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Existence of viscosity solution for a singular Hamilton—Jacobi
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Abstract.  In this paper we study the existence of a singular Hamilton—Jacobi equa-
tion under the framework of viscosity solutions. The analysis is inspired by the argu-
ments of [8] where a study of a model on dislocation dynamics was considered.

Keywords: Hamilton—Jacobi equations; Scalar conservation laws; Viscosity solutions;
Entropy solutions; Dynamics of dislocation densities

AMS subject classifications: 70H20; 35L65; 491L.25; 54C70; 74H20; 74H25

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In [8], the author analyses a one-dimensional system of partial differential equations
modelling the dynamics of dislocation densities in crystals. Dislocations are topological
defects within crystal structure that move under the submission of stress fields. Geo-
metrically, each dislocation is characterised by a physical quantity called the Burgers
vector, which is responsible for its orientation and magnitude. Dislocations are classi-
fied as being positive or negative due to the orientation of its Burgers vector, and they
can move in certain crystallographic directions (see [7] for a physical study of
dislocations).

* Corresponding author. Address: Lebanese University, Faculty of Sciences, Mathematics Department,
Hadeth, Beirut, Lebanon. Tel.: +961 70127544.

E-mail addresses: hassan.ibrahim(@liu.edu.lb (H. Ibrahim), sahar-zabad(@hotmail.com (S. Zabad).

Peer review under responsibility of King Saud University.

g <G

ELSEVIER Production and hosting by Elsevier

1319-5166 © 2014 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ajmsc.2014.03.001


mailto:hassan.ibrahim@liu.edu.lb
mailto:sahar-zabad@hotmail.com
http://dx.doi.org/10.1016/j.ajmsc.2014.03.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ajmsc.2014.03.001&domain=pdf

Existence of viscosity solution for a singular Hamilton—Jacobi equation 99

The system in [8] consists of a Hamilton—Jacobi (HJ) equation that is coupled to a
diffusion equation, augmented with initial and Dirichlet boundary conditions. The
main equation of concern is of the form

Kilx = PPy, (1.1)
where p satisfies (throughout all the papers)

{p, — poin R (0,00),
p(-,0) = o € C ().

The above system is derived from the dynamics of dislocation densities 6 that reads
(see [6]):

o - ()],
o =-[(E0],

after taking an integrated form and making the following assumptions

(1.2)

pr =0 p=p"—p and x=p"+p.
Various results regarding existence and uniqueness of viscosity solutions are estab-
lished in [8]. Most of the results are obtained by bringing into service the connection
between viscosity solutions and entropy solutions of conservation laws. To make this
connection clear, we formally state the well-known result that if u is a viscosity solution
of the Hamilton—Jacobi equation

u, + H(x, t,u,) =0,
then the spatial derivative v = u, is an entropy solution of the scalar conservation laws
Vi + [H(X, l? v)]x =0.

The usual proof of this relation depends strongly on the known results about exis-
tence and uniqueness of the solutions of the two problems together with the conver-
gence of the viscosity method (see [3.11,12]). Another proof of this relation could be
found in [2] via the definition of viscosity/entropy inequalities, while a direct proof
could also be found in [10] using the front tracking method. The case of dealing with
a discontinuous Hamiltonian is treated in [13].

The relevant functional class for the Hamilton—Jacobi Eq. (1.1) is singled out to be
the Lipschitz continuous functions possessing a suitable lower bound on the spatial
gradient. The main complexity was in the singularity of the gradient of x appearing
in the Hamiltonian H(x,1,k,) :@ where f(x,t) = p,(x,t)p.(x,1). Such singularity
makes it difficult to define a solution of the equation in the case k, = 0. To overcome
this difficulty, the author considered a suitable approximated problem:

€€ __
Ker - ptpx7

where it was shown that x{ >0 and therefore, by passing to the limit ¢ — 0, he
obtained a solution of (1.1).



100 H. Ibrahim, S. Zabad

In this paper, we show how we can apply similar technics to show the existence of a
viscosity solution of the following generalised power HJ equation:

K =5, xXeR, >0,
v (1.3)
k(x,0) = k’(x), x€R,

where F = p,p’,n is a positive integer, and p satisfies the heat equation p, = p,.. The
goal here is not to delve into too much technicality but rather to show the new ideas
to solve (1.3).

Remark 1.1. Eq. (1.3) is only inspired from (1.1) with a gradient power, and it does not
refer to any dislocation model. The special structure of the Hamiltonian H = % and
particularly F is essential as it allows the validity of the computation done in Lemma 2.2.
The adaptation of the method used in the present paper to general functions F remains

open.

A viscosity solution for (1.3) is defined as follows:

Definition 1.2. Fix 7> 0, and let k : R x [0, T) — R be a continuous function. We call
K a viscosity sub-solution of (1.3) if x(-,0) = x°, and if for all C' functions ¢ such that
Kk — ¢ has a local maximum at (xg, f) € R x (0, 7), then

¢, (x0,20) P’k (x0, 10) — F(x9, 29) < 0.

Analogously, we call x a viscosity super-solution if x(-,0) = x°, and if for every C'
function ¢ such that x — ¢ has a local minimum at (xy, #), then

&, (x0, 20) Pt (X0, 29) — F(x0,29) = 0.

Finally, we say that x is a viscosity solution of (1.3) if it is both a viscosity sub-solution
and a super-solution.

0

We refer the reader to [1] for a general overview on viscosity solutions.
Denoted by Lip(R) the class of all Lipschitz continuous functions on R, and let
Q=R x (0, 7). The main results of this paper are summarised by:

Theorem 1.3. (Existence of a viscosity solution; case n is odd)Let T>0, n=2p+ 1
with p € N, and let ¥° € Lip(R). If

Y > p° ae in R, (1.4)

then there exists a viscosity solution k € Lip(Qr) of (1.3).

Theorem 1.4. (Existence of a viscosity solution; case n is even)Let T > 0, n = 2p with
p € N*, and let k¥° € Lip(R). Assume p° is monotone. If

(K2 —p0)p? >0 ae in R, (1.5)

then there exists a viscosity solution x € Lip(Qr) of (1.3).



Existence of viscosity solution for a singular Hamilton—Jacobi equation 101

It is worth mentioning that since 7> 0 is assumed arbitrary then the solution de-
fined for Q is indeed a solution for all 7 > 0.

The remaining of the paper is organised as follows. In Section 2 we present the proof
of Theorem 1.3 while in Section 3 we present the proof of Theorem 1.4.

2. EXISTENCE OF A VISCOSITY SOLUTION IF N IS ODD

This section is devoted to the proof of Theorem 1.3. We write Eq. (1.3) as
K = Ff(KZ)v

where f(x) = % Remark that the condition (1.4) does not prevent x° from being zero
and therefore we have a difficulty in defining a solution of (1.3). To overcome this,
we let 0 < e <1 and we take a particular extension f. of f defined as follows (see
Fig. 1 below):

- ifx = €,
X
L0 =4 | (2.1)
———— otherwise.
62” + (x _ 6n)

The function f; is constructed so that f; € C,(R) (C' and bounded) and therefore, by
[4, Section 4] and [9, Theorem 3], there exists a unique viscosity solution x¢ € Lip(Q7)
of

{ K = Fff(K’z)v (x, l) €0r, (2.2)

k(x,0) = k"(x), x€R,

Fig. 1  Approximation of the function ! for e = 1.
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where
K (x) = k% (x) + ex.
Let
G.(x) = (¥ + €n+1)ﬁ.
The approximation of the initial data shows that
K= |l e = Gup). (2.3)

We have the following lemma:

Lemma 2.1. If k¢ is a Lipschitz viscosity solution of (2.2) then v = k% € L>(Qr) is an
entropy solution of

{v, = (H")e (x,0) €0y, (2.4)

v(x,0) =1V(x), xeR,

with 10 = x0¢

X °

Proof. See [8, Theorem 2.12]. O

The next lemma is of crucial importance. It shows that G.(p,) is a strong sub-solu-
tion of (2.4) and hence, by Lemma 2.1 and the initial condition (2.3), we obtain

k. > G.(p,) ae. in QOr. (2.5)

This inequality follows from the comparison principle of entropy solutions (see [5,
Theorem 5]).

Lemma 2.2. The function G.(p.) is a strong sub-solution of (2.4).

Proof. First remark that for every x € R we have G?(x) > ¢" and therefore (by (2.1))

J(Gpy) = Z—

Remark also that

G (x) = G"—(x) Vx € R.

Following the above remarks, we plug G.(p,) into (2.4) and we compute

(G.(p,)) 7< Pifls ) — G (p)p— [P.wl’,’f*”ﬂill’zﬂr,v”GZI(P,\-)GZ(PX)I’/PQP”
€ x/7t — Me\WMx/VMxt )

Gpy)) . Gi(py) G (ps)
_ Glp)pu(Gi(p)GL(p.) — ph) =G (p )Py P2 (Gelpy) — p.Gu(p,))
G (p) 7
npz—1p§x611+l

= el <,
G (p,)
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where for the second equality we have used the fact that p, = p_., and for the last
inequality we have used the fact that G, is positive and 7 is odd hence p"! is also
positive. [J

Now let
S(t) =[(n+ Dert+ e, 0<i<T,
with
prt”LO“ ©7) ||px||Lx ©r) )+ allp, ||L’° ©r) ||pxx||ix(QT) and
&= (I&ll ey + D"
We have

Lemma 2.3. The function S is a strong super-solution of (2.4).

Proof. We notice that

Sz al > (”’Cgum(w) +1)" =,

hence
1
S .
(S =
Also we notice that
C1
Sr=—.
Sl’l
All these arguments infer that, upon plugging S into (2.4):
(S) _ plp’z — (p\lp‘c_'_np” ]sz) 0
t Sn Sn / )

and the result follows. [

Remark 2.4. By (2.5), we know that k¢ > € and then the solution k of (2.2) is indeed a
solution of the equation

K5 (k)" = pup = 0. (2.6)

Therefore, in order to prove Theorem 1.3, it suffices to pass to the limit € — oo in
(2.6) using the stability theorem for viscosity solution (see [1]).

The following lemma reflects the passage to the limit mentioned in the previous
remark.

Lemma 2.5. There exists a function k € Lip(Qr) satisfying: for every compact K C Qr,
there exists a subsequence of (k). converging uniformly to x over K.
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Proof. It suffices to obtain e-uniform upper bounds for |x¢| and |x¢| then we apply
Ascoli’s Theorem on compact domains to conclude.

Uniform bound on |x|. Since

Ky =K+ e < Il gy + 1= S(0),
then by Lemma 2.1 and Lemma 2.3, we obtain (using comparison principle for entropy
solutions):
0<xk <SS aein Or
But S is increasing over the interval [0, 7] therefore
x| < S(T) ae.in Or.
Uniform bound on |k¢|. Using (2.5), (2.6) and the fact that p, = p,., we get

LARS ||ng||L%(R) ae. in QOr.
The result follows by applying Ascoli’s Theorem. [

We now arrive to the Proof of Theorem 1.3.

Proof of Theorem 1.3Since (k°)_ converge (up to a subsequence) uniformly on com-
pacts to k, and since the Hamiltonian of (2.6) is independent of ¢; indeed, for X = (x, 1),
the Hamiltonian can be written as:

HF(X»VM) :utuz_pt(x)pZ(X)a Vu= (ulvu-\‘)7

we use the stability theorem for viscosity solution (see [1, Theorem 2.3]) to conclude
that x is a viscosity solution of the limit equation

KKy — F=0.

Moreover, it is easily checked that k% — x° uniformly in R and the proof follows. [I
3. EXISTENCE OF A VISCOSITY SOLUTION IF N IS EVEN

In this section we present the proof of Theorem 1.4 only in the case p° is decreasing.
The case where p° is increasing follows from Theorem 1.3 since, by condition (1.5),
we have

0 0
Kx >p\ >07

therefore condition (1.4) is satisfied and we can apply the result of Theorem 1.3.
The difficult case arises when p° is decreasing and we need to slightly deal with the
problem differently. Comparison principle for heat equation shows that

p. <0 in O (3.1)

Again, let k° € Lip(Qr) be the unique viscosity solution of (2.2) with a different
approximation on the initial data given by:

K"(x) = (x) —ex, 0<e<.
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Using Lemma 2.1, we obtain that k¢ € L*(Q7) is an entropy solution of (2.4) with
W =x0¢ Let
;
(’C) (xn+l n+l) Eu|
Since p® < 0 then, by (1.5), we get
Ky < Py
and therefore, the approximation of the initial data shows that
K =1 —e < pl — e < G(p). (32)

Analogous to Lemma 2.2, we now show that G.(p,) is a super-solution of (2.4).
Lemma 3.1. The function G.(p,) is a strong super-solution of (2.4).

Proof. Remark that for every x < 0,

G.(x) < —e

As p,. < 0 and #n is even, we then obtain
Gi(po) = €,

therefore

£ (py) = =

Glpy)

Remark also that

G.(x) :Gx—(x) Vx € R.

Following the above remarks, we plug G.(p,) into (2.4) and we compute

7 n n—1 i Gu—l i G/ ! n §
(Q(m)),—( Pib ) — G (o) {pﬂp.ﬁrnm PiPsx NG (p)G(py)P PP

Gi(p)) Gi(p2) G (p) 7
_Glp)pu(G(p)Gilp) —ph) —nG (p)Py " 02 (Gelpy) — puGilp.)
GZ(p) ’
npl; lp%V n+1

where for the second equality we have used the fact that p, = p.., and for the last
inequality we have used the fact that both p"~!' and G>"*'(p,) are negative terms since
n — 1 and 2n + 1| are both odd. This leads to the final positive sign. The proof then fol-
lows. O

This lemma together with (3.2) enable us (using comparison principle for entropy
solutions) to conclude that:

K. <G(p,) <p, <0 ae. Or (3.3)

X
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Now let

I

S(t)=—[(n+ Dat+ )7, 0<1<T,
with

n—1

2
= prt”L"c(QT)Hp.x‘llzm(QT) + n”prLx(QT)||pxx||Lx(QT) and
+1
0= (HK?c”L‘X(R) +1)"

We have
Lemma 3.2. The function S is a strong sub-solution of (2.4 ).

Proof. Since n + 1 is odd, we notice that

1
S< ¢ <0,

then

n

§' 2 &7 2 (IKllem +1)" = ¢
hence
(8 = &
. G
Also we notice that
C1
et
All these arguments infer that, upon plugging S into (2.4):

S =

n—1,2

ptp’z —C = (pxtp? + np, pxx)
(S)t < S >x S" = 0’

and the result follows. O

Remark 3.3. By (3.3), we know that k¢, < —e then, since n is even, (Kf\,)" > €" hence the
solution k¢ of (2.2) is indeed a solution of (2.6). Therefore, in order to prove Theorem
1.4, it suffices to pass to the limit € — oo in (2.6 ) using the stability theorem for viscosity

solution (see [1]).

Similar to Lemma 2.5, we have:

Lemma 3.4. There exists a function k € Lip(Qr) satisfying: for every compact K C Qr,
there exists a subsequence of (k). converging uniformly to x over K.

Proof. It suffices to obtain e-uniform upper bounds for |x¢| and |x¢| then we apply

Ascoli’s Theorem on compact domains to conclude.

Uniform bound on |k¢|. Since
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X

K=k —e> *”K?CHL@O(R) —1=25(0),

then by Lemma 2.1 and Lemma 3.2, we obtain (using comparison principle for entropy
solutions):

S<ki<0 ae in Or
But S is decreasing over the interval [0, 7] therefore
|| < |S(T)| ae.in Or.
Uniform bound on |x¢|. Using (3.3), (2.6) and the fact that p, = p.., we get

li| < ||P2x||L°°(R) ae. in QOr.
The result follows by applying Ascoli’s Theorem. [J

We now arrive to the proof of Theorem 1.4.

Proof of Theorem 1.4. Since (k). converge (up to a subsequence) uniformly on com-
pacts to x, and since the Hamiltonian of (2.6) is independent of ¢; indeed, for X = (x, 7),
the Hamiltonian can be written as:

HE(X7 vu) :“t”’z—Pz(X)PZ(X)a Vu = (ulvux)v

we use the stability theorem for viscosity solution (see [1, Theorem 2.3]) to conclude
that x is a viscosity solution of the limit equation

Ky — F=0.

Moreover, it is easily checked that k% — x° uniformly in R and the proof follows. [
Finally, it is worth mentioning that the stability theorem for viscosity solutions only
provides existence of the limit equation. However, it is not evident to us how to show
uniqueness and this raises the following:
Open question: The question of uniqueness of the singular HJ Eq. (1.3) remains
open.

ACKNOWLEDGMENT

The authors would like to thank an anonymous referee for his/her valuable questions
that improved the manuscript.

REFERENCES

[1] G. Barles, Solutions de viscosité des équations de Hamilton—Jacobi, Mathématiques & Applications
(Berlin)Mathematics & Applications, vol. 17, Springer-Verlag, Paris, 1994.

[2] V. Caselles, Scalar conservation laws and Hamilton—Jacobi equations in one-space variable, Nonlinear
Anal. Theory Methods Appl. 18 (1992) 461-469.

[3] L. Corrias, M. Falcone, R. Natalini, Numerical schemes for conservation laws via Hamilton—Jacobi
equations, Math. Comp. 64 (1995) 555-580.

[4] M. Crandall, P-L. Lions, On existence and uniqueness of solutions of Hamilton-Jacobi equations,
Nonlinear Anal. Methods Appl. 10 (4) (1986) 353-370.


http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0015
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0015
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0020
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0020
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0025
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0025

108 H. Ibrahim, S. Zabad

[5] R. Eymard, T. Gallouet, R. Herbin, Existence and uniqueness of the entropy solution to a nonlinear
hyperbolic equation, Chin. Ann. Math. Ser. B 16 (1) (1995) 1-14.

[6] 1. Groma, F.F. Csikor, M. Zaiser, Spatial correlations and higher-order gradient terms in a continuum
description of dislocation dynamics, Acta Mater. 51 (2003) 1271-1281.

[7]1 J.R. Hirth, L. Lothe, Theory of Dislocations, second ed., Krieger, Malabar, FL, 1992.

[8] H. Ibrahim, Existence and uniqueness for a nonlinear parabolic/Hamilton—Jacobi coupled system
describing the dynamics of dislocation densities, Ann. I.H. Poincaré Anal. Non Linéaire 26 (2009) 415—
43s.

[9] H. Ishii, Existence and uniqueness of solutions of Hamilton—Jacobi equations, Funkcial. Ekvac. 29
(1986) 167-188.

[10] k.H. Karlsen, N.H. Risebro, A note on front tracking and equivalence between viscosity solutions of
Hamilton—Jacobi equations and entropy solutions of scalar conservation laws, Nonlinear Anal. Theory,
Methods & Applications 50 (2002) 455-469.

[11] S.N. Kruzkov, The Cauchy problem in the large for non-linear equations and for certain first-order
quasilinear systems with several variables, Dokl. Akad. Nauk SSSR 155 (1964) 743-746.

[12] P.-L. Lions, Generalized solutions of Hamilton—Jacobi equations, Research Notes in Mathematics,
Pitman (Advanced Publishing Program), 69, Boston, MA, 1982, p. iv+317.

[13] D.N. Ostrov, Solutions of Hamilton—Jacobi equations and scalar conservation laws with discontinuous
space-time dependence, J. Diff. Eq. 182 (2002) 51-77.


http://refhub.elsevier.com/S1319-5166(14)00004-8/h0030
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0030
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0035
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0035
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0040
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0040
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0045
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0045
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0045
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0050
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0050
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0055
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0055
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0055
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0060
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0060
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0065
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0065

	Existence of viscosity solution for a singular Hamilton–Jacobi equation
	1 Introduction and statement of the results
	2 Existence of a viscosity solution if n is odd
	3 Existence of a viscosity solution if n is even
	Acknowledgment
	References


