� tÞyÞ 6 tfðxÞ þ ð1� tÞfðyÞ;

holds for all x; y 2 I and t 2 ½0; 1�.

Many inequalities have been established for convex functions but the most famous is
the Hermite–Hadamard’s inequality, due to its rich geometrical significance and
applications, which is stated as follows:
aper is in final form and no version of it will be submitted for publication elsewhere.
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Let f : I# R! R be a convex mapping and a; b 2 I with a < b. Then
f
aþ b

2

� �
6

1

b� a

Z b

a

fðxÞdx 6 fðaÞ þ fðbÞ
2

: ð1:1Þ
Both the inequalities hold in reversed direction if f is concave. Since its discovery in
1883, Hermite–Hadamard’s inequality [4] has been considered the most useful inequal-
ity in mathematical analysis. Some of the classical inequalities for means can be derived
from (1.1) for particular choices of the function f. A number of papers have been writ-
ten on this inequality providing new proofs, noteworthy extensions, generalizations
and numerous applications, see [1–14] and the references therein.

The main aim of this paper is to establish some new Hermite–Hadamard type
inequalities for functions whose derivatives in absolute value are convex.
MAIN RESULTS

To prove our results we need the following lemma:

Lemma 1. Let f : I# R! R be a differentiable function on I� , the interior of I, where
a; b 2 I� with a < b. If f0 2 Lð½a; b�Þ, then the following equality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu

¼ ðx� aÞ2

b� a

Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
a

� �
dt

� ðx� aÞ2

b� a

Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
a

� �
dt

� ðb� xÞ2

b� a

Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
b

� �
dt

þ ðb� xÞ2

b� a

Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
b

� �
dt; ð2:1Þ
for all x 2 ½a; b�.

Proof. By integration by parts and making use of the substitution u ¼ 1þt
2
xþ 1�t

2
a, we

have
ðx� aÞ2

b� a

Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
a

� �
dt ¼ ðx� aÞ2

b� a

tf0 1þt
2
xþ 1�t

2
a

� �
x� a

����
1

0

"

� 1

x� a

Z 1

0

f
1þ t

2
xþ 1� t

2
a

� �
dt

�
¼ x� a

b� a
fðxÞ � 2

b� a

Z x

xþa
2

fðuÞdu: ð2:2Þ
Analogously, we also have the following equalities:
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� ðx� aÞ2

b� a

Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
a

� �
dt ¼ x� a

b� a
fðaÞ � 2

b� a

Z xþa
2

a

fðuÞdu; ð2:3Þ

� ðb� xÞ2

b� a

Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
b

� �
dt ¼ b� x

b� a
fðxÞ � 2

b� a

Z xþb
2

x

fðuÞdu ð2:4Þ
and � �

ðb� xÞ2

b� a

Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
b dt ¼ b� x

b� a
fðbÞ � 2

b� a

Z b

xþb
2

fðuÞdu: ð2:5Þ
Adding (2.2)–(2.4) and (2.5), we get the desired equality. This completes the proof of
the lemma. h

Using the Lemma 1 the following results can be obtained:

Theorem 1. Let f : I# R! R be a differentiable function on I� such that f0 2 Lð½a; b�Þ,
where a; b 2 I� with a < b. If j f 0j is convex on ½a; b�, then the following inequality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

b� a

j f 0ðxÞj þ j f 0ðaÞj
4

� �
þ ðb� xÞ2

b� a

j f 0ðxÞj þ j f 0ðbÞj
4

� �
ð2:6Þ
for all x 2 ½a; b�.

Proof. Using Lemma 1 and taking the modulus, we have
fðxÞþðb�xÞfðbÞþðx�aÞfðaÞ
b�a

� 2

b�a

Z b

a

fðuÞdu
����

����
6
ðx�aÞ2

b�a

Z 1

0

t

2
f 0

1þ t

2
xþ1� t

2
a

� �����
����dtþðx�aÞ2

b�a

Z 1

0

t

2
f 0

1� t

2
xþ1þ t

2
a

� �����
����dt

þðb�xÞ2

b�a

Z 1

0

t

2
f 0

1þ t

2
xþ1� t

2
b

� �����
����dtþðb�xÞ2

b�a

Z 1

0

t

2
f 0

1� t

2
xþ1þ t

2
b

� �����
����dt:
Using the convexity of j f 0jon ½a; b�, we get from the inequality (2.7) that
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

b� a

Z 1

0

t

2

1þ t

2
j f 0ðxÞj þ 1� t

2
j f 0ðaÞj

� �
dt

þ ðx� aÞ2

b� a

Z 1

0

t

2

1� t

2
j f 0ðxÞj þ 1þ t

2
j f 0ðaÞj

� �
dt

þ ðb� xÞ2

b� a

Z 1

0

t

2

1þ t

2
j f 0ðxÞj þ 1� t

2
j f 0ðbÞj

� �
dt

þ ðb� xÞ2

b� a

Z 1

0

t

2

1� t

2
j f 0ðxÞj þ 1þ t

2
j f 0ðbÞj

� �
dt; ð2:8Þ
holds for all x 2 ½a; b�.
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Evaluating each integral on right side of the inequality (2.8), we get (2.6). This
completes the proof of the theorem. h

Corollary 1. In Theorem 1, if we choose x ¼ aþb
2

and then using the convexity of j f 0j, we
get the following inequality:
f
aþ b

2

� �
þ fðbÞ þ fðaÞ

2
� 2

b� a

Z b

a

fðuÞdu
����

���� 6 b� a

8

� �
½j f 0ðaÞj þ j f 0ðbÞj�: ð2:9Þ
Theorem 2. Let f : I# R! R be a differentiable function on I� such that f 0 2 Lð½a; b�Þ,
where a; b 2 I� with a < b. If j f 0jq is convex on ½a; b� for some fixed q > 1, then the fol-
lowing inequality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6

1

pþ 1

� �1
p 1

2

� �2
qþ1 ðx� aÞ2

b� a
ð3j f 0ðxÞjq þ j f 0ðaÞjqÞ

1
q þ ðj f 0ðxÞjq þ 3j f 0ðaÞjqÞ

1
q

h i(

þ ðb� xÞ2

b� a
ð3j f 0ðxÞjq þ j f 0ðbÞjqÞ

1
q þ ðj f 0ðxÞjq þ 3j f 0ðbÞjqÞ

1
q

h i)
; ð2:10Þ
for all x 2 ½a; b� and 1
p
þ 1

q
¼ 1.

Proof. From Lemma 1 and using the well-known Hölder integral inequality,
we have
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

b� a

Z 1

0

t

2

	 
p
dt

� �1
p
Z 1

0

f 0
1þ t

2
xþ 1� t

2
a

� �����
����
q

dt

� �1
q

þ ðx� aÞ2

b� a

Z 1

0

t

2

	 
p
dt

� �1
p
Z 1

0

f 0
1� t

2
xþ 1þ t

2
a

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2

	 
p
dt

� �1
p
Z 1

0

f 0
1þ t

2
xþ 1� t

2
b

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2

	 
p
dt

� �1
p
Z 1

0

f 0ð1� t

2
xþ 1þ t

2
bÞ

����
����
q

dt

� �1
q

; ð2:11Þ
for all x 2 ½a; b�.
Since j f 0jq is convex on ½a; b�, we have
Z 1

0

f 0
1þ t

2
xþ 1� t

2
a

� �����
����
q

dt 6

Z 1

0

1þ t

2
f 0ðxÞjq þ 1� t

2

����
����f 0ðaÞjq

� �
dt ¼ 3j f 0ðxÞjq þ j f 0ðaÞjq

4
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Similarly,
Z 1

0

f 0
1� t

2
xþ 1þ t

2
a

� �����
����
q

dt 6
j f 0ðxÞjq þ 3j f 0ðaÞjq

4
;

Z 1

0

f 0
1þ t

2
xþ 1� t

2
b

� �����
����
q

dt 6
3j f 0ðxÞjq þ j f 0ðbÞjq

4

and
 Z 1

0

f 0
1� t

2
xþ 1þ t

2
b

� �����
����
q

dt 6
j f 0ðxÞjq þ 3j f 0ðbÞjq

4
:

Using the last four inequalities in (2.11), we get the inequality (2.10), which completes
the proof of the theorem. h

Corollary 2. In Theorem 2, if we choose x ¼ aþb
2

and then using the convexity of j f 0jq, we
get the following inequality:
f
aþ b

2

� �
þ fðaÞ þ fðbÞ

2
� 2

b� a

Z b

a

fðuÞdu
����

����
6

1

pþ 1

� �1
p 1

2

� �2
qþ1 b� a

4

� �
j f 0ðaÞjq þ 3 f 0

aþ b

2

� �����
����
q� �1

q

(

þ f 0
aþ b

2

� �����
����
q

þ 3j f 0ðaÞjq
� �1

q

þ 3 f 0
aþ b

2

� �����
����
q

þ j f 0ðbÞjq
� �1

q

þ f 0
aþ b

2

� �����
����
q

þ 3j f 0ðbÞjq
� �1

q

)

6
1

pþ 1

� �1
p 1

2

� �3
qþ1

1þ 3
1
q þ 5

1
q þ 7

1
q

h i b� a

4

� �
½j f 0ðaÞj þ j f 0ðbÞj�: ð2:12Þ
The second inequality is obtained by using the fact that
Xn
k¼1
ðuk þ vkÞs 6

Xn
k¼1
ðukÞs þ

Xn
k¼1
ðvkÞs; uk; vk P 0; 1 6 k 6 n; 0 6 s < 1:
Theorem 3. Let f : I# R! R be a differentiable function on I� such that f 0 2 Lð½a; b�Þ,
where a; b 2 I� with a < b. If j f 0jq is convex on ½a; b� for some fixed q P 1, then the fol-
lowing inequality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6

1

4

� �
1

6

� �1
q ðx� aÞ2

b� a
ð5j f 0ðxÞjq þ j f 0ðaÞjqÞ

1
q þ ðj f 0ðxÞjq þ 5j f 0ðaÞjqÞ

1
q

h i(

þðb� xÞ2

b� a
ð5j f 0ðxÞjq þ j f 0ðbÞjqÞ

1
q þ ðj f 0ðxÞjq þ 5j f 0ðbÞjqÞ

1
q

h io
; ð2:13Þ
for all x 2 ½a; b�.
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Proof. Suppose that q P 1. From Lemma 1 and using the well-known power-mean
inequality, we have
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

b� a

Z 1

0

t

2
dt

� �1�1
q
Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
a

� �����
����
q

dt

� �1
q

þ ðx� aÞ2

b� a

Z 1

0

t

2
dt

� �1�1
q
Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
a

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2
dt

� �1�1
q
Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
b

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2
dt

� �1�1
q
Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
b

� �����
����
q

dt

� �1
q

; ð2:14Þ
for all x 2 ½a; b�.
Since j f 0jq is convex on ½a; b�, we have
Z 1

0

t

2
f 0

1þ t

2
xþ 1� t

2
a

� �����
����
q

dt 6

Z 1

0

t

2

1þ t

2
j f 0ðxÞjq þ 1� t

2
j f 0ðaÞjq

� �

¼ 5j f 0ðxÞjq þ j f 0ðaÞjq

24
:

Similarly,
Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
a

� �����
����
q

dt 6
j f 0ðxÞjq þ 5j f 0ðaÞjq

24
;

Z 1

0

t

2
j f 0 1þ t

2
xþ 1� t

2
b

� �
jqdt 6 5j f 0ðxÞjq þ j f 0ðbÞjq

24
and
 Z 1

0

t

2
f 0

1� t

2
xþ 1þ t

2
b

� �����
����
q

dt 6
j f 0ðxÞjq þ 5j f 0ðbÞjq

24
:

By making use of the last four inequalities in (2.14), we get (2.13). Hence the proof of
the theorem is complete. h

Corollary 3. In Theorem 2, if we choose x ¼ aþb
2

and using similar arguments as in
Corollary 2, we get the following inequality:
f
aþ b

2

� �
þ fðaÞ þ fðbÞ

2
� 2

b� a

Z b

a

fðuÞdu
����

����
6

1

3

� �1
q 1

2

� �2
q

1þ 5
1
q þ 7

1
q þ 11

1
q

h i b� a

16

� �
½j f 0ðaÞj þ j f 0ðbÞj�: ð2:15Þ
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Theorem 4. Let f : I# R! R be a differentiable function on I� such that f 0 2 Lð½a; b�Þ,
where a; b 2 I� with a < b. If j f 0jq is concave on ½a; b� for some fixed q > 1, then the
following inequality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6

1

2

q� 1

2q� 1

� �q�1
q ðx� aÞ2

b� a
f 0

3xþ a

4

� �����
����þ f 0

3aþ x

4

� �����
����

� �(

þ ðb� xÞ2

b� a
f 0

3xþ b

4

� �����
����þ f 0

xþ 3b

4

� �����
����

� �)
ð2:16Þ
for all x 2 ½a; b� and 1
p
þ 1

q
¼ 1.

Proof. From Lemma 1 and using the well-known Hölder integral inequality for q > 1
and p ¼ q

q�1, we have
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

b� a

Z 1

0

t

2

	 
 q
q�1
dt

� �q�1
q
Z 1

0

f 0
1þ t

2
xþ 1� t

2
a

� �����
����
q

dt

� �1
q

þ ðx� aÞ2

b� a

Z 1

0

t

2

	 
 q
q�1
dt

� �q�1
q
Z 1

0

f 0
1� t

2
xþ 1þ t

2
a

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2

	 
 q
q�1
dt

� �q�1
q
Z 1

0

f 0
1þ t

2
xþ 1� t

2
b

� �����
����
q

dt

� �1
q

þ ðb� xÞ2

b� a

Z 1

0

t

2

	 
 q
q�1
dt

� �q�1
q
Z 1

0

f 0
1� t

2
xþ 1þ t

2
b

� �����
����
q

dt

� �1
q

; ð2:17Þ
for all x 2 ½a; b�.
Since j f 0jq is concave on ½a; b�, we can use the Jensen’s integral inequality to obtain:
Z 1

0

f 0
1þ t

2
xþ 1� t

2
a

� �����
����
q

dt¼
Z 1

0

t0 f 0
1þ t

2
xþ 1� t

2
a

� �����
����
q

dt

6

Z 1

0

t0dt

� �
f 0

1R 1

0
t0dt

Z 1

0

1þ t

2
xþ 1� t

2
a

� �
dt

 !�����
�����
q

¼ f 0
3xþ a

4

� �����
����
q

:

Analogously, we have that the following inequalities:
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Z 1

0

f 0
1� t

2
xþ 1þ t

2
a

� �����
����
q

dt 6 f 0
xþ 3a

4

� �����
����
q

;

Z 1

0

f 0
1þ t

2
xþ 1� t

2
b

� �����
����
q

dt 6 f 0
3xþ b

4

� �����
����
q

and
 Z 1

0

f 0
1� t

2
xþ 1þ t

2
b

� �����
����
q

dt 6 f 0
xþ 3b

4

� �����
����
q

:

Using the last four inequalities in (2.17), we get (2.16). This completes the proof of the
theorem. h

Corollary 4. If in Theorem 4, we choose x ¼ aþb
2

and assume that jf0jis a linear map, then
we get the following inequality:
f
aþ b

2

� �
þ fðaÞ þ fðbÞ

2
� 2

b� a

Z b

a

fðuÞdu
����

����
6

q� 1

2q� 1

� �q�1
q b� a

4

� �
j f 0ðaþ bÞj: ð2:18Þ
Theorem 5. Let f : I# R! R be a differentiable function on I� such that f0 2 Lð½a; b�Þ,
where a; b 2 I� with a < b. If jf0jq is concave on ½a; b� for some fixed q P 1, then the fol-
lowing inequality holds:
fðxÞ þ ðb� xÞfðbÞ þ ðx� aÞfðaÞ
b� a

� 2

b� a

Z b

a

fðuÞdu
����

����
6
ðx� aÞ2

4ðb� aÞ f 0
5xþ a

6

� �����
����þ f 0

xþ 5a

6

� �����
����

� �

þ ðb� xÞ2

4ðb� aÞ f 0
5xþ b

6

� �����
����þ f 0

xþ 5b

6

� �����
����

� �
; ð2:19Þ
for all x 2 ½a; b�.

Proof. First, by the concavity of j f 0jq on ½a; b� and the power-mean inequality, we note
that
j fðkxþ ð1� kÞyÞjq P kj fðxÞjq þ ð1� kÞj fðyÞjq P ðkj fðxÞj þ ð1� kÞj fðyÞjÞq
and hence
j fðkxþ ð1� kÞyÞjP kj fðxÞj þ ð1� kÞj fðyÞj;

for all k 2 ½0; 1� and x; y 2 ½a; b�. This shows that j f 0jis also concave on ½a; b�.

Accordingly, using Lemma 1 and the Jensens’s integral inequality, we have
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fðxÞþðb�xÞfðbÞþðx�aÞfðaÞ
b�a

� 2

b�a

Z b

a

fðuÞdu
����

����
6
ðx�aÞ2

b�a

Z 1

0

t

2
f 0

1þ t

2
xþ1� t

2
a

� �����
����dtþðx�aÞ2

b�a

Z 1

0

t

2
f 0

1� t

2
xþ1þ t

2
a

� �����
����dt

þðb�xÞ2

b�a

Z 1

0

t

2
f 0

1þ t

2
xþ1� t

2
b

� �����
����dtþðb�xÞ2

b�a

Z 1

0

t

2
f 0

1� t

2
xþ1þ t

2
b

� �����
����dt

6
ðx�aÞ2

b�a

Z 1

0

t

2
dt

� �
f 0
R 1

0
t
2

1þt
2
xþ 1�t

2
a

� �
dtR 1

0
t
2
dt

 !�����
�����

þðx�aÞ2

b�a

Z 1

0

t

2
dt

� �
f 0
R 1

0
t
2

1�t
2
xþ 1þt

2
a

� �
dtR 1

0
t
2
dt

 !�����
�����

þðb�xÞ2

b�a

Z 1

0

t

2
dt

� �
f 0
R 1

0
t
2

1þt
2
xþ 1�t

2
b

� �
dtR 1

0
t
2
dt

 !�����
�����

þðb�xÞ2

b�a

Z 1

0

t

2
dt

� �
f 0
R 1

0
t
2

1�t
2
xþ 1þt

2
b

� �
dtR 1

0
t
2
dt

 !�����
�����;
for all x 2 ½a; b�, which is equivalent to (2.19) and the proof of the theorem is com-
plete. h

Corollary 5. If in Theorem 5, we choose x ¼ aþb
2
and assume that j f 0j is a linear map, then

we have the following inequality:
fðaþ b

2
Þ þ fðaÞ þ fðbÞ

2
� 2

b� a

Z b

a

fðuÞdu
����

���� 6 b� a

8
j f 0ðaþ bÞj: ð2:20Þ
APPLICATIONS TO SPECIAL MEANS

Now, we consider the applications of our Theorems to the special means. We consider
the means for arbitrary real numbers a; b 2 R. We take

(1) The arithmetic mean:
Aða; bÞ ¼ aþ b

2
; a; b 2 R:
(2) The harmonic mean:
Hða; bÞ ¼ 2
1
a
þ 1

b

; a; b 2 R n f0g:
(3) The logarithmic mean:
Lða; bÞ ¼ ln jbj � ln jaj
b� a

; a; b 2 R; jaj–jbj; a; b–0:



Inequalities of Hermite–Hadamard type 93
(4) Generalized log-mean:
Lnða; bÞ ¼
bnþ1 � anþ1

ðnþ 1Þðb� aÞ

� �1
n

; a; b 2 R; n 2 Z n f�1; 0g; a–b:
Now using the results of Section 2, we give some applications to special means of real
numbers.

Proposition 1. Let a; b 2 R; a < b; 0 R ½a; b� and n 2 Z; jnjP 2. Then
jAnða; bÞ þ Aðan; bnÞ � 2Ln
nða; bÞj 6 jnj

b� a

4

� �
A jajn�1; jbjn�1
	 


: ð3:1Þ
Proof. The assertion follows from Corollary 1 when applied to the function
fðxÞ ¼ xn; x 2 R; n 2 Z; jnjP 2. h

Proposition 2. Let a; b 2 R; a < b; 0 R ½a; b� and n 2 Z; jnjP 2. Then for p; q > 1
with 1

p
þ 1

q
¼ 1, we have
jAnða; bÞ þ Aðan; bnÞ � 2Ln
nða; bÞj 6 jnj

1

pþ 1

� �1
p 1

2

� �3
qþ1

� 1þ 3
1
q þ 5

1
q þ 7

1
q

h i b� a

2

� �
Aðjajn�1; jbjn�1Þ: ð3:2Þ
Proof. The assertion follows from Corollary 2 when applied to the function
fðxÞ ¼ xn; x 2 R; n 2 Z; jnjP 2. h

Proposition 3. Let a; b 2 R; a < b; 0 R ½a; b� and n 2 Z; jnjP 2. Then q P 1, we have
Anða; bÞ þ Aðan; bnÞ � 2Ln
nða; bÞ

�� ��
6 jnj 1

3

� �1
q 1

2

� �2
q

1þ 5
1
q þ 7

1
q þ 11

1
q

h i b� a

8

� �
Aðjajn�1; jbjn�1Þ: ð3:3Þ
Proof. The assertion follows from Corollary 3 when applied to the function
fðxÞ ¼ xn; x 2 R; n 2 Z; jnjP 2. h

Proposition 4. Let a; b 2 R; a < b; 0 R ½a; b�. Then
jA�1ða; bÞ þ Aða�1; b�1Þ � 2Lða; bÞj 6 b� a

4

� �
Aðjaj�2; jbj�2Þ: ð3:4Þ
Proof. It is a direct consequence of Corollary 1 when applied to the function,
fðxÞ ¼ 1

x
; x 2 ½a; b�. h
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Proposition 5. Let a; b 2 R; a < b; 0 R ½a; b�, then for all p > 1, we have
jA�1ða; bÞ þ Aða�1; b�1Þ � 2Lða; bÞj

6
1

pþ 1

� �1
p 1

2

� �3
qþ1

1þ 3
1
q þ 5

1
q þ 7

1
q

h i b� a

2

� �
Aðjaj�2; jbj�2Þ: ð3:5Þ
Proof. It follows directly from Corollary 2 for the function, fðxÞ ¼ 1
x
; x 2 ½a; b�. h

Proposition 6. Let a; b 2 R; a < b; 0 R ½a; b�. Then for all q P 1, we have the inequality
jA�1ða; bÞ þ Aða�1; b�1Þ � 2Lða; bÞj 6 1

3

� �1
q 1

2

� �2
q

� 1þ 5
1
q þ 7

1
q þ 11

1
q

h i b� a

8

� �
Aðjaj�2; jbj�2Þ: ð3:6Þ
Proof. It follows directly from Corollary 3 for the function, fðxÞ ¼ 1
x
; x 2 ½a; b�. h

Remark 1. We can get several inequalities for means from Corollaries 4 and 5 for a
particular choice of the concave function f but we omit the details for the interested
reader.

Remark 2. Let a; b 2 R n f0g; a < b then a�1 > b�1 and Aða�1; b�1Þ ¼ 2
1
aþ1

b

¼ H�1ða; bÞ.
Hence one can get several inequalities containing harmonic mean and logarithmic
means but we omit the details for the interested readers.
APPLICATION TO THE MIDPOINT AND TRAPEZOIDAL FORMULAE

Let d be a division of the interval ½a; b�, i.e. a ¼ x0 < x1 < . . . < xn�1 < xn ¼ b, and
consider the quadrature formulae
Z b

a

fðxÞdx ¼ Tðf; dÞ þ Eðf; dÞ;
and
 Z b

a

fðxÞdx ¼ T0ðf; dÞ þ E0ðf; dÞ;
where
Tðf; dÞ ¼
Xn�1
i¼0
ðxiþ1 � xiÞf

xi þ xiþ1

2

	 

and
T0ðf; dÞ ¼
Xn�1
i¼0
ðxiþ1 � xiÞ

fðxiÞ þ fðxiþ1Þ
2
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are the midpoint and trapezoidal versions and Eðf; dÞ and E0ðf; dÞ are the associated er-
rors respectively. Here, we derive some error estimates for the sum of midpoint and
trapezoidal formulae.

Proposition 7. Let f : I# R! R be a differentiable function on I� such that
f 0 2 Lð½a; b�Þ, where a; b 2 I� with a < b. If j f 0j is convex on ½a; b�, then for every
division d of ½a; b�, we have:
jEðf; dÞ þ E0ðf; dÞj 6 1

8

Xn�1
i¼0
ðxiþ1 � xiÞ2½j f 0ðxiÞj þ j f 0ðxiþ1Þj�: ð4:1Þ
Proof. By applying Corollary 1 on the subinterval ½xi; xiþ1�ði ¼ 0; 1; . . . ; n� 1Þ of the
division d, we have
f
xi þ xiþ1

2

	 

þ fðxiþ1Þ þ fðxiÞ

2
� 2

xiþ1 � xi

Z xiþ1

xi

fðxÞdx
����

����
6

xiþ1 � xi

8

	 

½j f 0ðxiÞj þ j f 0ðxiþ1Þj�: ð4:2Þ
Now
jEðf; dÞ þ E0ðf; dÞj ¼
Xn�1
i¼0
ðxiþ1 � xiÞf

xi þ xiþ1

2

	 

þ
Xn�1
i¼0

fðxiÞ þ fðxiþ1Þ
2

ðxiþ1 � xiÞ
�����

� 2
Xn�1
i¼0

Z xiþ1

xi

fðxÞdx
����� 6

Xn�1
i¼0
ðxiþ1 � xiÞ f

xi þ xiþ1

2

	 

þ fðxiÞ þ fðxiþ1Þ

2

����
� 2

xiþ1 � xi

Z xiþ1

xi

fðxÞdx
����: ð4:3Þ
Using (4.2) in (4.3), we get (4.1). This completes the proof of the proposition. h

Proposition 8. Let f : I# R! R be a differentiable function on I� such that
f 0 2 Lð½a; b�Þ, where a; b 2 I� with a < b. If j f 0jq is convex on ½a; b� for some fixed
q > 1, then for every division d of ½a; b�, we have
jEðf; dÞ þ E0ðf; dÞj 6 1

pþ 1

� �1
p 1

2

� �3
qþ3

1þ 3
1
q þ 5

1
q þ 7

1
q

h iXn�1
i¼0
ðxiþ1 � xiÞ2½j f 0ðxiÞj

þ j f 0ðxiþ1Þj�; ð4:4Þ
where 1
p
þ 1

q
¼ 1.

Proof. The proof is similar to that of Proposition 7 and using Corollary 2. h

Proposition 9. Let f : I# R! R be a differentiable function on I� such that f 0 2 L½a; b�,
where a; b 2 I� with a < b. If j f 0jq is convex on ½a; b� for some fixed q P 1, then for every
division d of ½a; b�, we have
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jEðf; dÞ þ E0ðf; dÞj 6 1

3

� �1
q 1

2

� �2
qþ4

1þ 5
1
q þ 7

1
q þ 11

1
q

h i

�
Xn�1
i¼0
ðxiþ1 � xiÞ2½j f 0ðxiÞj þ j f 0ðxiþ1Þj�: ð4:5Þ
Proof. The proof is similar to that of Proposition 7 and using Corollary 3. h

Proposition 10. Let f : I# R! R be a differentiable function on I� such that
f 0 2 Lð½a; b�Þ, where a; b 2 I� with a < b. If j f 0jq is concave on ½a; b� for some fixed
q > 1 and j f 0jq is a linear map, then for every division d of ½a; b�, we have
Eðf; dÞ þ E0ðf; dÞj 6 1

4

q� 1

2q� 1

� �q�1
q Xn�1

i¼0
ðxiþ1 � xiÞ2j f 0ðxiþ1 þ xiÞ

�����
����� ð4:6Þ
Proof. The proof is similar to that of Proposition 7 and it follows from Corollary
4. h

Proposition 11. Let f : I# R! R be a differentiable function on I� such that
f 0 2 Lð½a; b�Þ, where a; b 2 I� with a < b. If j f 0jq is concave on ½a; b� for some fixed
q P 1 and j f 0jq is a linear map, then for every division d of ½a; b�, then the following
inequality holds:
jEðf; dÞ þ E0ðf; dÞj 6 1

8

Xn�1
i¼0
ðxiþ1 � xiÞ2j f 0ðxiþ1 þ xiÞj: ð4:7Þ
Proof. The proof is similar to that of Proposition 7 and it follows from Corollary
5. h
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