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Abstract. Let R be a prime ring of char(R) # 2, Z the center of R, and L a nonzero
Lie ideal of R. If R admits a generalized derivation F' associated with a derivation d which
acts as a homomorphism or as anti-homomorphism on L, then either d = 0 or L C Z. This
result generalizes a theorem of Wang and You.
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1. INTRODUCTION

Throughout this paper, unless specifically stated, R will be an associative ring, Z the center
of R, @ its two-sided Martindale quotient ring and U its right Utumi quotient ring (some
times, as in [2], U is called the maximal right ring of quotients). The center of U, denoted
by C, is called the extended centroid of R (we refer the reader to [2], for the definitions
and related properties of these objects). For any x,y € R, the symbol [z, y] stands for the
commutator xy — yx. Recall that a ring R is prime if xRy = 0 implies either x = 0 or
y = 0. An additive mapping d : R — R is called a derivation if d(xy) = d(z)y + zd(y)
holds for all x,y € R. In particular d is an inner derivation induced by an element ¢ € R,
if d(z) = [g, ] holds for all z € R. By a generalized inner derivation on R, one usually
means an additive mapping F' : R — R if F(xz) = ax + b for fixed a,b € R. For
such a mapping F, it is easy to see that F(xy) = F(z)y + z[y,b] = F(2)y + zIp(y),
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where I, is an inner derivation determined by b. This observation leads to the definition given
in [5]: an additive mapping F' : R — R is called generalized derivation associated with a
derivation d if F'(zy) = F(z)y + xd(y) for all ,y € R. Obviously any derivation is a
generalized derivation. Other basic examples of generalized derivations are the following: (i)
F(z) = ax + zb for a,b € R; (ii)) F(z) = ax for some a € R. Since the sum of two
generalized derivations is a generalized derivation, every map of the form F(x) = cx + d(x)
is a generalized derivation, where c is a fixed element of R and d is a derivation of R. In [16],
Lee extended the definition of a generalized derivation as follows: by a generalized derivation
we mean an additive mapping F' : I — U such that F(zy) = F(z)y + xd(y) holds for all
x,y € I, where I is a dense right ideal of R and d is a derivation from [ into U. Moreover,
Lee also proved that every generalized derivation can be uniquely extended to a generalized
derivation on U, and thus all generalized derivations of R will be implicitly assumed to be
defined on dense right ideal of R can be uniquely extended to U and assumes the form
F(z) = az + d(z) for some a € U and a derivation d on U (see Theorem 3, in [16]).

In [3, Theorem 3], Bell and Kappe proved that if d is a derivation of a prime ring R which
acts as homomorphisms or anti-homomorphisms on a nonzero right ideal of R then d = 0 on
R. Further Asma et al. [1], extend this result to Lie ideals of 2-torsion free prime rings. More
precisely they prove that if L is a noncentral Lie ideal of R such that u? € L, forallu € L
and d acts as a homomorphism or anti-homomorphism on L, then d = 0. In 2007 Wang and
You [19], eliminate the hypothesis u? € L, for all u € L and prove the same result as Asma
et al. [1]. To be more specific, the statement of Wang and You theorem is the following:

Theorem 1.1 ([/9, Theorem 1.2]). Let R be a 2-torsion free prime ring and L a nonzero
Lie ideal of R. If d is a derivation of R which acts as a homomorphism or an anti-
homomorphism on L, then either d =0 or L C Z.

In [18], First author studies the case when the derivation d is replaced by a generalized
derivation F' and obtain the following: if R is a 2-torsion free prime ring and F' acts as
a homomorphism or an anti-homomorphism on a nonzero ideal of R, then R must be
commutative. For more details related results we refer the reader to [7,8,10,11]. Our work
is then motivated by the previous results. The aim of the present paper is to generalize
Theorem 1.1, for generalized derivation F' by using the same technique as Wang and You [19]
with necessary variations.

Explicitly we shall prove the following theorem.

Theorem 1.2. Let R be a prime ring with char(R) # 2, L a nonzero Lie ideal of R.
If R admits a generalized derivation F' associated with a derivation d which acts as a
homomorphism or an anti-homomorphism on L, then d = 0 or L C Z.

2. MAIN RESULT

We will make frequent use of the following result due to Kharchenko [14] (see also [15]):
Let R be a prime ring, d a nonzero derivation of R and I a nonzero two sided ideal of R.
Let f(x1,...,2Zn,d(21,...,2,)) be a differential identity in 7, that is

flry, .. rn,d(ry),...,d(ry)) =0 forallry,...,r, €1.

Then one of the following holds:
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(1) either d is an inner derivation in (), the Martindale quotient ring of R, in the sense that
there exists ¢ € @ such that d = ad(q) and d(x) = ad(q)(x) = [q,«], for all x € R and
1 satisfies the generalized polynomial identity
f((rlv sy Ty [C]»Tl]7 ey [q,Tn]) = 07
(2) ifitis not inner then d is called QQ-outer and [ satisfies the generalized polynomial identity

f(xla"'7xn7yla"'7yn) =0.

Remark 2.1. If [ is a nonzero ideal of the prime ring R, then

(1) I, R and U satisfy the same generalized polynomial identities with coefficient in U
[6, Theorem 2].
(i) I, R and U satisfy the same differential identities [15, Theorem 2].

Now, we are in a position to prove the main result of the paper.

Proof of the Theorem 1.2. Assume on contrary that both d # 0 and L g Z. Since R is
a prime ring and F' is a generalized derivation associated with derivation d of R, by Lee
[16, Theorem 3], F'(z) = ax+d(x) for some a € U and a derivation d on U. Also by a result
of Herstein [12, Lemma 1.3.], there exist a nonzero ideal I of R such that0 # [I, R] C L. In
particular, [I,I] C L, hence without loss of generality we may assume that L = [I,I] C L.
We divide the proof into two cases:

Case 1. If F acts as a homomorphism on L, then we have

F([I7y])F([‘r17yl]) = F([xay][‘rlayl]) = F([Iay])[xlayl] + [Ivy]d([xhyl])a

forall z,y,x1,y; € I. Thus for all z,y, x1,y; € I, I satisfies the differential identity

alz,ylalzy, ] + [d(z), ylalzr, yi] + [z, d(y)la[z1, yi]
+alz, y][d(21), y1] + [d(2), y][d(z1), y1] + [z, d(y)][d(z1), y1]
+alz, yl[z1, d(y1)] + [d(@), y][z1, d(y1)] + [z, d(y)][z1, d(y1)]
= alz,y][z1,y1] + [d(@), yl[r1, y1] + [z, d(y)][z1, 1]
+ [z, ylld(z1), y1] + [, y][z1, d(y1)].

In the light of Kharchenko’s theory [14], we divide the proof into two cases:
If the derivation d is Q-outer, by Kharchenko’s theorem [14], I satisfies the polynomial
identity

alz, ylalz1, yi] + [s, ylalzr, yi] + [z, ta[z1, y1]
+alz, yl[s1, 1] + [5,yl[s1, 1] + [2,¢][s51, 9]
+alx, yl[x1, t1] + [s, y][x1, t1] + [z, t][x1, 1]
= alz,yl[r1, y1] + [s,Yl[21, 1] + [z, t][z1, y1]
+ [z, y][s1, 11] + [z, y][x1,t1], forall x,y,x1, 1,8, ¢, 51, t1 € I.

In particular, for z = z1 = t; = 0, [ satisfies the blended component [s, y][s1,y1] = 0 for
all s,y,s1,t1 € I. In other words, [I,1]> = Oie., L? = 0. By [4, Lemma 4], L = 0, a
contradiction.
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Let now d be an inner derivation induced by an element ¢ € @, that is, d(x) = [g, z] for
all x € R. Then, for any x,y, 1,41, S,t,51,t1 € I,

alz,ylalzy, 1] + [lg, 2], ylalz1, 1] + [z, [q, yllalz1, yi]
+alz, ylllg, z1], 1] + [la, ], yll[g, z1], ya] + [, [a, y]][[g; 1], va]
+alz, yl[z1, (¢, ya]] + [la, 2] yl [z, (g, nal] + [, (g, yl] 21, g, 0]
= afz, yl[z1, y1] + [[g, 2], yl[21, 1] + [2, [q, Y])[@1, y1]
+ [, y]llg, z1], 1] + [, yl[21, [, 1]

By Chuang [6, Theorem 1], I and @ satisfy same generalized polynomial identities (GPIs),
we have

alz,ylalzy, 1] + [lg, 2], ylalz1, 1] + [z, [q, yllalz, yi]
+alx, ylllg, 1], v + [lg, =], ylllg, 1], va] + [z, (g, y]lllg, 1], v1]
+alz, yllz1, (g, v]] + [la, 2], yl[zs lg, va]] + [, (g, vl (g, o]
= alz, yl[z1, 1] + [[g, 2], yllzr, vi] + [, [q, yl][z1, 91]
+ [, y]llg, z1], 1] + [@,y][21, [q, 1)), forall z,y, 21,91, 5,t, 51,11 € Q.

In case the center C' of () is infinite, we have

alz, ylalzr, y1] + [lg, =], ylafzr, yi] + [z, [g, yllalz1, 1]
+alz,ylllg v1), va] + [la, 2, ylllg w1], va] + [, [g, yllllg, 2], 1]
+alz,yllz1, [q,91]] + [la, 2], yllz1, (@, )] + [, [0, yll[@1s (g, 0]
= alz, yl[z1, y1] + [[g, 2], yl[21, 1] + [, [4, Y]} [z1, 91
+ [, ylllg, z1] ya] + [, yl[z1, (g, 1],
for all x,y, 21,91, 8,1, 51,t1 € Q®c C, where C is algebraic closure of C. Since both Q
and Q ®¢ C' are prime and centrally closed [9, Theorems 2.5 and 3.5], we may replace R by

Q or Q ®c C according as C is finite or infinite. Thus we may assume that R is centrally
closed over C' (i.e., RC = R) which is either finite or algebraically closed and

alz,ylalzy, 1] + [lg, 2], ylalz1, 1] + [z, [q, yllalz, yi]
+alz, y)llg, 1], vl + [lg, =], ylllg, z1], va] + [z, (g, y]lllg, 1], y1]
+alz, yllz1, (g, v]] + [la, 2]yl [a, va]] + [, (g, yl] 21, (g, o]
= alz, yl[z1, 1] + (g, 2], yl[z1, vi] + [, [q, yl][z1, 91]
+ [, y]llg, 1], ya] + [z, ][z, [q, va]]s

for all z,y,x1,91,s,t,51,t1 € R. By Martindale [17, Theorem 3], RC (and so R) is
a primitive ring having nonzero socle H and the commuting division ring D is a finite
dimensional central division algebra over Z. Since Z is either finite or algebraically closed, D
must coincide with Z. Hence by Jacobson’s theorem [13, p-75], R is isomorphic to a dense
ring of linear transformations of some vector space V over Z i.e., R & End(Vz) and H
consists of the finite rank linear transformations in R.

Step 1. we want to show that, for any v € V, v and qu are linearly Z-dependent. Since if
qu = 0 then {v, quv} is linearly Z-dependent, suppose that gv # 0. If v and gv are linearly
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Z-independent. By the density of R?, there exist x,y, z1,y; € R such that:

zv =0, TqU = qu, yv =0, Yqu = v;
v =0, T1qU = v, v =0, Y1qU = qU.
These imply that
v = (alz,ylaler, yi] + [la. 2] ylalzr, 1] + [z, (g, yllalzr, yi]
+alz, ylllg, z1], ya] + [lg; 2] ylllas 1), 1] + [, [0, yl)lla, 2], 1]
+ala,yller, g, 9] + [lg, 2], vl (g, ) + [z (g, wll s [a, o)) v
= (alz,ylle1, ya] + [la. 2] )21, 1] + [z [q, w21, 1]

+la,yllla 1], y1] + [z, 9)[20, g, 1)) v
= 0, a contradiction.

So we conclude that {v, qu} are linearly Z-dependent, forall v € V.

Step 2. We show here that there exists A\ € Z such that gv = v, for any v € V. Now
choose v, w € V linearly Z-independent. By Step 1 there exist A, Ay, Ay € Z such that
QU = Uy, QU = WAy, ¢(V + W) = (v + W) Ayp, moreover VA, + wA, = (v + w)A, + w.
Hence v(Ay — Aptw) + wW(Ay — Aptw) = 0. Since v, w are linearly Z-independent, we have
Ay = Aw = Aytw. This completes the proof of Step 2.

Let now for r € R,v € V. By Step 2, qv = v, r(qv) = r(v)), and also ¢(rv) = (rv)A.
Thus 0 = [g,r]v, for any v € V, that is [¢,7]V = 0. Since V is a left faithful irreducible
R-module, hence [g,7] = 0, forall r € R, i.e.,, ¢ € Z and d = 0, which contradicts our
hypothesis.

Case 2. Now assume that F' acts as an anti-homomorphism on L, so that for all z, y, z1,y1 €
1

F(lz, yDlar, 1] + [z, yld([z1, 91]) = Flz, yllza, vi]) = Fle, i) F([2, 9)).

Thus I satisfies the differential identity

alz, yllx1, y1] + [d(2), yl[z1, y2] + [z, d(y)][x1, y1]
+ [z, y]ld(z1), y1] + [z, y][21, d(y1)]
= a[ry, y1]alz, y] + [d(x1), yi]alz, y] + [21, d(y1)]a[z, y]
+alzy, ylld(z), y] + [d(z1), yl[d(z), y] + [z1, d(y1)
+alzy, yil[z, d(y)] + [d(z1), 9]z, d(y)] + [z1, d(y1)
forall z,y,x1,y; € 1.

If d is not inner derivation, by Kharchenko’s theorem [14], I satisfies the polynomial
identity for all x,y, 1,91, s,t, 81,1 € I

alz, yllz1, yi] + [s, yl[2r, yi] + [z, [z, v + [2,9][s1, 9] + [, gz, 6]
= alzy, yi]alz, y] + [s1,y1]alz, y] + (21, t1]a[z, y]
+alzy, yi]ls, yl + [s1,91][s, y] + [z1, t][s, ]
+alzy, yil[w, t] + [s1, ][z, 8] + [0, 8] [z, 1]
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In particular, for v = x1 = t; = 0, [ satisfies the blended component [s, y][s1,y1] = 0 for
all s,y, s1,t1 € I. It follows from Case 1 that L = 0, a contradiction.

Let now d be an inner derivation induced by an element ¢ € @, that is, d(x) = [g, z] for
all z € R. Since by Chuang [6, Theorem 1], I and @ satisfy same generalized polynomial
identities (GPIs), we have

alz, yllz1, yi] + [lg, 2], yl[1, 1] + [, (¢, Y]l 21, y1]
+ [z, y]llg, z1], ya] + [, y][z1, [g, 1]
= alz1, yi]alz, y] + [[g, 21, ya]lalz, y] + [z1, [g, va]]a[z, y]
J’_a[wl?yl][[qvm}vy] + H‘Lxl]’ 1][[Q7x] ] [.231, [%yl]
+alz, yillz, (g, 9] + g, w1], vl (g, vl + 21, (g, 91]

+ J(lg, z], ]

+ [z, [g, 4],

for all z,y,z1,v1,s,t,51,t1 € Q. In the view the above situation same as Case 1, now
finally we claim that v and qv are Z-independent. Suppose to the contrary that v and qv are
Z-independent. By the density of R, there exist x,y, x1,y1 € R such that

zv =0, Tqu = qu, yv =0, Yqu = v;
r1v = 07 r1qv =, Yy1v = 07 Yy1qu = qu.

We have,
(a[x,y «Tl,yl] + [[q,m], y] [$1,y1] + [33, [be]”xlyyl]

+ [z, ylllg, 1], 1] + [z, y][x1, [q, )] v
= (alz1,ylalz,y] + [[q, x1, 1]lalz, y] + [z1, [q, y1]]alz, y]

+alzy, yilllg, 2], yl + [lg, 21], valllg, @], y] + [21, [, 91]lllg, 2], y]
+alzr, e, [a,y]] + [la, 21wl (g, 9] + [, g, vl (g, 9])) v
= v, acontradiction.

Thus, v and qu are Z-dependent. In the same way as Case 1 we can get d = 0, contradiction.
With this the proof is complete.
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