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Abstract. The purpose of this paper is to study the growth and fixed points of
meromorphic solutions and their derivatives to complex higher order linear differential
equations whose coefficients are meromorphic functions. Our results extend the previous
results due to Peng and Chen, Xu and Zhang and others.
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1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we shall assume that the reader is familiar with the fundamental results and
the standard notations of the Nevanlinna value distribution theory of meromorphic functions
(see [11,17]). In addition, we will use notations o (f), o2 (f) to denote respectively the order
and the hyper-order of growth of a meromorphic function f (), A (f), A (f), 7 (f) to denote
respectively the exponents of convergence of the zero-sequence, the sequence of distinct
zeros and the sequence of distinct fixed points of f (z). See [2,11,14,17] for notations and
definitions.

Consider the second order linear differential equation
F" 4 AL (2) PP f 4 Ag (2) QB f =0, (1.1)
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where P(z),(Q (z) are nonconstant polynomials, A; (z), Ag (z) (0) are entire functions
such that o (A1) < deg P (z), 0 (Ag) < deg @ (z). Gundersen showed in [9, p. 419] that
if degP (z) # deg(@ (z), then every nonconstant solution of (1.1) is of infinite order.
If deg P (2) = deg@ (z), then (1.1) may have nonconstant solutions of finite order. For
instance f (z) = e* + 1 satisfies f” 4+ e*f' — e* f = 0.

In [3], Chen and Shon investigated the case when deg P (z) = deg @ (z) and proved the
following results.

Theorem A ([3]). Let A; (z) (#0) (j =0,1) be meromorphic functions with o (A;) <
1(j =0,1), a, b be complex numbers such that ab # 0 and arga # argb or a = cb
(0 < ¢ < 1). Then every meromorphic solution f (z) # 0 of the equation

"+ AL (2) e f + Ay (2) e f =0 (1.2)
has infinite order.

In the same paper, Chen and Shon investigated the fixed points of solutions, their 1st and
2nd derivatives and the differential polynomials and obtained.

Theorem B (/3]). Let A;(z)(j = 0,1),a,b,c satisfy the additional hypotheses of
Theorem A. Let dy, dy, ds be complex constants that are not all equal to zero. If f (z) #Z 0 is
any meromorphic solution of Eq. (1.2), then:

(i) f, f', " all have infinitely many fixed points and satisfy
Mf=2) =X —2)=A(f"—2) =00,

(ii) the differential polynomial
g(z)=dof" +dif +dof

has infinitely many fixed points and satisfies \ (g — z) = co.

In [13], Peng and Chen investigated the order and hyper-order of solutions of some second
order linear differential equations and proved the following result.

Theorem C ([13]). Let A; (z) (£0) (j = 1,2) be entire functions with 0 (A;) < 1, a1, as
be complex numbers such that ajas # 0, a1 # as (suppose that |aq1| < |as|). If argay # 7
or ay < —1, then every solution f (#0) of the differential equation

f// +e—zf/ + (Alealz + A26a2z) f — 0
has infinite order and oo (f) = 1.

Recently, Xu and Zhang investigated the order, the hyper-order and fixed points of
meromorphic solutions of some second order linear differential equations and proved the
following results.

Theorem D (//6]). Suppose that A; (z) (#£0) (j = 0, 1,2) are meromorphic functions and
o (A;) < 1, and aq, ay are two complex numbers such that ajas # 0, a1 # as (suppose



98 H. Habib, B. Belaidi

that |a1| < |azl|). Let ag be a constant satisfying ag < 0. If arga; # m or a1 < ao, then
every meromorphic solution f (£0) whose poles are of uniformly bounded multiplicities of
the equation

I+ Age* f' 4 (A1e™* + Aze™*) f =0 (1.3)

has infinite order and oo (f) = 1.

Theorem E ([16]). Let A; (z) a; satisfy the additional hypotheses of Theorem D. If ¢ (£0)
is a meromorphic function whose order is less than 1, then every meromorphic solution
f (££0) whose poles are of uniformly bounded multiplicities of Eq. (1.3) satisfies

Af=@)=A(f"—0)=A(f"—¢) = .

The main purpose of this paper is to extend and improve the results of Theorems D, E to
some higher order linear differential equations. The present article may be understood as an
extension and improvement of the recent article of the authors [10]. In fact we will prove the
following results.

Theorem 1.1. Let A; (z) (#0) ( =0,1,2) and By (z) (I = 2,...,k — 1) be meromorphic
functions with

max {0 (4;) (j=0,1,2),0(B) (1=2,....k—1)} <1,

a1, az be complex numbers such that a1as # 0, a1 # ag (suppose that |a1| < |az]). Let ag
be a constant satisfying ag < 0. If argay # w or a1 < ag, then every meromorphic solution
f (£0) whose poles are of uniformly bounded multiplicities of the equation

FE 4 By fR7D p g Bof” 4+ Age™® f 4 (Are™® + Aze™®) f =0 (1.4)

satisfies o (f) = +ooand o2 (f) = 1.

Example 1.1. Consider the differential equation
4 1 1
f///+f//+<__z_1> efzf/
z z 2

+ ((1 _1, + 2) e % 4 e_3z> f=0, (1.5)
z 2

where By (z) = 2, Ag(z) = =1 =1z —l,ao= -1, A1 () =1 - 32+ 2, a1 = -2,
Az (z) = 1, a2 = =3, a1 < agp. Obviously, the conditions of Theorem 1.1 are satisfied. The

meromorphic function f (z) = z%eefz, with o (f) = 400 and o5 (f) = 1, is a solution of
(1.5).

Motivated by Theorem E, we try to consider the relation between small functions with
meromorphic solutions of Eq. (1.4). Indeed, such relationship on higher order differential
equations is more difficult than that of second order differential equations. Moreover, the
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method used in the proof of Theorem E can not deal with the case of higher order linear
differential equations.

Theorem 1.2. Let A; () (j =0,1,2),B;(2) (I =2,...,k—1), ao, a1, as satisfy the
additional hypotheses of Theorem 1.1. If ¢ (#0) is a meromorphic function with order

o (@) < 1, then every meromorphic solution f (£0) whose poles are of uniformly bounded
multiplicities of Eq. (1.4) satisfies

M=) =2 =) =A(f" —¢) = 0.

Example 1.2. Let ¢ (2) = —2%. The function ¢ (z) is a meromorphic function with order
o (¢) = 0 < 1. We have for the solution f (z) = Le® ~ of (1.5)

—z e~ 1
e e + ]

I
>

Il

>~
P e VN
NN

By setting ¢ (z) = z in Theorem 1.2, we obtain the following corollary.

Corollary 1.1. Let A;(2)(j = 0,1,2),B1(2) (1 =2,...,k—1), ap, a1, ag satisfy the
additional hypotheses of Theorem 1.1. If f (£0) is any meromorphic solution whose poles
are of uniformly bounded multiplicities of Eq. (1.4), then f, ' f" all have infinitely many
fixed points and satisfy

() =T(f) =T (") = 0.

2. PRELIMINARY LEMMAS

We define the linear measure of a set E C [0, 400) by m(E fo t)dt and the

logarithmic measure of a set F' C (1,4o00) by Im(F) = f1+°° XFt(t) dt, where Xg is the
characteristic function of a set H.

Lemma 2.1 ([8]). Let f be a transcendental meromorphic function with o (f) = o < 4o0.
Let ¢ > 0 be a given constant, and let k, j be integers satisfying k > j > 0. Then, there
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exists a set By C [ ET 37“) with linear measure zero, such that, if i € [ 5 —’T) \ E, then

there is a constant Ry = Rg (¢) > 1, such that for all z satisfying arg z = ¢ and |z| > Ry,
we have
™ (2) (k—j)(o—1+e)
0| < 12| . @.1)

Lemma 2.2 ([3,12]). Consider g(z) = A(z)e®, where A(z) # 0 is a meromorphic
function with order o0 (A) = « < 1, a is a complex constant, a = |a| e’ (p € [0, 27)).
Set Eo = {0 €0,27) : cos(p+0) =0}, then Ey is a finite set. Then for any given
e(0<e<1—a) there is a set B3 C |[0,27) that has linear measure zero such that if
z=re, 0 €[0,2m)\ (E2 U E3), then we have when r is sufficiently large:

(i) If cos (¢ + 0) > 0, then

exp{(1—¢)rd(az,0)} <|g(2)| <exp{(l+e)rd(az,0)}. (2.2)
(ii) If cos (¢ + 0) < 0, then

exp{(14¢)r8 (az,0)} < |g(2)] <exp{(1—e)r(az,0)}, 2.3)

where ¢ (az,0) = |a|cos (¢ + 0) .

Lemma 2.3 ([/3]). Suppose that n > 1 is a natural number. Let P; (z) = a;n2" +

--(j = 1,2) be nonconstant polynomials, where a4 ( q = 1,...,n) are complex numbers
and aipaz, # 0. Set z = re?, aj, = \ajn| e, 9, € [ 5 37”) §(Pj,0) =
|ajn| cos (0; + nb). Then there is a set Ey C [—3=,3%) that has linear measure zero such

that if 61 # 05, then there exists a ray arg z =  with§ € (— 4=, 7=) \ (E4 U E5), satisfying
either

§(P,0) >0, &(P,0)<0 (2.4)
or
(5(P1,9) <0, (5(P2,9) > 0, 2.5)

where E5 = {9 S [ T ) 10 (P, 0) = 0} is a finite set, which has linear measure zero.

2n’ﬂ

Remark 2.1 (//3]). We can obtain, in Lemma 2.3, if § € (=2, ) \ (E4 U E5) is replaced

by 6 € (£,3Z)\ (E4 U Es), then it has the same result.

Lemma 2.4 ([3]). Let f (z) be a transcendental meromorphic function of order o (f) = a <

~+00. Then for any given € > 0, there is a set Fg C [—g, 7) that has linear measure zero
such that if 6 € =%, 35) \ Eq, then there is a constant Ry = Ry (0) > 1, such that for all

z satisfying arg z = 0 and |z| = Ry, we have

exp {—r**t} < |f (2)| < exp {r**°}. (2.6)
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Lemma 2.5 (/6, p. 30]). Let n > 1, Py, P>, ..., P, be nonconstant polynomials with degree
dy, dg, ..., dy. Suppose that when i # j, deg(P, — P;) = max{d;,d;}. Set A(z) =
Z?Zl B; () efi(®), where Bj (2) (£0) are meromorphic functions satisfying o (B;) < d;.
Then o (A) = maxi<j<n{d;}.

Using mathematical induction, we can easily prove the following lemma.

Lemma 2.6. Let f (2) = g (2) /d (z), where g (2) is a transcendental entire function, and let
d (2) be the canonical product (or polynomial) formed with the non-zero poles of f (z). Then
we have

f(") = g(n) + Dn,nflg(n_l) + Dn,n72g(n_2) +ot Dn>1g/ + Dn,Ogi| (27)

SHS

and

(n) (n) (n—1) (n—2) /
f = 9 g g +"'+Dn,1%+Dn,(]7 (28)

+ Dn,nfl
f g

where D, ; are defined as a sum of finite numbers of terms of the type

d/ J1 d(n) Jn
>~ Cijiin <d> <d> ;

(41-+3n)

n,n—2

Cjjy...j,, are constants, and j + ji1 + 2j2 + -+ - + njy, = n.

Lemma 2.7 ([1]). Let Ag, A1,...,Ar—1, F Z 0 be finite order meromorphic functions. If
f (2) is an infinite order meromorphic solution of the equation

F 4 A fE 4k A+ Aof = F
then f satisfies A (f) = A (f) = o (f) = oc.

The following lemma, due to Gross [7], is important in the factorization and uniqueness
theory of meromorphic functions, playing an important role in this paper as well.

Lemma 2.8 ([7,17]). Suppose that fi(z), f2(2),...,fn(2)(n >2) are meromorphic
functions and g1(2),92(2),...,9n (2) are entire functions satisfying the following
conditions:
(1) X7y fi (2) e =0
(ii) g (2) — gx (2) are not constants for 1 < j < k < n;
() Forl < j<nand1 < h <k <n T(rf;) = o{T (r, 69"(2)_9k(z))} (r — oo,
r & Er), where E7 is a set of finite linear measure.

Then f; (2) =0(j =1,...,n).

Lemma 2.9 ([15]). Suppose that f1(z), fa(2),..., fn(2) (n = 2) are meromorphic func-
tions and g1(2), g2(2), . . ., gn (2) are entire functions satisfying the following conditions:

(1) X5 fi (2) %@ = fupas
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(i) If 1 <j < n+land 1 < k < n, then the order of f; is less than the order of 9+(%).
Ifn>221<j<n+landl < h <k < n,then the order of f; is less than the order of
edh 9k

Then f; () =0(j =1,2,...,n+1).

Lemma 2.10 (/8)). Let f(z) be a transcendental meromorphic function, and let o« > 1 be
a given constant. Then there exist a set Es C (1,00) with finite logarithmic measure and
a constant B > 0 that depends only on o and i,j (0 < i < j < k), such that for all z
satisfying |z| =r € [0,1] U Es, we have

‘f(j)(z)

Jj—1
0 (log® r)log T (aur, f)} . (2.9)

gB{T((er,f)
r

Lemma 2.11 ([9]). Let ¢ : [0,+00) — R and ¢ : [0,+00) — R be monotone non-
decreasing functions such that ¢ (r) < 9 (r) for all v € E9 U [0,1], where Eg C (1,400)
is a set of finite logarithmic measure. Let v > 1 be a given constant. Then there exists an
r1 =71 () > 0such that o (r) < ¢ (yr) forall v > rq.

Lemma 2.12 ([4]). Let Ag, A1, ..., Ax—1 (k > 2) be meromorphic functions such that c =
max {o (4;), j =0,...,k — 1}. Then every transcendental meromorphic solution f whose
poles are of uniformly bounded multiplicity of the differential equation

FE 4 A fE D o A+ Agf =0

satisfies o5 (f) < o.
3. PROOF OF THEOREM 1.1

First of all we prove that Eq. (1.4) can’t have a meromorphic solution f # 0 with
o (f) < 1. Assume a meromorphic solution f # 0 with o (f) < 1. Rewrite (1.4) as

Aof'e® + Ay fen= 4 Agfer® = — {0 4 By f0D s By B
For ay # ag, by (3.1) and Lemma 2.5, we have

1 =0{Apf'e™* + Ai fe™* + Ay fe®*}

= [~ {fW 4 B S B <1

This is a contradiction. For as = ag, by (3.1) and Lemma 2.5, we have
) If Ao f' + Axf # 0, then
o {(Aof' + Azf)e™* + Ay fe™*}
- [_ {f<k> + By fO +...+32f~H <1

1

This is a contradiction.
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(i) If Aof' + Asf = 0, then
—1
L= o {Aife = o [- {f% 4 B fE D 4+ Byp) | < 1

This is a contradiction. Therefore o (f) > 1.

First step. We prove that o (f) = +00. Assume that f Z 0 is a meromorphic solution whose
poles are of uniformly bounded multiplicities of Eq. (1.4) with 1 < o (f) = ¢ < +00. From
Eq. (1.4), we know that the poles of f (z) can occur only at the poles of A; (j = 0, 1,2) and
B; (I =2,...,k —1). Note that the multiplicities of poles of f are uniformly bounded, and
thus we have [5]

2 k—1
N(Ta f) < MIN(r7f) < Ml <ZN(TvA]) +ZN(T7BZ)>
=0

1=2
< Mmax{N (r,4;) (j=0,1,2),N(r,B)(l=2,...,k—1)},

where M; and M are some suitable positive constants. This gives A (%) < a =

max{o(4;) (j=0,1,2),0(B))({=2,...,k—1)} < 1.Let f = g/d, d be the canonical

product formed with the nonzero poles of f (z), with o (d) = A (d) = A (%) =pf<a<l,

g be an entire function and 1 < o (g) = 0 (f) = o < oo. Substituting f = g/d into (1.4), by
Lemma 2.6 we can get

g(k) g(k_l) g(k_z)
e + [Br—1 + D k1] + [Br—2 + Bi—1Dg—1 k-2 + D j—2]
k-1 " k-1 ,
+ o+ B2+ D2+ Z B;D; 2 % + [Aoe™* + Dy + Z B;D; 1 %
i=3 i—2
k—1
+ AoD10e™" + Z BiD;o+ Do+ A1e™? + Age™* = 0. (3.2)
i=2

T 37

By Lemma 2.4, for any givene (0 < e < 1 — «), thereisaset Eg C [—%, 2I) that has linear

measure zero such that if 6 € [—%, 25) \ g, then there is a constant Ry = Ry (6) > 1,

such that for all z satisfying arg z = 0 and |z| > Ry, we have

4o ()] <exp{r**<},  [Bi(2)| <exp{r**®} (I=2,....,k—=1). (33
By Lemma 2.1, for any given (O < & < min { ;ZZII_}ZH ;1= a}), there exists a set By C
[—%, %) of linear measure zero, such that if § € [—%,2F) \ Ey, then there is a constant
Ry = R (0) > 1, such that for all z satisfying arg z = 6 and |z| = r > Ry, we have
(4)
‘9 e T N (3.4)
9(2)
(4)
7)) pRB=IFE) =1k (3.5
d(z)
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and
d Ji d"’ J2 Ak Jk
(J1Jk)
d J1 d" J2 Q) Jk
S Z |ij1"'jk| E g 7
(J1--dk)
< ST (G g | PO 2R (B4 ki (B 14)
(J1--dk)
= Z |,y ogy | #1202 kIR (B14e) 3.6)
(J1--dk)

By ji1+ -+ kjr, =k — 7 < kand (3.6), we have

|Dy. ;| < MyFB=1+e) (3.7
where M > 0 is a some constant. Let z = 7¢', a1 = |ai|e
91302 S [7%a 37#)

Case 1. arg a; # 7, which is 61 # .

0 ay = ag|e',

(i) Assume that 6; # 65. By Lemmas 2.2 and 2.3, for the above ¢, there is aray arg z = 6 such
that 6 € (fg, g) \ (F1 UE4U E5U Eg) (where E, and E5 are defined as in Lemma 2.3,
Fy U E4 U E5 U Eg is of linear measure zero), and satisfying

d(a1z,0) >0, d (azz,0) <0
or
d(a1z,0) <0, J (azz,0) > 0.
When 6§ (a12,0) > 0, 6 (az2,6) < 0, for sufficiently large r, we get
|A1e®®| = exp{(1 —€) 6 (ar12,0)r}, (3.8)
|A2e?%| < exp{(1 —¢€)d (azz,0)r} < 1. (3.9)
By (3.8) and (3.9) we have
|A1e®® + Age®??| > |Ar1e™®| — |A2e™*| Z exp{(1 —€)d (a12,0)r} — 1

> (1-o0o1)exp{(1—¢)d(ar2,0)r}. (3.10)
By (3.2), we get
|A1e®? + Age®??| < 3 + |Br—1 + Dy 1]
(k—2)
+ |Bi—2 + Bx—1Dj—1,k—2 + Di k2| +
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k—1 k—1

i !
+ |By + D2 + ZBiDi,2 | Aol |e®*| + |Dr 1 + Z B;D; ] g
i=3 =2
k—1
+ 40Dy ol [€°°%| + 3 |BiDio (3.11)
i=2
Since 0 € ( 5 %), it follows that |e®0?| = e®rcosf < 1 Substituting (3.3), (3.4), (3.7) and
(3.10) into (3.11), we obtain
(1—o(1)exp{(1 —¢)d(ar2,0)r} < Myr™ exp {r**<}, (3.12)

where M7 > 0 and My > 0 are some constants. By d (a12,6) > 0 and @ + ¢ < 1 we know
that (3.12) is a contradiction. When 6 (a1z,6) < 0, 6 (a2z,68) > 0, using a proof similar to
the above, we can also get a contradiction.

(i1) Assume that 6; = 6. By Lemma 2.3, for the above ¢, there is a ray arg z = 6 such that
9 € (-%2,2)\ (E1UEyUE5U Eg) and 6 (a12,0) > 0. Since |a;| < |as|, a1 # ap and
01 = 0o, it follows that |a1| < |as|, thus 0 (azz,0) > § (a12,0) > 0. For sufficiently large r,

we have by Lemma 2.2

|A1e™*| <exp{(1+¢)d(arz,0)7r}, (3.13)
|A2e%%%| > exp {(1 — €) § (azz,0) r} (3.14)
By (3.13) and (3.14) we get
|A1e®% + Aze®?| = |Age®??| — |A1e®t?|
>exp{(1—¢)d(azz,0)r} —exp{(1+¢)d(ar12,0)r}
=exp{(l+¢)d(ar1z,0)r}exp{nr} —1], (3.15)
where
n=(1—-¢)d(azz,0)—(1+¢)d(a12,0).
Since 0 < € < 1221+{21} , it follows that
= (1—¢)|az|cos (02 +6) — (1 +¢€)|ay| cos (61 + 0)
:( g) laz| cos (01 + 0) — (1 +¢€) |ay| cos (01 + 6)
=[(1—¢)|az| — (1 +¢€)]|ai|] cos (81 + )
= [laz| = [a1| = & (Jaz| + [a1])] cos (61 + 6) > 0.
Then, from (3.15), we get
|A1e®% + Aze®?| 2 (1 —o0(1))exp{[(1+¢)d (a12,0) +n]r}. (3.16)
Since 0 € (f%, g) it follows that |e®0%| = @7 3¢ < 1 Substituting (3.3), (3.4), (3.7) and
(3.16) into (3.11), we obtain

(1—o(1)exp{[(1+e)d(a12,0) +n]r} < Myr*2 exp {rote}. (3.17)

By d (a1z,0) > 0,n7 > 0and a + € < 1 we know that (3.17) is a contradiction.
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Case 2. a1 < ag, whichis #; = 7.

(i) Assume that 61 # 6, then 0 # m. By Lemma 2.3, for the above ¢, there is aray arg z = 6
such that § € (—%,%) \ (Ey UE,UE5 U Eg) and 6 (a2z,0) > 0. Because cos6 > 0, we

have § (a12,6) = |a1| cos (61 + 6) = — |a1| cos @ < 0. For sufficiently large r, we obtain by
Lemma 2.2
|[A1em?| < exp{(1—¢)d(a12,0)r} <1, (3.18)
|A2e%%| > exp {(1 —€) ¢ (azz,0)r}. (3.19)

By (3.18) and (3.19) we obtain
|A1e®® + Age®?| > |Age®?| — |A1e™?| Z exp{(1 — ) § (azz,0)r} — 1

> (1-o0o()exp{(1—¢)d(azz,0)r}. (3.20)

Since 0 € ( s g), it follows that |e®0%| = @759 < 1. Substituting (3.3), (3.4), (3.7) and
(3.20) into (3.11), we obtain

(1—o(1)exp{(1 —¢)d (azz,0)r} < Myr™ exp {ro+e}. (3.21)

By d (a22,60) > 0 and @ 4+ € < 1 we know that (3.21) is a contradiction.

(ii) Assume that 6; = 65, then 6; = 65 = 7. By Lemma 2.3, for the above ¢, there is a
ray arg z = 0 such that § € (%,38) \ (Ey U Ey U E5 U Eg), then cos 6 < 0, 6 (a12,0) =
|a1]| cos (01 +60) = —|ai|cos® > 0, ¢ (azz,0) = |az|cos (02 +60) = —|az|cosf > 0.
Since |a1] < |ag|, a1 # a2 and 61 = 0Os, it follows that |a;| < |az], thus 6 (agz, 9) >
& (a1 2, 0), for sufficiently large r, we get (3.13), (3.14) and (3.16) hold. Since 6 € (%, 3F),
it follows that |e20%| = e®7 o8¢ > 1_Substituting (3.3), (3.4), (3.7) and (3.16) into (3.11),

we obtain

(L—o(1))exp{[(1+¢€)d(arz,0) +nr} < MyrM exp {rote} eworeos? (3.22)

s
2
11

Thus
(1—o(1)exp{yr} < Myr™2 exp {rote}, (3.23)
where vy = (1 +¢€) d (a12,0)+n—ag cos . Since n > 0, cos 0 < 0,0 (a1z,0) = — |a1| cos b,
a1 < ag, it follows that
v=—(14¢)l|ar]|cosd —agcosfd +n=—[(1+¢)]|ai| + ap] cosd +n
> —[—(14+¢€)ag+ap]cosld +n=cagcosf +n > 0.

By a+¢ < 1, we know that (3.23) is a contradiction. Concluding the above proof, we obtain
o (f)=0(g) = +oo.
Second step. We prove that oo (f) = 1. By

max {o (Ape®°?), 0 (A1e"* 4+ Ae™?) 0 (B;) (I=2,...,k—1)} =1

and Lemma 2.12, we obtain o5 (f) < 1. By Lemma 2.10, we know that there exists a set
Eg C (1,+00) with finite logarithmic measure and a constant B > 0, such that for all z
satisfying |z] = r ¢ [0, 1] U Es, we get

‘f(j)(z)

Jj+1 -
e < B[T(2r, f)] (G=1,....k). (3.24)
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By (1.4), we have

f(k) f(k—l) f// f/
AjeM? 4 Age®® = — N By 1 ;o 327 + Aoea°z7 - (325

Case 1. argay # 7.

(i) (01 # 62) In first step, we have proved that there is a ray argz = 6 where 0 €
(=3.%) \ (E1U Ey U E5 U Eg), satisfying

0 (ar1z,0) >0, d(azz,0) <0 or 0(az,0) <0, d (azz,0) > 0.

(a) When 6 (a12,0) > 0, §(agz,0) < 0, for sufficiently large r, we get (3.10) holds.
Substituting (3.3), (3.10) and (3.24) into (3.25), we obtain for all z = ret? satisfying
2| =r¢&[0,1]]UEs,0 € (—%,%) \ (E1 UE, U E5 U Eg)

(1—0(1))exp{(1 )6 (ar12,0)r} < Moexp {r°*=} [T(2r, )", (3.26)

where My > 0is a some constant. Since § (a1z,0) > 0, a+e < 1, then by using Lemma 2.11
and (3.26), we obtain o5 (f) > 1, hence o2 (f) = 1.

(b) When 6§ (a12,0) < 0, ¢ (azz,8) > 0, using a proof similar to the above, we can also get
o2 (f) =1

(i) (61 = 62) In first step, we have proved that there is a ray argz = 6 where 6 €
(=%,%) \ (E1U E4 U E5 U Eg), satistying § (a2z,6) > & (a12,6) > 0 and for sufficiently
large r, we get (3.16) holds. Substituting (3.3), (3.16) and (3.24) into (3.25), we obtain for all
z =re' satistying [z| = r ¢ [0,1] U Eg, 6 € (=%, %) \ (E1 U E4 U E5 U Eg)

(1—0(1))exp{[(1+¢)6 (a12,0) + nlr} < Myexp {r°*} [T(2r, )", (327)

where M; > 0 is a some constant. Since § (a1z,0) > 0, > 0, a + & < 1, then by using
Lemma 2.11 and (3.27), we obtain o5 (f) > 1, hence o2 (f) = 1.
Case 2. a1 < ag.

(i) (61 # 02) In first step, we have proved that there is a ray argz = 6 where 6 €
(=%.%) \ (E1UE, U E5 U E), satisfying 6 (a2z,6) > 0 and 6 (a;2,6) < 0 and for
sufficiently large r, we get (3.20) holds. Using the same reasoning as in second step (Case 1
(1)), we can get oo (f) = 1.

(ii) (01 = 62) In first step, we have proved that there is a ray argz = 6 where 0 €
(Z,25) \ (E1 UE4 U Es U Eg), satistying & (a2z,60) > & (a12,6) > 0 and for sufficiently
large r, we get (3.16) holds. Substituting (3.3), (3.16) and (3.24) into (3.25), we obtain for all
z =re' satisfying |z| = r ¢ [0,1] U Eg, 0 € (3,2F) \ (E1 UEy U E5 U Eg)

(1—o0(1))exp {[(1 + )8 (a12,0) + )7}
< Myexp {rote} emorcosf [ (2r, HIF, (3.28)

where My > 0 is a some constant. Thus
(1—o(1)exp{yr} < Myexp {r*} [T(2r, /)]

where v = (1+¢)0 (a12,60) +n — agcosf. Since v > 0, @ + ¢ < 1, then by using
Lemma 2.11 and (3.29), we obtain o5 (f) > 1, hence o3 (f) = 1. Concluding the above
proof, we obtain o (f) = 1. The proof of Theorem 1.1 is complete.

(3.29)
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4. PROOF OF THEOREM 1.2

Assume f (#0) is a meromorphic solution whose poles are of uniformly bounded
multiplicities of Eq. (1.4), then o (f) = 400 by Theorem 1.1. Set go (2) = f(2) — ¢ (2).
Then g (z) is a meromorphic function and o (go) = o (f) = co. Substituting f = go + ¢
into (1.4), we have

(k>+Bk (k 1)+ +ngg+A06aozg(l)+(A1€alz+A2€azz)g0
_ [@(k) +Bk71‘,0(k71> 4ot BQQOH + Aoeagz /+ (A %1% + A26a22) S0:| . (41)

We can rewrite (4.1) in the following form
( )+ ho,k— 19(k Dyoy ho296 + ho.194 + o090 = ho, 4.2)
where
ho = — [0® & Br_10®=D 4o 4 B 4+ Age®3 ¢! + (A1eM? + Age®?) @} '
We prove that hg # 0. In fact, if hg = 0, then
O®) 4 By 10D 1 Bog + Age®* ! + (A1e™ + Age®?) o = 0.

Hence, ¢ is a solution of Eq. (1.4) with ¢ (¢) = +0o by Theorem 1.1, it is a contradiction.
Hence, hy # 0 is proved. By Lemma 2.7 and (4.2) we know that A (go) = A (f — ) =
o (90) = o (f) = oc.

Now we prove that A (f' — ) = oo. Set g1 (2) = f'(2) — ¢ (2). Then g; (2) is a
meromorphic function and o (¢91) = o (f') = o (f) = 0. Set R(z) = Aje™? + Age?2*
and G (z) = Ape®*. Differentiating both sides of Eq. (1.4), we have

O+ By f%) + (B + Bia2) f5 7V 4+ (By_y + Brs) fE72 4
+ (BY+Bo) f" + (B4+G) "+ (G'+R) f' + R'f =0. 4.3)
By (1.4), we obtain
=g [1P 4 Bt g B G (44
Substituting (4.4) into (4.3), we have
Jid R
FEFD 4 <Bk1 _R> & 4 (Bk 1+ Br—2— Bi— 1R> FA

R/
(Bk 9+ B3 — By_2— )f(k2 : +<B§+3233R>f”'

R " ! RI !
We can write (4.5) in the form

FERD by fO by g o fEY o f g f A haof =0, (4.6)
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where
R/
hl,O = G/ +R— G§7
RI
hii= Bé + G — BQE,
R/
hl,i:BlI‘J,-l—i_Bi_Bi-‘rlEa (7/:277k_2)5
RI
hig—1 = Br_1— E

Substituting fU+1) = g%j) + ¢ (j=0,...,k) into (4.6), we get

G+ ha 19t Y hageag Y o haag! + haagh + hiogr = ha,  (47)
where

hi=— <,0(k) + h1,k—1sﬁ(k71) + h1,k—2sﬁ(k72) +oo+hio” +hi1¢ +hiop| .
We can get

huwﬁzﬁga (i=0,1,....,k—1), (4.8)
where

No =GR+ R*-GR, (4.9)

N1 = B,R+ GR — BoR/, (4.10)

N; = (Bj;1+B))R— B R, (i=2,...,k—2), 4.11)

N1 =By 1R—R. (4.12)

Now we prove that h; # 0. In fact, if A, = 0, then % = 0. Hence, by (4.8) we get

(k) (k—1) (k—2)
%R + ? Ni_1+ 7

s0// s0/
Ni_g+--++—Ny+ —N; + Ny =0. (4.13)
¥ ¥
Obviously, % (j =1,...,k) are meromorphic functions with o (%) < 1. By (4.9)-
(4.12) we can rewrite (4.13) in the form
fle(a1+ao)z + f26(a2+ao)z + f3ea1z + f4eagz
+ 24, Agelartaz)z 4 202017 | g2p2022 — (), (4.14)
where f; (j = 1,2, 3,4) are meromorphic functions with o (f;) < 1. Set I = {a1 + ao, a2 +
ag, a1, az,a1 + as,2a1,2as}. If argay # woray < ag, then a; # cag (0 < ¢ < 1). By the

conditions of Theorem 1.1, it is clear that 2a; # ay + ag, a1, a1 + az, 2ao and 2as # as,
a1 + asg, 2(11.

(1) If 2ay # as + ag, as, then we write (4.14) in the form

A%ezalz + Z ageﬁz =0,
Bel
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where I'y C I\ {2a,}. By Lemmas 2.8 and 2.9, we get A; = 0, which is a contradiction.
(ii) If 2a1 = a2 + ag, then 2a5 # B forall 8 € I\ {2a2}, hence we write (4.14) in the form
A§e2“22 + Z aﬁeﬁz =0,
BET
where I'y C I\ {2a2}. By Lemmas 2.8 and 2.9, we get A = 0, which is a contradiction.
(iil) If 2a; = a9, then 2a5 # [ forall 8 € I\ {2az}, hence we write (4.14) in the form
A3e?™27 4 Z age’* =0,
BeTs

where I's C I\ {2a2}. By Lemmas 2.8 and 2.9, we get Ay = 0, which is a contradiction.
Hence, hy # 0 is proved. By Lemma 2.7 and (4.7) we know that A (g1) = A (f' — ) =

o(g1) =0 (f) = 0. B

Now we prove that A (f” — ) = oo. Set g2 (2) = f”(2) — ¢ (2). Then g2 (2) is a
meromorphic function and o (g2) = o (") = o (f) = occ. Differentiating both sides of Eq.
(4.3), we have

R 4 By D 4 (2B) ) + Beoa) f®) + (B{_y +2Bj_y + Bi—s) f*7Y
+ (Bjl_y +2Bj_3+ Bj—a) f*2 + - 4 (BY + 2B} + By) f@W
+ (B +2By + G) f" + (B +2G" + R) f"
+ (G"+2R) f'+ R'f =0. 4.15)
By (4.4) and (4.15), we have

/!
FERD 4 By fRHD 4 (231;1 + Bi—2 — 1;) A
" BT\ )
+ | BY_; +2Bj_o+ By B_Bkl f

1/ 1/
+ ot <B§( + 2B + By — 34};) &4 (Bg + 2By + G — ng;) "

R// R//
+ (Bg +2G'+R— BgR> 7+ (G” 1oR — GR> # =0. 4.16)
Now we prove that G’ + R — G% # 0. Suppose that G’ + R — G%’ = 0, then we have

frelatao)z o g elaztao)z | 9 A) gyelartaz)z | p2p20m17 | p202022 _ () (4.17)

where f; (j =1,2) are meromorphic functions with o (f;) < 1. Set K =
{a1 + ap, a2 + ag, a1 + a2,2a1,2as}. Ifarga; # woray < ag, thenay # cag (0 < ¢ < 1).
By the conditions of Theorem 1.1, it is clear that 2a; # a; + ag, a1 + a2, 2a2 and
2&2 7£ a1 + ao, 20,1.

(1) If 2a1 # as + ag, then we write (4.17) in the form

A%eQalz + Z aﬁeﬁz =0,
Ber
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where I} C K \ {2a;}. By Lemmas 2.8 and 2.9, we get A; = 0, which is a contradiction.

(i) If 2a; = as + ag, then 2as # a1 + ag, az + ag, a1 + as, 2a;. Hence, we write (4.17) in
the form

A3e?®2* 4 Z age’? =0,
Bel>

where Iy C K\ {2as}. By Lemmas 2.8 and 2.9, we get Ay = 0, which is a contradiction.
Hence, G' + R — G% # 0 is proved. Set

Y (2)=G'R+R*-GR' and ¢(2)=G'R+2R'R—-GR". (4.18)

By (4.5) and (4.18), we get

—R R R _
=S U (B = ) 1 (B Ba B ) £

R R
+ (B,;2 + Bj_3 — BHR) FE2 g (Bg + By — B3R) 1

+ (B§+GBQZ> f”}. (4.19)

Substituting (4.18) and (4.19) into (4.16), we obtain

FE 4 {BH - ﬂ FED 4 {23271 TN L (BH - E)} 1

R ¢ R
+ :Bg,l +2B}_o + Br_3 — Br_1 };/ - g (B;'c,l + Br—2 — Bk—l%’)] A
T {Bf;’-i—ZBé-l—Bz—Bal%ﬁ—%(B:;+33—B4%/)}f(4)
+ :Bg’ + 2B} +G733%” - g (Bg + Bs — 33%)} 1"
+ :B;’+2G’+R—BQ%” - g (B§ +G—BQ%)} " =o. (4.20)

Set E1 = Bé/ + 2Bé, E1 = B;,JFQ + QB;+1 + B1 (Z = 2, ey k— 3), Ek_g = QBIIC—]. + Bk_g
andFZ- = B;+2+Bi+1(i: 1,,k—3)EZ(’L: 1,,k—2),FZ(Z:177]€—3) are
meromorphic functions with o (F;) < 1, o (F;) < 1. We can write Eq. (4.20) in the form
FED g oy fOD by o ) 4
+hoofW +hoy " + hoof” =0, 4.21)
where

R// d)(z) R/
hoo =B +2G' + R — By— — B, +G — By—
2,0 5+ + >R e 5+ 2R )

R 4(2) R
— B4+ G— By Fy — Byt
ha1 1+ G 5 R ) 1 s |

R// ¢(Z) R/ )
ho;, = F; — Biyo— — F;,—B;yo— |, =2,...,k—=3),
2, +2R ¥ () +2R (i 3)
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RI/ ¢ (Z) R/
hojo = Ep_g— — — Bp1— —
2,k—2 — k-2 R 1/} (Z) k—1 R }
¢ (2)

Substituting f+2) = géj) + ¢ (j=0,...,k)into (4.21) we get

98 4 o198 4 haiagl TP+ haagh + haoge = h, (4.22)
where

ho = — [@® 4+ ho g 10® ™D 4 hg g0 ® ™D 4o Ry 0@ + ho@! + o] -
We can get

hg,izlg((j)), (i=01,....k—1), (4.23)
where

Lo (2) = BYG'R + BYR* — BYGR' 4+ 2G"*R + 3G'R* — 2GG'R’ + R?
—3GR'R - B2G'R" — ByR'R — ByG"R — G"GR + BsG" R

—2BYR'R +2B,R"? + BLGR” + G*R, (4.24)
Ly (z) = E\G'R+ E\R* - E\GR' + G'GR+ GR? — G*R' — B3G'R"
—~B3R'R— F1G"R+ BsG"R — 2F,R'R+2B3R? + F,GR", (4.25)
L; = E;G'R+ E;R?> — E;GR' — B;,2,G'R" — B; 2R'R - F;G"R
+ Bi12G"R — 2F,R'R+ 2B; 1 2R* + F;GR", (i=2,...,k—3), (4.26)
Ly o=FE, 2GR+ FE, 2R*— Ey »GR —G'R" —R'R— By 1G"R+G"R
—2B,_1R'R+2R"”? + B,_GR", (4.27)
Li-1 =By 1G'R+ By_1R* -~ B;,_1GR' — G"R - 2R'R+ GR". (4.28)
Therefore
%2 = i “0((:)1/; + “"U::) Lioi+-+ iLz + iLl + Lo} . (4.29)
Now we prove that ho Z 0. In fact, if hy = 0, then 752 = 0. Hence, by (4.29) we have
@w B N e ‘ZNLQ + ‘ZLI Y Lo=0.  (430)

Obviously, £— ( j=1,..., k) are meromorphic functions with & ( ) < 1.By (4.18) and
(4.24)—(4. 28) we can rewrite (4.30) in the form

fle(a1+ao)z +f26(a2+ag)z +f3€(a1+2ao)z + f4e(a2+2ao)z

_|_f562alz + f662a2z + f7e(a1+a2)z
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_|_f86(2a1+ao)z_|_f96(2a2+a0)z +f106(a1+a2+a0)z+A?e3alz +Age3a2z
+ 342 AgePutan)z | 34, AZe(m+2a2)z — (4.31)

where f; (j =1,...,10) are meromorphic functions with o (f;) < 1.Set J = {a1+ao, as+
ag, a1 + 2ag, as + 2aq, 2a1, 2as, a1 + as, 2a1 + ag, 2a2 + ag, a1 + as + ag, 3a1, 3as, 2a1 +
ag, a1 + 2as}. If argay # wor ay < ag, then a; # cap (0 < ¢ < 1). By the conditions of
Theorem 1.1, it is clear that 3a1 # a1 + ag, a1 + 2ag, 2a1, 2a1 + ag, 3asg, 2a1 + az, a1 + 2as
and 3as 75 2a2, 3a1, 2a1 + aq, a1 + 2as.

(1) If 3aq 7é as + ag, as + 2aq, 2a2, a1 + as, 2as + ag, a1 + as + ag, then we write (4.31)
in the form

Aledm 4 Z agel® =0,
BE

where I'1 C J \ {3a;}. By Lemmas 2.8 and 2.9, we get A; = 0, which is a contradiction.

(ii) If 3a; = ~y such that v € {as + ag, as + 2a9, 2az, a1 + a2, 2as + ag, a1 + az +ap }, then
3ag # pforall 8 € J\ {3az}. Hence, we write (4.31) in the form

A§e3“2z + Z ageﬁz =0,
BeT>

where I'; C J \ {3az}. By Lemmas 2.8 and 2.9, we get A_2 = 0, itis a contradiction. Hence,
he % 0 is proved. By Lemma 2.7 and (4.22), we have A(g2) = A(f" — ) = o(g2) =
o (f) = oo. The proof of Theorem 1.2 is complete.
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