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Abstract. In this paper we study the existence of a singular Hamilton–Jacobi equa-

tion under the framework of viscosity solutions. The analysis is inspired by the argu-

ments of [8] where a study of a model on dislocation dynamics was considered.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

In [8], the author analyses a one-dimensional system of partial differential equations
modelling the dynamics of dislocation densities in crystals. Dislocations are topological
defects within crystal structure that move under the submission of stress fields. Geo-
metrically, each dislocation is characterised by a physical quantity called the Burgers
vector, which is responsible for its orientation and magnitude. Dislocations are classi-
fied as being positive or negative due to the orientation of its Burgers vector, and they
can move in certain crystallographic directions (see [7] for a physical study of
dislocations).
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The system in [8] consists of a Hamilton–Jacobi (HJ) equation that is coupled to a
diffusion equation, augmented with initial and Dirichlet boundary conditions. The
main equation of concern is of the form
jtjx ¼ qtqx; ð1:1Þ

where q satisfies (throughout all the papers)
qt ¼ qxx in R� ð0;1Þ;
qð�; 0Þ ¼ q0 2 C10 ðRÞ:

�

The above system is derived from the dynamics of dislocation densities h� that reads
(see [6]):
hþt ¼
hþx �h�x
hþþh�

� �
hþ

h i
x

h�t ¼ �
hþx �h�x
hþþh�

� �
h�

h i
x
;

8><
>: ð1:2Þ
after taking an integrated form and making the following assumptions
q�x ¼ h�; q ¼ qþ � q� and j ¼ qþ þ q�:
Various results regarding existence and uniqueness of viscosity solutions are estab-
lished in [8]. Most of the results are obtained by bringing into service the connection
between viscosity solutions and entropy solutions of conservation laws. To make this
connection clear, we formally state the well-known result that if u is a viscosity solution
of the Hamilton–Jacobi equation
ut þHðx; t; uxÞ ¼ 0;
then the spatial derivative v ¼ ux is an entropy solution of the scalar conservation laws
vt þ ½Hðx; t; vÞ�x ¼ 0:
The usual proof of this relation depends strongly on the known results about exis-
tence and uniqueness of the solutions of the two problems together with the conver-
gence of the viscosity method (see [3,11,12]). Another proof of this relation could be
found in [2] via the definition of viscosity/entropy inequalities, while a direct proof
could also be found in [10] using the front tracking method. The case of dealing with
a discontinuous Hamiltonian is treated in [13].

The relevant functional class for the Hamilton–Jacobi Eq. (1.1) is singled out to be
the Lipschitz continuous functions possessing a suitable lower bound on the spatial
gradient. The main complexity was in the singularity of the gradient of j appearing
in the Hamiltonian Hðx; t; jxÞ ¼ fðx;tÞ

jx
where fðx; tÞ ¼ qtðx; tÞqxðx; tÞ. Such singularity

makes it difficult to define a solution of the equation in the case jx ¼ 0. To overcome
this difficulty, the author considered a suitable approximated problem:
j�tj
�
x ¼ qtqx;
where it was shown that j�x > 0 and therefore, by passing to the limit �! 0, he
obtained a solution of (1.1).
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In this paper, we show how we can apply similar technics to show the existence of a
viscosity solution of the following generalised power HJ equation:
jt ¼ F
jnx
; x 2 R; t > 0;

jðx; 0Þ ¼ j0ðxÞ; x 2 R;

(
ð1:3Þ
where F ¼ qtq
n
x; n is a positive integer, and q satisfies the heat equation qt ¼ qxx. The

goal here is not to delve into too much technicality but rather to show the new ideas
to solve (1.3).

Remark 1.1. Eq. (1.3) is only inspired from (1.1) with a gradient power, and it does not
refer to any dislocation model. The special structure of the Hamiltonian H ¼ F

jn
x
, and

particularly F is essential as it allows the validity of the computation done in Lemma 2.2.
The adaptation of the method used in the present paper to general functions F remains
open.

A viscosity solution for (1.3) is defined as follows:

Definition 1.2. Fix T > 0, and let j : R� ½0;TÞ ! R be a continuous function. We call
j a viscosity sub-solution of (1.3) if jð�; 0Þ ¼ j0, and if for all C1 functions / such that
j� / has a local maximum at ðx0; t0Þ 2 R� ð0;TÞ, then
/tðx0; t0Þ/n
xðx0; t0Þ � Fðx0; t0Þ 6 0:
Analogously, we call j a viscosity super-solution if jð�; 0Þ ¼ j0, and if for every C1

function / such that j� / has a local minimum at ðx0; t0Þ, then

/tðx0; t0Þ/n

xðx0; t0Þ � Fðx0; t0ÞP 0:
Finally, we say that j is a viscosity solution of (1.3) if it is both a viscosity sub-solution
and a super-solution.

We refer the reader to [1] for a general overview on viscosity solutions.
Denoted by LipðRÞ the class of all Lipschitz continuous functions on R, and let

QT ¼ R� ð0;TÞ. The main results of this paper are summarised by:

Theorem 1.3. (Existence of a viscosity solution; case n is odd)Let T > 0; n ¼ 2pþ 1
with p 2 N, and let j0 2 LipðRÞ. If
j0
x P jq0

xj a:e: in R; ð1:4Þ

then there exists a viscosity solution j 2 LipðQTÞ of (1.3).

Theorem 1.4. (Existence of a viscosity solution; case n is even)Let T > 0; n ¼ 2p with
p 2 N�, and let j0 2 LipðRÞ. Assume q0 is monotone. If
ðj0
x � q0

xÞq0
x P 0 a:e: in R; ð1:5Þ
then there exists a viscosity solution j 2 LipðQTÞ of (1.3).
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It is worth mentioning that since T > 0 is assumed arbitrary then the solution de-
fined for QT is indeed a solution for all t P 0.

The remaining of the paper is organised as follows. In Section 2 we present the proof
of Theorem 1.3 while in Section 3 we present the proof of Theorem 1.4.

2. EXISTENCE OF A VISCOSITY SOLUTION IF N IS ODD

This section is devoted to the proof of Theorem 1.3. We write Eq. (1.3) as
jt ¼ Ffðjn
xÞ;
where fðxÞ ¼ 1
x
. Remark that the condition (1.4) does not prevent j0

x from being zero
and therefore we have a difficulty in defining a solution of (1.3). To overcome this,
we let 0 < � 6 1 and we take a particular extension f� of f defined as follows (see
Fig. 1 below):
f�ðxÞ ¼

1

x
if x P �n;

2�n � x

�2n þ ðx� �nÞ2
otherwise:

8>><
>>: ð2:1Þ
The function f� is constructed so that f� 2 C1
bðRÞ (C1 and bounded) and therefore, by

[4, Section 4] and [9, Theorem 3], there exists a unique viscosity solution j� 2 LipðQTÞ
of
jt ¼ Ff�ðjn
xÞ; ðx; tÞ 2 QT;

jðx; 0Þ ¼ j0;�ðxÞ; x 2 R;

�
ð2:2Þ
Fig. 1 Approximation of the function 1
x
for � ¼ 1.
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where
j0;�ðxÞ ¼ j0ðxÞ þ �x:

Let
G�ðxÞ ¼ ðxnþ1 þ �nþ1Þ
1

nþ1:
The approximation of the initial data shows that
j0;�
x P jq0

xj þ � P G�ðq0
xÞ: ð2:3Þ
We have the following lemma:

Lemma 2.1. If j� is a Lipschitz viscosity solution of (2.2) then v ¼ j�x 2 L1ðQTÞ is an
entropy solution of
vt ¼ ðFf�ðvnÞÞx; ðx; tÞ 2 QT;

vðx; 0Þ ¼ v0ðxÞ; x 2 R;

�
ð2:4Þ
with v0 ¼ j0;�
x .

Proof. See [8, Theorem 2.12]. h

The next lemma is of crucial importance. It shows that G�ðqxÞ is a strong sub-solu-
tion of (2.4) and hence, by Lemma 2.1 and the initial condition (2.3), we obtain
j�x P G�ðqxÞ a:e: in �QT: ð2:5Þ

This inequality follows from the comparison principle of entropy solutions (see [5,

Theorem 5]).

Lemma 2.2. The function G�ðqxÞ is a strong sub-solution of (2.4).

Proof. First remark that for every x 2 R we have Gn
� ðxÞP �n and therefore (by (2.1))
f�ðGn
� ðqxÞÞ ¼

1

Gn
� ðqxÞ

:

Remark also that
G0�ðxÞ ¼
xn

Gn
� ðxÞ

; 8x 2 R:
Following the above remarks, we plug G�ðqxÞ into (2.4) and we compute
G�ðqxÞð Þt�
qtq

n
x

Gn
� ðqxÞ

� �
x

¼G0�ðqxÞqxt�
qxtq

n
x þ nqn�1

x qtqxx

Gn
� ðqxÞ

� nGn�1
� ðqxÞG0�ðqxÞqtq

n
xqxx

G2n
� ðqxÞ

" #
;

¼
Gn
� ðqxÞqxt Gn

� ðqxÞG0�ðqxÞ� qn
x

� �
� nGn�1

� ðqxÞqn�1
x q2

xx G�ðqxÞ�qxG
0
�ðqxÞ

� �
G2n
� ðqxÞ

;

¼�nqn�1
x q2

xx�
nþ1

G2nþ1
� ðqxÞ

6 0;
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where for the second equality we have used the fact that qt ¼ qxx, and for the last
inequality we have used the fact that G� is positive and n is odd hence qn�1

x is also
positive. h

Now let
SðtÞ ¼ ðnþ 1Þc1tþ c2½ �
1

nþ1; 0 6 t 6 T;
with
c1 ¼ kqxtkL1ðQTÞkqxk
n
L1ðQTÞ þ nkqxk

n�1
L1ðQTÞkqxxk

2
L1ðQTÞ and

c2 ¼ ðkj0
xkL1ðRÞ þ 1Þnþ1:
We have

Lemma 2.3. The function S is a strong super-solution of (2.4).

Proof. We notice that
Sn P c
n

nþ1
2 P ðkj0

xkL1ðRÞ þ 1Þn P �n;
hence
f�ðSnÞ ¼ 1

Sn :
Also we notice that
S0 ¼ c1
Sn :
All these arguments infer that, upon plugging S into (2.4):
Sð Þt �
qtq

n
x

Sn

� �
x

¼
c1 � qxtq

n
x þ nqn�1

x q2
xx

� �
Sn P 0;
and the result follows. h

Remark 2.4. By (2.5), we know that j�x P � and then the solution j� of (2.2) is indeed a
solution of the equation
j�tðj�xÞ
n � qtq

n
x ¼ 0: ð2:6Þ
Therefore, in order to prove Theorem 1.3, it suffices to pass to the limit �!1 in
(2.6) using the stability theorem for viscosity solution (see [1]).

The following lemma reflects the passage to the limit mentioned in the previous
remark.

Lemma 2.5. There exists a function j 2 LipðQTÞ satisfying: for every compact K#QT,
there exists a subsequence of ðj�Þ� converging uniformly to j over K.
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Proof. It suffices to obtain �-uniform upper bounds for jj�xj and jj�t j then we apply
Ascoli’s Theorem on compact domains to conclude.

Uniform bound on jj�xj. Since
j0;�
x ¼ j0

x þ � 6 kj0
xkL1ðRÞ þ 1 ¼ Sð0Þ;
then by Lemma 2.1 and Lemma 2.3, we obtain (using comparison principle for entropy
solutions):
0 6 j�x 6 S a:e: in QT:
But S is increasing over the interval ½0;T� therefore

jj�xj 6 SðTÞ a:e: in QT:
Uniform bound on jj�t j. Using (2.5), (2.6) and the fact that qt ¼ qxx, we get
jj�t j 6 kq0
xxkL1ðRÞ a:e: in QT:
The result follows by applying Ascoli’s Theorem. h

We now arrive to the Proof of Theorem 1.3.
Proof of Theorem 1.3Since ðj�Þ� converge (up to a subsequence) uniformly on com-

pacts to j, and since the Hamiltonian of (2.6) is independent of �; indeed, for X ¼ ðx; tÞ,
the Hamiltonian can be written as:
H�ðX;ruÞ ¼ utu
n
x � qtðXÞqn

xðXÞ; ru ¼ ðut; uxÞ;

we use the stability theorem for viscosity solution (see [1, Theorem 2.3]) to conclude
that j is a viscosity solution of the limit equation
jtj
n
x � F ¼ 0:
Moreover, it is easily checked that j0;� ! j0 uniformly in R and the proof follows. h

3. EXISTENCE OF A VISCOSITY SOLUTION IF N IS EVEN

In this section we present the proof of Theorem 1.4 only in the case q0 is decreasing.
The case where q0 is increasing follows from Theorem 1.3 since, by condition (1.5),
we have
j0
x P q0

x P 0;
therefore condition (1.4) is satisfied and we can apply the result of Theorem 1.3.
The difficult case arises when q0 is decreasing and we need to slightly deal with the

problem differently. Comparison principle for heat equation shows that
qx 6 0 in QT: ð3:1Þ

Again, let j� 2 LipðQTÞ be the unique viscosity solution of (2.2) with a different

approximation on the initial data given by:
j0;�ðxÞ ¼ j0ðxÞ � �x; 0 < � 6 1:
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Using Lemma 2.1, we obtain that j�x 2 L1ðQTÞ is an entropy solution of (2.4) with
v0 ¼ j0;�

x . Let
G�ðxÞ ¼ ðxnþ1 � �nþ1Þ
1

nþ1:
Since q0
x 6 0 then, by (1.5), we get
j0
x 6 q0

x:
and therefore, the approximation of the initial data shows that
j0;�
x ¼ j0

x � � 6 q0
x � � 6 G�ðq0

xÞ: ð3:2Þ

Analogous to Lemma 2.2, we now show that G�ðqxÞ is a super-solution of (2.4).

Lemma 3.1. The function G�ðqxÞ is a strong super-solution of (2.4).

Proof. Remark that for every x 6 0,
G�ðxÞ 6 ��:

As qx 6 0 and n is even, we then obtain
Gn
� ðqxÞP �n;
therefore
f�ðGn
� ðqxÞÞ ¼

1

Gn
� ðqxÞ

:

Remark also that
G0�ðxÞ ¼
xn

Gn
� ðxÞ

; 8x 2 R:
Following the above remarks, we plug G�ðqxÞ into (2.4) and we compute
G�ðqxÞð Þt�
qtq

n
x

Gn
� ðqxÞ

� �
x

¼G0�ðqxÞqxt�
qxtq

n
xþnqn�1

x qtqxx

Gn
� ðqxÞ

�nGn�1
� ðqxÞG0�ðqxÞqtq

n
xqxx

G2n
� ðqxÞ

" #
;

¼
Gn
� ðqxÞqxt Gn

� ðqxÞG0�ðqxÞ�qn
x

� �
�nGn�1

� ðqxÞqn�1
x q2

xx G�ðqxÞ�qxG
0
�ðqxÞ

� �
G2n
� ðqxÞ

;

¼ nqn�1
x q2

xx�
nþ1

G2nþ1
� ðqxÞ

P 0;
where for the second equality we have used the fact that qt ¼ qxx, and for the last
inequality we have used the fact that both qn�1

x and G2nþ1
� ðqxÞ are negative terms since

n� 1 and 2nþ 1 are both odd. This leads to the final positive sign. The proof then fol-
lows. h

This lemma together with (3.2) enable us (using comparison principle for entropy
solutions) to conclude that:
j�x 6 G�ðqxÞ 6 qx 6 0 a:e: QT: ð3:3Þ
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Now let
SðtÞ ¼ � ðnþ 1Þc1tþ c2½ �
1

nþ1; 0 6 t 6 T;
with
c1 ¼ kqxtkL1ðQTÞkqxk
n
L1ðQTÞ þ nkqxk

n�1
L1ðQTÞkqxxk

2
L1ðQTÞ and

c2 ¼ ðkj0
xkL1ðRÞ þ 1Þnþ1:
We have

Lemma 3.2. The function S is a strong sub-solution of (2.4).

Proof. Since nþ 1 is odd, we notice that
S 6 �c
1

nþ1
2 6 0;
then
Sn P c
n

nþ1
2 P ðkj0

xkL1ðRÞ þ 1Þn P �n;
hence
f�ðSnÞ ¼ 1

Sn :
Also we notice that
S0 ¼ � c1
Sn :
All these arguments infer that, upon plugging S into (2.4):
Sð Þt �
qtq

n
x

Sn

� �
x

¼
�c1 � qxtq

n
x þ nqn�1

x q2
xx

� �
Sn 6 0;
and the result follows. h

Remark 3.3. By (3.3), we know that j�x 6 �� then, since n is even, ðj�xÞ
n P �n hence the

solution j� of (2.2) is indeed a solution of (2.6). Therefore, in order to prove Theorem
1.4, it suffices to pass to the limit �!1 in (2.6) using the stability theorem for viscosity
solution (see [1]).

Similar to Lemma 2.5, we have:

Lemma 3.4. There exists a function j 2 LipðQTÞ satisfying: for every compact K#QT,
there exists a subsequence of ðj�Þ� converging uniformly to j over K.

Proof. It suffices to obtain �-uniform upper bounds for jj�xj and jj�t j then we apply
Ascoli’s Theorem on compact domains to conclude.

Uniform bound on jj�xj. Since
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j0;�
x ¼ j0

x � � P �kj0
xkL1ðRÞ � 1 ¼ Sð0Þ;
then by Lemma 2.1 and Lemma 3.2, we obtain (using comparison principle for entropy
solutions):
S 6 j�x 6 0 a:e: in QT:
But S is decreasing over the interval ½0;T� therefore

jj�xj 6 jSðTÞj a:e: in QT:
Uniform bound on jj�t j. Using (3.3), (2.6) and the fact that qt ¼ qxx, we get
jj�t j 6 kq0
xxkL1ðRÞ a:e: in QT:
The result follows by applying Ascoli’s Theorem. h

We now arrive to the proof of Theorem 1.4.
Proof of Theorem 1.4. Since ðj�Þ� converge (up to a subsequence) uniformly on com-

pacts to j, and since the Hamiltonian of (2.6) is independent of �; indeed, for X ¼ ðx; tÞ,
the Hamiltonian can be written as:
H�ðX;ruÞ ¼ utu
n
x � qtðXÞqn

xðXÞ; ru ¼ ðut; uxÞ;

we use the stability theorem for viscosity solution (see [1, Theorem 2.3]) to conclude
that j is a viscosity solution of the limit equation
jtj
n
x � F ¼ 0:
Moreover, it is easily checked that j0;� ! j0 uniformly in R and the proof follows. h

Finally, it is worth mentioning that the stability theorem for viscosity solutions only
provides existence of the limit equation. However, it is not evident to us how to show
uniqueness and this raises the following:

Open question: The question of uniqueness of the singular HJ Eq. (1.3) remains
open.
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(Berlin)Mathematics & Applications, vol. 17, Springer-Verlag, Paris, 1994.

[2] V. Caselles, Scalar conservation laws and Hamilton–Jacobi equations in one-space variable, Nonlinear

Anal. Theory Methods Appl. 18 (1992) 461–469.

[3] L. Corrias, M. Falcone, R. Natalini, Numerical schemes for conservation laws via Hamilton–Jacobi

equations, Math. Comp. 64 (1995) 555–580.

[4] M. Crandall, P-L. Lions, On existence and uniqueness of solutions of Hamilton–Jacobi equations,

Nonlinear Anal. Methods Appl. 10 (4) (1986) 353–370.

http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0010
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0015
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0015
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0020
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0020
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0025
http://refhub.elsevier.com/S1319-5166(14)00004-8/h0025


108 H. Ibrahim, S. Zabad
[5] R. Eymard, T. Gallouet, R. Herbin, Existence and uniqueness of the entropy solution to a nonlinear

hyperbolic equation, Chin. Ann. Math. Ser. B 16 (1) (1995) 1–14.

[6] I. Groma, F.F. Csikor, M. Zaiser, Spatial correlations and higher-order gradient terms in a continuum

description of dislocation dynamics, Acta Mater. 51 (2003) 1271–1281.

[7] J.R. Hirth, L. Lothe, Theory of Dislocations, second ed., Krieger, Malabar, FL, 1992.

[8] H. Ibrahim, Existence and uniqueness for a nonlinear parabolic/Hamilton–Jacobi coupled system

describing the dynamics of dislocation densities, Ann. I.H. Poincaré Anal. Non Linéaire 26 (2009) 415–
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