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Abstract.  In this paper, firstly, Hermite—Hadamard—Fejér type inequalities for p-convex
functions are built. Secondly, an integral identity and some Hermite—Hadamard—Fejér type
integral inequalities for p-convex functions are obtained. Finally, some Hermite—-Hadamard
and Hermite—-Hadamard—-Fejér inequalities for convex, harmonically convex and p-convex
functions are given. Some results presented here for p-convex functions provide extensions
of others given in earlier works for convex and harmonically convex and p-convex functions.

Keywords: Hermite—Hadamard inequalities; Hermite—Hadamard—Fejér inequalities; Convex
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1. INTRODUCTION

Let f : I C R — R be a convex function defined on an interval I of real numbers and
a,b € I with a < b. The inequality

is well known in the literature as Hermite—-Hadamard’s inequality [5,6].

The most well-known inequalities related to the integral mean of a convex function
f are the Hermite-Hadamard inequalities or its weighted versions, the so-called
Hermite—-Hadamard—Fejér inequalities.
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Definition 1. A function w : [a,b] C R — R is said to be symmetric with respect to “£2, if
w(x) =w (a+ b — z) holds for all z € [a, b].

Example 1. Assume that wy, w2 : [a,b] C R — R, wy(x) = cforc € R, wa () =

2 . . .
(:c — ‘%Lb) , then wy, wo are symmetric functions with respect to ‘IT“’

In [4], Fejér established the following Hermite—Hadamard—Fejér inequality which is the
weighted generalization of the Hermite—-Hadamard inequality (1.1):

Theorem 1 ([4]). Let f : [a,b] C R — R be a convex function. Then the inequality

f(a+b>/ dx</ Fla)w(z)ds < f(a);—f(b)/abw(x)dx (1.2)

a+b

holds, where w : [a,b] — R is nonnegative, integrable and symmetric to

For some results which generalize, improve, and extend the inequalities (1.1) and (1.2)
see [1-3,7,9-12,16-19].

In [9], Iscan gave the definition of a harmonically convex function and established the
following Hermite—Hadamard inequality for harmonically convex functions:

Definition 2 (/9]). Let I C R\ {0} be a real interval. A function f : I — R is said to be
harmonically convex, if

Ty
f (tx+(1—t)y> <tf(y)+ (1 —1t)f(z) (1.3)

for all z,y € I and ¢t € [0,1]. If the inequality in (1.3) is reversed, then f is said to be
harmonically concave.

We assume that L [a, b] is the set of all Riemann integrable functions defined on the interval
[a, b].

Theorem 2 ([9]). Let f : I C R\ {0} — R be a harmonically convex function and a,b € I
witha < b. If f € L|[a,b] then the following inequalities hold:

EAE bia/ 1) gy < 1O 410) )

Definition 3 (//5]). A function w : [a,b] € R\{0} — R is said to be harmonically

symmetric with respect to 245, if w (z) = w ¢> holds for all x € [a, b].

a x

ExampleZ Assume that w1, ws : [a,0)) C R — R, wy(z) = cforc € R, we (z) =

1 _ atb 2ab
( = Seb ) then w1, wy are harmonically symmetric functions with respect to 245

In [2], Chan and Wu presented Hermite-Hadamard—Fejér inequality for harmonically
convex functions:
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Theorem 3 ([2]). Let f : I C R\ {0} — R be a harmonically convex function and a,b € T
witha < b. If f € Lla,b] and w : [a,b] C R\ {0} — R is nonnegative, integrable and

. . . 2a
harmonically symmetric with respect to 57, then

f(2ab)/abw(m)dxg/abf(xlzv(x)dxgf(a)+f(b) /ab“’@dx. (15)

a+b 22 2 22

In [20], Zhang and Wan gave the definition of a p-convex functionon I C R, in [11], i§can
gave a different definition of a p-convex function on I C (0, 00):

Definition 4 (///]). Let I C (0, 00) be areal interval and p € R\ {0}. A function f : I — R
is said to be p-convex, if

£ (It + (1 =)y )Y <tf (@) + (1= 1) £ ) (1.6)
forall z,y € Iand t € [0, 1].

It can be easily seen that for p = 1 and p = —1, p-convexity reduces to ordinary convexity
and harmonically convexity of functions defined on I C (0, c0), respectively.

Example 3. Let f : I C (0,00) = R, f(z) = 2P + cforp # 0and ¢ € (0,00), then f is a
p-convex function.

In [3, Theorem 5], if we take I C (0,00), p € R\ {0} and h (¢) = ¢, then we have the
following theorem.

Theorem 4 ([12]). Let f : I C (0,00) — R be a p-convex function, p € R\ {0}, and
a,b € Iwitha <b. If f € Lla,b] then the following inequalities hold:

P pp1 /P
f([a +b} >< P bf(l‘)dx<w_ (1.7)

2 —b—aqap [, x1P T~

For some results related to p-convex functions and its generalizations, we refer the reader
to see [3,11-13,16,17,20].

In this paper, we built Hermite—Hadamard-Fejér inequality for p-convex functions. We
obtain an integral identity and some Hermite—Hadamard-Fejér type integral inequalities for
p-convex functions. We give some Hermite—Hadamard and Hermite—Hadamard—Fejér type
inequalities for convex, harmonically convex and p-convex functions.

2. MAIN RESULTS

Throughout this section, [[w||,, = sup,c(q [w(t)], for the continuous function w :
[a,b] — R.

Definition 5. Let p € R\ {0}. A function w : [a,b] C (0, 00) — R is said to be p-symmetric
with respect to [%]1/;)’ ifw(z) =w ([ap + bP — 2?] ) holds for all = € [a, b].

=
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Remark 1. In Definition 5, one can see the following.

(1) If one takes p = 1, one has Definition 1 for a function defined on (0, c0) (become
symmetric with respect to “'{b),
(2) If one takes p = —1, one has Definition 3 for a defined function on (0, c0) (become

harmonically symmetric with respect to Z5).

Example 4. Let p € R\ {0}. Assume that wy,ws : [a,b] C (0,00) — R, wy (z) = ¢ for
c € R wy(z) = (xp — W)z, then wy, wy are p-symmetric functions with respect to
[5]".

Theorem 5. Ler f : I C (0,00) — R be a p-convex function, p € R\ {0}, a,b € I with
a < b If f € Lla,b] and w : [a,b] — R is nonnegative, integrable and p-symmetric with

1
respect to [%] /e

f([a”;L?)”T/p) /ab %dm ) /abwdx

@+ 70 /*’w(x)dm_

- 2 zl-p

, then the following inequalities hold:

2.1)

Proof. Letp > 0. Since f : I C (0,00) — Ris a p-convex function, we have, forall z,y € T
(with ¢ = £ in the inequality (1.6))

f<[xp+yp]”p> @+

2 2

Choosing z = [ta? + (1 — ¢)bP]"/? and y = [tb? + (1 — t) a?]"/?, we get

f<[“p+bpr/p) ) f (e + @ =0p7) £ 5 (17 + =) o)

2 2

Since w is nonnegative, integrable and p-symmetric with respect to [L;-bp] 1/p, then
w (W +(1-1) bp]l/f’) —w ([tbp F(1-1) ap]l/f’) .

Multiplying both sides of (2.2) by w ([tap +(1—1%) bp]l/ P ) , then integrating with respect to
t over [0, 1], and then changing variables we get

; ([ap;rbp}l/v bpfap /ab Zl(i'fp)dx
—f ([ap ; bp} Up) /Olw ([tap +(1-1) b”]l/p) dt
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= /01 f <[ap;bp]l/p> w ([tap +(1—1) bp]l/p) dt

f ([tai" +(1—1) bp]l/l)) w ([tap +(1—1t) bp]l/p)
1+f [tbp +(1—1t) ap}l/p w [tap +(1-1¢) bp]l/p
< ) )

dt

/01 ; ([tap +(1-1) bp]l/P) w ([tap T (1-1) bp]l/p) gt
+/01 s ([tbp +(1—1) ap]l/p) w ([tbp L(1—t) ap]l/p) it

2
b f(x)w(z b f(x)w(z
= bl’fal’ fa f( ) 15 )dl’+ bP aP fa f(afE*?S )dﬂC
b
_ P flr)w (96)
= aP/a pove dz. (2.3)
Multiplying both sides of (2.3) by =" we get

(577 [ 55 /fxlp

the left hand side of (2.1).

For the proof of the second inequality in (2.1), we first note that if f is a p-convex function,
then for all ¢ € [0, 1], it yields

f ([tap 4 (1 _ t) bp]l/iﬂ) +f ([tbp + (1 — t) ap]UP) _ f(a) + f (b)
2 -2

(2.4)

. . . . . 1
Since w is nonnegative, integrable and p-symmetric with respect to [%] /v

multiplying both sides of (2.4) by w ([tap +(1-1) bp]l/ P ), then integrating with respect
to t over [0, 1], and then changing variables we get

b b
p /b f(.]?)w(l')d — bpfap fa f(;fztul(f) dx + br — aP fa f(::zwfgx) dx
€T =
br — qP zl-p 2

/01 f ([tap +(1-1) bp]l/p) w ([mp +(1—1t) bp]l/p) dt
+/01 s ([tbp +(1—1t) ap]l/p) w ([tbp - ap]l/p) it

2
f ([tap +(1-1 bp]l/p) w ([tap +(1—t) bp]l/P)

B /1 +f ([tbp +(1-1¢) ap}l/p) w ([tap +(1-1¢) bp]l/p)
0 2

dt
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< /01 Mw ([mp +(1-t) bp}l/”) dt

:f(a)+f(b)/1w<[tap+(l—t)bp]1/p>dt
_fl+r0) p /bW(x)dx. 2.5)

2 b — aP

Multiplying both sides of (2.5) by bp_p“p , we get

[0, SO0 [ u),,
u zl-p - 2

1—
a TP

the right hand side of (2.1). This completes the proof. [J

Remark 2. In Theorem 5, one can see the following.
(1) If one takes p = 1 and w (z) = 1, one has (1.1),
(2) If one takes p = 1, one has (1.2),
(3) If one takes p = —1 and w (z) = 1, one has (1.4),
(4) If one takes p = —1, one has (1.5),
(5) If one takes w (z) = 1, one has (1.7).

Lemma 1. Let f : I C (0,00) — R be a differentiable function on I° (the interior of 1) and

a,b € I°witha < b p € R\{0}. If f' € L|a,b] and w : [a,b] — R is integrable, then the
following equality holds:

[ ([752] ) s

p_qP\2 [l / ) .
<b P > /o [taP+(1k£t1)bp]1éf (fta” + (= t)er)7 ) at 2.6)

where

t
1 1
/ w([sap—i-(l—s)bp]fl’)ds, te {0,2>
0
1
1 1
—/ w([sap—l—(l—s)bp]fl))ds, te {,1].
" 2
Proof. It suffices to note that

w—ar\> [! k(1) , » P
J:( p ) /0 [taPJr(lft)bP]l‘Ef ([m =0 )dt

<bp _ap>2/; Jhw ([sap+ (1—s) bp]%) ds

p [ta? + (1 — t)bp]' ">

k(t) =

-

7 ([tap +(1-1) bp]%) dt
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BP — P\ 2 1ﬁlw([sa”+(1—s)bp]%) ds
- ( p ) /; [tap—s—(l—t)bp}l_%
=J1—Jo. 2.7)

f (W +(1-1) bp}%) dt

By integration by parts, we have

= 1 (e + (1 — )7 )(/Otw([sap+(1—s)bp]fl’> “p;bpds>

(
/0 (ta” + 1—t)bp}%)w([tap+(1—t)bp]%)“p;bpdt

. <["”bp 1/,,) /Ow (s + (1= ) ¥]3) ap;””ds

/0 (ita? + (1= )93 ) w ([ta + (1 — ) ) ap;bpdt

ab bp N E (x) [52]" (z)w (z)
=f { /b pT d:z:f/b — i v 238

and similarly

Jo = f ([tap+(1 — 1) bp]%) (/tlw ([sap—l- (1->s) bp}%) “ppbpds>

1
2

0

1

1
2

! 1 1\ aP —bP
+/ ta? + (1 —¢) b7 Jw ( [ta? + (1 —t) bP]? dt
I+ (1 )

0
([ [ ) 5
)

+[1f<[ta” (1—t)b7)7 (tap 1—t)bp]i)ap;bpdt

=—f ({ap_;bp]l/f’> /;pw}up 1;}1( ,3d + /[;;bp]l/p %ds. (2.9)

A combination of (2.7)—(2.9) we have (2.6). This completes the proof. [J

Remark 3. In Lemma 1, one can see the following.
(1) If one takes p = 1 and w (x) = 1, one has [14, Lemma 2.1],
(2) If one takes p = 1, one has [18, Lemma 2.1],
(3) If one takes w (x) = 1, one has [17, Lemma 2.7],
(4) If one takes p = —1, w () = 1, one has [8, Lemma 6(for A = 0)].
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Theorem 6. Let f : I C (0,00) — R be a differentiable function on I° such that

f" € Lla,b], where a,b € I° and a < b. If | f'| is p-convex function on [a, ] for p € R\ {0},
w : [a,b] — R is continuous, then the following inequality holds:

/ab f (xx)liup(x) dv— f ([ap —; bp} 1/p> /ab ;Ul(i) .

< (b”;“”) ol (€2 (0) I (@)] + Co () | ®)]

where

1

i 2 1 t—t2
Cl (p)* [/0 [tap+(1—t)bp}1;17dt+/é [tap+(1—t)bp}1zlndt‘| )

| t—t2 ! (1-1)?
Ca (p) = [/0 [taP+(1t)bP}1édt+/§ [tap+(1t)bp}1;dt]'

Proof. Using Lemma 1, it follows that

oz (2] ) 2
= <bp ; ap) /o1 [ta? + (|1k(t1|) be]' v

P — aP\ 2
(2=2) ol
p

L
o [tar + (1—t)br)' "7

Ji ([tap Y1) bp]%) ‘ dt

IN

i ([tap+(1—t) bp]%)’dt

) L (2.10)
+/ - 17 ([ta? + (1 = t)bP)7 )| dt
e dt (itar + (1 = 1))
Since | f’| is a p-convex function on [a, b], we have
7' (fta” + (1= )p17) | < t1f @]+ L =D [ B)]. @.11)

A combination of (2.10) and (2.11), we have
b P D 1/p b
[, ([ P,
“ zl-p 2 . xl7P
BP — aP\ 2
< (20wl
p
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/5 : — [t1f (@) + (1= t) |f (B)]] dt
0 [ta? + (1 —t)bP] "

1 1—¢ l ) l
+/; [taP + (1 — 1) bp)' "7 (t1f (a)] + (L —t)|f (b)[] dt

P — aP\ 2
< (=) Il
p
1

2 t2 1 t7t2
1dt ldt !
T A AT ]'f (@)

H t—t? 1 (1775)2 /
! [tap+(1t>bp]1‘idt+/; [taPJr(lt)bp]l‘idt] 7@

_ (bp;ap> [l [C2 (0) | (@)] + Co (D) 1 ®)]].

+

This completes the proof. [J

Remark 4. In Theorem 6, one can see the following.
(1) If one takes p = 1 and w (z) = 1, one has [14, Theorem 2.2],
(2) If one takes w () = 1, one has [17, Theorem 3.3].

Corollary 1. In Theorem 6, one can see the following.

(1) If one takes p = 1, one has the following Hermite—Hadamard—Fejér type inequality
for convex functions:

Lbf(x)w(x)dx—f<a;b) /:w<x>dx

(2) If one takes p = —1, one has the following Hermite—Hadamard—Fejér type inequality
for harmonically convex functions:

[ 12 20

< (baba> Jolloo [Cr (=) 1f (@) + Co (1) | B)]

_(b—a)
- 8

lwlle [ (@) + 1 ®)I]-

(3) If one takes p = —1, w(x) = 1, one has the following Hermite—Hadamard type
inequality for harmonically convex functions:

a bty a —a
=1 ngQ)d:cf<a2+bb>| < P20y (1)1 @]+ G (D) I B

Theorem 7. Let f : I C (0,00) — R be a differentiable function on I° such that
[’ € Lia,b], where a,b € I° and a < b. If |f’'|°, ¢ > 1, is p-convex function on [a,b]
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for p € R\ {0}, w : [a,b] — R is continuous, then the following inequality holds:

[t (752 2

bp—ap 2 1—1 q q 1
< (P20 ol [(€0 @) (G015 @I+ Cs )15 0]

+ (G5 0)' % [Cr ) I (@) + Cs () | (B)I] ]

where

3 t z t2
Cs (p) = dt, Cy(p) = d
5 (p) /O T Ao t, Cu(p) /0 T t,

2 t—t? ! 1—t
CE') (p) = / 1_1 dta 06 (p) = / 11 dtv
0 Jtar + (1 —t)br) 1 ftar + (1—t)br]

2

e t—t2 e (1-1)?
C7(p)_/; [tap+(1—t)bp]1—%dt’ s (p)_/l [tap+(1—t)bp]1—%dt'

Proof. Using (2.10), power mean inequality and the p-convexity of | f/|? it follows that

[ e ([552] ) [ e

' ! "([ta? — e
< ("5) . | g I (1 ra—ov)

P ! 1—¢
+ T
1 [ta? 4+ (1 —t)bp] 7w

dt

dt

7 ([ta” +(1-1) bp}%)

2

BP — aP\ 2
(2=2) ol
P
-3
/ ! _dt
(0 [tar + (1 —t)b?]' "

>< L
) [/02 [taP + (1 i t) bp]u% f ([tap +(1—1) bp]%) thl

1 1-5
</ 1—t : 1dt>
1 [tap + (1 —t)bp]' v

2

+ L
1 1+ e ) Nt a
x V T (ita? + (1 = ) 7)7) dt]

P — aP\ 2
(2=2) holl.
p

IN

N|=

IN
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)
0 [ta? + (1—t)be] ¥
3 " / . ) / ,
" VO lta? + (1 — )] 5 [t1f @ + 1=/ )] ]dtl

1 1-3
U o)
1 [ta? + (1 —t)bp] " w

2

1 - :
XV T [t'f'(@q+<1—t>|f’(b>|"]dt]

X

1
aq

[

+

L [taP + (1 —t) b

U o)
0 [ta? + (1—1t)br)'"5

1

W —aP\” 3 2 v
S HwHoo ’ t ! a a
( p ) </0 [mp+(1—t)bp]lédt> s

X
t—t2 / .
' </° [ta? + (1 —1) bp]lédt> /7 ()]

1—1

(i)
3 [tar + (1—t)or]' "7

" ! t—12 it ) 1 (o)
(/ m”( t)bp]l_% t) 7 (@)

2

" </l tar + ( p]l_’l’dt> o
(bp_ap> Jeolloo (G | @]+ Cs () £ ()]
()7 [C )| @)+ Cs ()| )] 7] -

N

1
q

Q=

This completes the proof. [J

Corollary 2. In Theorem 7, one can see the following.
(1) If one takes p = 1 and w (x) = 1, one has the following Hermite—Hadamard type

inequality for convex functions:

bia/abf(m)dx_fc;b)

| q

<<b—a><1>5<[|f<>"+2|f ]31).
8\ R21F @ + 1 ()]
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(2) If one takes w (x) = 1, one has the following Hermite—Hadamard type inequality for
p-convex functions:

P ["f@) ar + 5]
bP — aP awl_de_f { 2 ]

< (bp;ap) [(C5 @) 7 [Ca )| @)+ C5 ()| (1))

(G5 0) 7 [Cr )1 @) + Cs ) | B)I] ]

(3) If one takes p = 1, one has the following Hermite—Hadamard—Fejér type inequality

for convex functions:
o) dr — f (a + b) / £ (@) w () da

—a 2 % 1 1
b= (;) ol (15 @ + 215 P + 217 @1+ 17 0] 7).

IN

(4) If one takes p = —1, one has the following Hermite—Hadamard—Fejér type inequality
for harmonically convex functions:

2ab bw (x)
d _f<a+b>/a x? de

< (b;b“) ol [(C5 (1) [C4 (~1) 1 @I+ 5 (1)1 )]

Q=

(G (1) [0 (-D)1f @) + G5 (D)1 )]

(5) If one takes p = —1, w(x) = 1, one has the following Hermite—Hadamard type
inequality for harmonically convex functions:

e (25)

= (b;ba) [(03 (=) 77 [Ca (=D If (@) + C5 (~1) | £ (0)]]

J

Q=

Q=

+ (Co (1) [Cr (=) | £ (@) + Cs (=1) [ (8)]]

Theorem 8. Let f : I C (0,00) — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I° and a < b. If |f'|%, ¢ > 1, is p-convex function on [a,b]
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for p € R\ {0}, w : [a,b] — R is continuous, then the following inequality holds:

Lt ()
< (bp;apf [wllo [Co (p) <f/ (@) +3|f (b)|q>;

8
+ ot (U@L <b>|‘J>q]

8

where

% t N

Co (p,1) = </0 <[mp +(1-1) bp]l_ll’> dt> 7
1 L N

Cm0ﬁ<é <ﬁﬂ+41_ﬂbﬂ1;> ﬁ>

with 3 + 5 = 1.

Proof. Using (2.10), Holder’s inequality and the p-convexity of | f/|? it follows that

x)w(x f<'ap+bp}1/p> /b 1:1(_55ng
/0 [tar + (1 — ) b?]' 7 r ([t“p+(1—t)bp];) dt

/1 1—t
+ -
L /3 [tar+(1—t)bp]

3 t " H 1 . 1
o) ode dt
</0 <[tap+(1t)bp}lp> ) </0 )
! 1—t TNT e \ ¥
+ = | at dt
0 izien) ) (1 |
< (22 i
(/2 ( : 11> dt>r </2 [t @]+ (1= 1) | ®)]] dt>q
% 0 \[ta? 4+ (1 —¢)bP] "7 1 0 1
! 1—t TNT [t 1
* r ) dt tlf @)|"+ @ =t |f b)th>
</§ <[tap+(1t)bp]1—p> ) </§ [t|f @]+ @ =0 |f ®)]]

D= N

t

f ([tap +(1-1) bp]%) dt

7 (tta? + (1 =) bp}%)

1 ([mp +(1-1) bp]%)
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X </02 <[tap+(1tt) bp]l—;> dt> Tl(f/ (a)|? _;3|f' (b)lq)E
+ </1 <[tap+(11—tt)bp] )Tdt>r (w' @ 417 <b>|q)%
( ) ol (If’ (@) + 31 <b>|q)%

8
o) (3|f’ @I + 15" <b>|Q)q} .

8

This completes the proof. [
Remark 5. In Theorem 7, if one takes p = 1 and w () = 1, one has [14, Theorem 2.3].

Corollary 3. In Theorem 8, one can see the following.
(1) If one takes w (x) = 1, one has the following Hermite—Hadamard type inequality for
p-convex functions:

T (S
< (2=2) C9(P)(|f/(a)|q23f’(b)q)é

b +Cio () <3|f’ (a)lq8+ ! (b)l")‘f

(2) If one takes p = 1, one has the following Hermite—Hadamard—Fejér type inequality

for convex functions:
) de - f (a + b) / £ (@) w () da

g<b—“)2( ) ol <|f’<a>|q+3lf’<b)'q);1].
16 \r+1 + B @+ )"

(3) If one takes p = —1, one has the following Hermite—Hadamard—Fejér type inequality
for harmonically convex functions:

2ab bw (z)
d f<a+b>/a x? d

ab ()| FNEN 3
+Co (1) <3|f (a)| 8+|f ()] >

Q=
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(4) If one takes p = —1, w(x) = 1, one has the following Hermite—Hadamard type
inequality for harmonically convex functions:

ba_ba /ab f;i;)dx_ f (;ibb)
é(b—a) 09(—1)('f'(a)|q23|f/(b)|q>1

ab i / q é
+Co (1) <3|f (a)] 8+|f (0)| >

Q

Remark 6. Theorem 6 is a special case of Theorem 7 (If one takes ¢ = 1 in Theorem 7,
one has Theorem 6). In the literature, as much as we know, midpoint type estimates have
not compared so far. Since, the coefficients of Theorem 7 and Theorem 8 are in the Riemann
integral forms and Theorem 7 and Theorem 8 are examined via the midpoint type estimates
for p-convex functions, it is considered that Theorem 7 and Theorem 8 are not comparable.
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