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Abstract. By proving the required auxiliary results, two Boehmian spaces are con-

structed for the purpose of extending the curvelet transform to the context of Boehmian

spaces. A convolution theorem for curvelet transform is proved. As an application, the

curvelet transform is consistently extended from one Boehmian space into the other

Boehmian space and its properties like linearity, injectivity and continuity with respect

to d-convergence and D-convergence are obtained.
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1. NOTIONS AND NOTATIONS

We denote the set of all natural numbers, the set of all non-negative integers, the set of
all real numbers, the set of all complex numbers and the set of k-tuples of real numbers,
respectively by, N;N0;R;C and Rk, where k 2 N. We also use the following notations
in this article.

1. S ¼ ð0; a0Þ � R2 � ½�p; p�# R4, for some a0 2 ð0; p2Þ.
2. LpðR2Þ ¼ f : R2 ! C : kf kp ¼

R
R2 jf ðxÞjp dx

� �1=p
< þ1

n o
; p ¼ 1; 2.

3. f̂ ðtÞ ¼
R

R2 f ðxÞe�ix�t dx; 8t 2 R2, for each f 2L1ðR2Þ, where x � t is the usual
scalar product of x and t in R2.

4. Fðf Þ ¼ f̂ ¼L2 � limn!1 f̂ n, where fn 2L1ðR2Þ \L2ðR2Þ; 8n 2 N and f ¼
L2 � limn!1fn, for each f 2L2ðR2Þ.
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5. L2
a0
ðR2Þ ¼ ff 2L2ðR2Þ : f̂ ðtÞ ¼ 0; 8t 2 Eg, where E � R� R is the set

reix : 0 < r < 2
a0

or � p < x <
ffiffiffiffiffi
a0

pn o
.

6. DðR2Þ is the Schwartz space of all infinitely differentiable complex valued func-
tions on R2 with compact supports.

7. Z ¼FðDðR2ÞÞ, the image of DðR2Þ under Fourier transform.
8. DL2ðR2Þ is the space of all infinitely differentiable complex valued functions on

R2 such that
R

R2 jf ðkÞðxÞj2 dx < þ1; 8k 2 N2
0. For more details about this space,

we refer to [19]. The dual space of DL2ðR2Þ is denoted by D0
L2ðR2Þ.

Since the classical Fourier transform represents a given signal in terms of its fre-
quency contents but with no time information, it is not efficient to process the non-sta-
tionary signals. By the introduction of wavelet transform, signals can be localized in
both time and frequency. There are plenty of nice works on wavelets in the literature,
to mention a few, we refer to [7–10,12–14]. As a refinement of wavelet transform, ridg-
elet transform is introduced by E.J. Candes [2,3], which is a hybrid integral transform
formed by using wavelet transform, radon transform and Fourier transform. Since the
ridgelet transform represents the images in recto-polar grids, the series representation
of the signal by ridgelets converges faster than that by wavelets. Later, the curvelet
transform has been recently introduced by E.J. Candes and D.L. Donoho [4,5], which
has the ridgelet transform as a component and it is widely applied in image processing
[27,28].

Now we recall the theory of continuous curvelet transform on L2
a0
ðR2Þ from [5]. Let

W;V 2 DðRÞ satisfy the following admissibility conditions.

(A1) W ðuÞ > 0; 8u 2 1
2
; 2

� �
, W ðuÞ ¼ 0; 8u R 1

2
; 2

� �
, and

R 2
1
2
ðW ðuÞÞ2 du

u ¼ 1.

(A2) V ðtÞ > 0; 8t 2 ð�1; 1Þ; V ðtÞ ¼ 0; 8t R ð�1; 1Þ and
R 1

�1 ðV ðtÞÞ
2 dt ¼ 1.

For 0 < a < a0, let ca;0;0 be the inverse Fourier transform of Ka, where
KaðreixÞ ¼Wða rÞV x=
ffiffiffi
a
p� �

a3=4; 8reix 2 R2 n f0g; with � p < x 6 p: ð1:1Þ
We observe that ca;0;0 2Z as Ka 2 DðR2Þ, for all a 2 ð0; a0Þ. We also define
ca;b;hðxÞ ¼ ca;0;0ðRhðx� bÞÞ; 8x 2 R2; ð1:2Þ
where Rh ¼
cos h sin h
� sin h cos h

� �
, which is the 2-by-2 planar rotation matrix effecting

clock-wise rotation by h radians; in other words, Rhðx� bÞ is simply the product of

the two complex numbers e�ih and x� b.

Definition 1 (Curvelet transform). For f 2L2ðR2Þ the curvelet transform is defined by
ðCfÞða; b; hÞ ¼
Z

R2

ca;b;hðxÞfðxÞ dx; 8ða; b; hÞ 2 S: ð1:3Þ
Theorem 2. Let f 2L2ðR2Þ have a Fourier transform vanishing for jnj < 2
a0
. Then the

inversion formula of the curvelet transform is given by
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fðxÞ ¼
Z

S

ðCfÞða; b; hÞca;b;hðxÞ
da

a3
dbdh; 8x 2 R2: ð1:4Þ
Under the same assumption, we also get the Parseval’s identity, kfk2 ¼ jjjCfjjj2.

While we probe into the proof of the above theorem, to know the reason for introduc-

ing the condition that f̂ is vanishing on the open ballB 0; 2
a0

� �
inR2, we could observe that

the authors of the paper [5] introduced this condition to achieve the identityR a0
0

R 2p
0

WðarÞ2V x�hffiffi
a
p

� �2
a3=2dh da

a3
¼ 1; 8reix on the support of f̂, which is required to prove

both conclusions of this theorem. Though, the above condition is useful to get

a1=2
R a0
0
WðarÞ2a3=2 da

a3
¼ 1, for r > 2

a0
, we note that

R 2p
0

V x�hffiffi
a
p

� �2
dh ¼ a1=2 could not be ob-

tained for all x 2 ð�p; pÞ or for all x 2 ð0; 2pÞ. Indeed,
R 2p
0

V x�hffiffi
a
p

� �
dh ¼

a1=2
R xffiffi

a
p

x�2pffiffi
a
p VðtÞ2dt, which is equal to a1=2 iff ð�1; 1Þ# x�2pffiffi

a
p ; xffiffi

a
p

� �
, since V is supported on

ð�1; 1Þ and
R 1

�1 VðtÞ
2
dt ¼ 1. This is possible only for x 2

ffiffiffi
a
p

; 2p�
ffiffiffi
a
p

ð Þ. Hence it is nec-

essary to restrictx such that ð�1; 1Þ# x�2pffiffi
a
p ; xffiffi

a
p

� �
and the bounds ofx should be indepen-

dent of a. The one possible better restriction on x so that ð�1; 1Þ# x�2pffiffi
a
p ; xffiffi

a
p

� �
isffiffiffiffiffi

a0
p

< x < p. Thus the above theorem is valid if the condition ‘‘f̂ðnÞ ¼ 0, for jnj < 2
a0
.’’

is modified as ‘‘f̂ðreixÞ ¼ 0, for 0 < r < 2
a0
or �p < x <

ffiffiffiffiffi
a0
p

.’’

This is themotivation for introducing the spaceL2
a0
ðR2Þ at the beginning of this section.

On the other hand, motivated from the Boehme’s regular operators [1], the concept of
Boehmianswas first introduced by J.Mikusiński andP.Mikusiński [15] and twonotions of
convergence called d-convergence andD-convergence on aBoehmian space are introduced
and discussed in [16]. From these remarkable works, a new avenue was opened in the area
of generalized functions and lot of integral transforms have been extended on different
Boehmian spaces. For a complete bibliography on Boehmians, we refer the reader to the
website http://mikusinski.cos.ucf.edu/boehmians.pdf. In particular, thewavelet transform
and ridgelet transform are also extended to the context of Boehmians. See [20–26].

In this article, we prove a suitable convolution theorem for the curvelet transform.
Further, very first time the curvelet transform is extended to the context of Bohmians
by constructing two Boehmian spaces, one is for the domain and the another is for the
codomain of the extended curvelet transform. Then we prove that the extended curvelet
transform is well-defined, consistent with the classical curvelet transform, linear, one-
to-one and continuous with respect to the two notions of convergences in the context of
Boehmians. Finally, we justify that the domain of the extended curvelet transform is
properly larger than D0

L2ðR2Þ.
2. BOEHMIAN SPACES

From [18], we briefly recall the construction of an abstract Boehmian space
B ¼ BðG; ðS; �Þ;�;DÞ, where G is a topological vector space over C; ðS; �Þ is a commu-
tative semi-group, � : G� S! G satisfies the following conditions:

http://mikusinski.cos.ucf.edu/boehmians.pdf


Curvelet transform for Boehmians 267
1. ðg1 þ g2Þ � s ¼ g1 � sþ g2 � s; 8g1; g2 2 G and 8s 2 S,
2. ðcgÞ � s ¼ cðg � sÞ; 8c 2 C; 8g 2 G and 8s 2 S,
3. g � ðs � tÞ ¼ ðg � sÞ � t; 8g 2 G and 8s; t 2 S,
4. If gn ! g as n!1 in G and s 2 S, then gn � s! g � s as n!1;

and D is a collection of sequences from S with the following properties:

1. If ðsnÞ; ðtnÞ 2 D, then ðsn � tnÞ 2 D,
2. If gn ! g in G as n!1 and ðsnÞ 2 D, then gn � sn ! g as n!1 in G.

A pair of sequences ððgnÞ; ðsnÞÞwith gn 2 G; 8n 2 N and ðsnÞ 2 D is called a quotient if

gn � sm ¼ gm � sn; 8m; n 2 N and is denoted by ðgnÞðsnÞ. The equivalence class
ðgnÞ
ðsnÞ

h i
contain-

ing ðgnÞðsnÞ induced by the equivalence relation� defined on the collection of all quotients by
ðgnÞ
ðsnÞ
� ðhnÞðtnÞ

if gn � tm ¼ hm � sn; 8m; n 2 N
is called a Boehmian and the collection of all Boehmians B is a vector space with
respect to the addition and scalar multiplication defined as follows.
ðgnÞ
ðsnÞ

	 

þ ðhnÞ
ðtnÞ

	 

¼ ðgn � tn þ hn � snÞ

ðsn � tnÞ

	 

; c
ðgnÞ
ðsnÞ

	 

¼ ðcgnÞ
ðsnÞ

	 

:

Every member g 2 G can be uniquely identified as a member of B by ðg�tnÞ
ðtnÞ

h i
, where

ðtnÞ 2 D is arbitrary and the operation � is also extended to B� S by
ðgnÞ
ðsnÞ

h i
� t ¼ ðgn�tÞ

ðsnÞ

h i
. There are two notions of convergence on B namely d-convergence

and D-convergence which are defined as follows.

Definition 3 [16, d-convergence]. We say that Xm!
d
X as m!1 in B, if there exist

gm;n; gn 2 G;m; n 2 N and ðsnÞ 2 D such that Xm ¼
ðgm;nÞ
ðsnÞ

h i
;X ¼ ðgnÞ

ðsnÞ

h i
and for each

n 2 N; gm;n ! gn as m!1 in G.

Definition 4 [16, D-convergence]. We say that Xm!
D
X as m!1 in B, if there exist

gm 2 G; 8m 2 N and ðsnÞ 2 D such that ðXm � XÞ � sm ¼ ðgm�snÞ
ðsnÞ

h i
and gm ! 0 as

m!1 in G.

We construct the Boehmian space B2
a0
ðR2Þ ¼ BðL2

a0
ðR2Þ; ðL1ðR2Þ; 	Þ; 	;DTÞ, where

	 denotes the convolution that is defined by
ðf 	 /ÞðxÞ ¼
Z

R2

fðx� yÞ/ðyÞ dy; 8x 2 R2 ð2:1Þ
and DT is a collection of all sequences ð/nÞ from L1ðR2Þ satisfying the following
conditions.

(D1)
R

R2 /nðxÞ dx ¼ 1; 8n 2 N.
(D2)

R
R2 j/nðxÞj dx 6 M ; 8n 2 N, for some M > 0.

(D3) For each d > 0;
R
jxjPd jxjj/nðxÞj dx! 0 as n!1.
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This collection of sequences is similar to the one introduced by P. Mikusiński in [17].

Lemma 5. If f 2L2
a0
ðR2Þ and / 2L1ðR2Þ, then f 	 / 2L2

a0
ðR2Þ.

Proof. First we prove that
kf 	 /k2 6 kfk2k/k1: ð2:2Þ

If k/k1 ¼ 0, then the inequality is obvious. Otherwise, j/ðyÞj dy

k/k1
is a probability mea-

sure on R2. Thus, we get
kf 	 /k22 ¼
Z

R2

Z
R2

fðx� yÞ/ðyÞ dy
����

����
2

dx

6 k/k21
Z

R2

Z
R2

jfðx� yÞj j/ðyÞj dy

k/k1

� �2

dx

6 k/k21
Z

R2

Z
R2

jfðx� yÞj2j/ðyÞj dy

k/k1
dx

ðsince t # t2 is a convex function on ½0;1Þ
and by Jensen’s inequalityÞ

6 k/k21
Z

R2

Z
R2

jfðx� yÞj2j/ðyÞj dx dy

k/k1
ðby Fubini’s theoremÞ

¼ k/k1
Z

R2

Z
R2

jfðzÞj2 dz j/ðyÞj dy

ðApplying the change of variable z ¼ x� yÞ
¼ kfk22k/k

2
1:
For fn 2L1ðR2Þ \L2ðR2Þ; 8n 2 N such that fn ! f in L2ðR2Þ as n!1, we have
fn 	 /! f 	 / in L2ðR2Þ as n!1 (by the estimate (2.2)) and hence
ðf 	 /̂Þ ¼L2 � lim
n!1
ðfn 	 /̂Þ ¼L2 � lim

n!1
f̂n/̂ ¼ f̂/̂:
Thus ðf 	 /̂Þ vanishes at all points at which f̂ vanishes. This completes the proof of this
lemma. �

Lemma 6. If f; g 2L2
a0
ðR2Þ;/;w 2L1ðR2Þ and a 2 C, then

1. ðf þ gÞ 	 / ¼ f 	 /þ g 	 /.
2. ðaf Þ 	 / ¼ aðf 	 /Þ.
3. / 	 w ¼ w 	 /.
4. f 	 ð/ 	 wÞ ¼ ðf 	 /Þ 	 w.

The proof of the lemma is well known.
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Lemma 7. If fn! f inL2
a0
ðR2Þ and /2L1ðR2Þ, then fn 	/! f	/ as n!1 inL2

a0
ðR2Þ.

The proof of this lemma follows immediately from the estimate (2.2).

Lemma 8. If ð/nÞ; ðwnÞ 2 DT, then ð/n 	 wnÞ 2 DT.

Proof. Since verifying the first two properties ðD1Þ and ðD2Þ of ð/n 	 wnÞ is straightfor-
ward, we prove the property ðD3Þ for ð/n 	 wnÞ.

Let � > 0 be given.
Z
jxjP�

jxjjð/n 	 wnÞðxÞjdx ¼
Z
jxjP�

jxj
Z

R2

/nðx� yÞwnðyÞdy
����

����dx
6

Z
jxjP�

Z
R2

jxjj/nðx� yÞjjwnðyÞjdydx

6

Z
R2

Z
jxjP�

jxjj/nðx� yÞjjwnðyÞjdxdy

ðby Fubini’s theoremÞ

6

Z
R2

Z
R2

jxjj/nðx� yÞjjwnðyÞjdxdy

6

Z
R2

Z
R2

jyþ zjj/nðzÞjjwnðyÞjdzdy

6

Z
R2

Z
R2

ðjyj þ jzjÞj/nðzÞjjwnðyÞjdzdy

6

Z
R2

Z
R2

jyjj/nðzÞjjwnðyÞjdzdy

þ
Z

R2

Z
R2

jzjj/nðzÞjjwnðyÞjdzdy

¼ In þ Jn ðsayÞ
Using
R
jyjP�
jyjjwnðyÞjdy! 0 as n!1, we choose N1 2 N such that

R
jyjP�
jyjjwnðyÞjdy

< �; 8n P N1.
Now for n P N1, we haveZ Z
In ¼
R2 R2

jyjj/nðzÞjjwnðyÞjdzdy

¼
Z

R2

jyjjwnðyÞj
Z

R2

j/nðzÞjdz dy

6M1

Z
R2

jyjjwnðyÞjdy

¼M1

Z
jyj<�
jyjjwnðyÞjdyþ

Z
jyjP�

jyjjwnðyÞjdy
 !

<M1 �

Z
jyj<�
jwnðyÞjdyþ

Z
jyjP�

jyjjwnðyÞjdy
 !

<M1ðM2 þ 1Þ�:
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Therefore, In ! 0 as n!1. By a similar argument, we get that Jn ! 0 as n!1 and
hence ð/n 	 wnÞ 2 DT. �

Lemma 9. If f 2L2
a0
ðR2Þ and ð/nÞ 2 DT, then f 	 /n ! f as n!1 in L2

a0
ðR2Þ.

Proof. For a given � > 0, using the denseness of CcðR2Þ in L2ðR2Þ, we choose
g 2 CcðR2Þ such that kf� gk2 < �. Since g is uniformly continuous on R2, there exists
d > 0 such that
jgðxÞ � gðyÞj < �;whenever x; y 2 R2 with jx� yj < d:
Now, for each n 2 N, we get
kg 	 /n � gk22 ¼
Z

R2

jðg 	 /nÞðxÞ � gðxÞj2dx

¼
Z

R2

Z
R2

gðx� yÞ/nðyÞdy� gðxÞ
Z

R2

/nðyÞdy
����

����
2

dx

ðby using property ðD1Þ of ð/nÞÞ

6

Z
R2

Z
R2

jgðx� yÞ � gðxÞjj/nðyÞjdy
� �2

dx

¼
Z

R2

Z
R2

k/nk1jgðx� yÞ � gðxÞj j/nðyÞj
k/nk1

dy

� �2

dx

6

Z
R2

Z
R2

k/nk
2
1jgðx� yÞ � gðxÞj2 j/nðyÞj

k/nk1
dydx

ðSince t # t2 is a convex function on ½0;1Þ
and by Jensen’s inequality:Þ

¼ k/nk1
Z

R2

Z
R2

jgðx� yÞ � gðxÞj2j/nðyÞjdydx

¼ k/nk1
Z

R2

Z
R2

jgðx� yÞ � gðxÞj2j/nðyÞjdxdy

ðby Fubini’s theoremÞ

6M

Z
R2

Z
R2

jgðx� yÞ � gðxÞj2j/nðyÞjdxdy

ðwhere M > 0 is as in property ðD2Þ of ð/nÞÞ

6M

Z
jyj<d

Z
R2

jgðx� yÞ � gðxÞj2j/nðyÞjdxdy

þM

Z
jyjPd

Z
R2

jgðx� yÞ � gðxÞj2j/nðyÞjdxdy

¼ T1ðnÞ þ T2ðnÞ ðSayÞ
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Now
T1ðnÞ 6M

Z
jyj<d

Z
K

�2j/nðyÞjdxdy;

where K is a compact set containing ðBdð0Þ þ supp gÞ:

6M�2mðKÞ
Z
jyj<d
j/nðyÞjdy

where mðKÞ is the Lebesgue measure of K:

6M2�2mðKÞ:
Next by using the property (D3) of ð/nÞ 2 DT, we choose N0 2 N such that
Z
jyjPd
jyjj/nðyÞjdy < �; 8n P N0:
Therefore, for n P N0, we have
T2ðnÞ 6M

Z
jyjPd

Z
R2

ðjgðx� yÞj þ jgðxÞjÞ2dx
� �

j/nðyÞjdy

6M

Z
jyjPd

Z
R2

2ðjgðx� yÞj2 þ jgðxÞj2Þdx
� �

j/nðyÞjdy

6 4Mkgk22
Z
jyjPd
jyj�1jyjj/nðyÞjdy

6 4Mkgk22d
�1�:
Therefore,
kg 	 /n � gk22 <M� M�mðKÞ þ 4kgk22d
�1

� �
: ð2:3Þ
Now, for n P N0, using the estimate (2.2), we obtain that
kf 	 /n � fk2 ¼ kf 	 /n � g 	 /n þ g 	 /n � gþ g� fk2
6 kf 	 /n � g 	 /nk2 þ kg 	 /n � gk2 þ kf� gk2

6 kðf� gÞ 	 /nk2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M� M�mðKÞ þ 4kgk22d

�1
� �r

þ �

6 kf� gk2k/nk1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M� M�mðKÞ þ 4kgk22d

�1
� �r

þ �

6M�þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M� M�mðKÞ þ 4kgk22d

�1
� �r

þ �:
Therefore f 	 /n ! f in L2
a0
ðR2Þ as n!1. �

Lemma 10. If fn ! f as n!1 in L2
a0
ðR2Þ and ð/nÞ 2 DT, then fn 	 /n ! f as n!1 in

L2
a0
ðR2Þ.

Proof. For all n 2 N,
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kfn 	 /n � fk2 6 kðfn � fÞ 	 /nk2 þ kf 	 /n � fk2
6 kðfn � fÞk2k/nk1 þ kf 	 /n � fk2
6Mkfn � fk2 þ kf 	 /n � fk2;
where M > 0 is as in the property ðD3Þ of ð/nÞ. On the right hand side, the first term
tends to zero by hypothesis, and the second term tends to zero by applying the previous
lemma, as n!1. Hence the lemma follows. �

Next we prove the auxiliary results required to construct another Boehmian space
which will contain the extended curvelet transforms of square integrable Boehmians.

In the following sequel, we shall use the notation L2ðSÞ to denote

fF : S! C : jjjFjjj2 <1g, where jjjFjjj2 ¼
R

S
jFða; b; hÞj2 da

a3
dbdh

� �1=2
.

Definition 11. Let F 2 L2ðSÞ and let / 2L1ðR2Þ. DefineZ

ðF� /Þða; b; hÞ ¼

R2

Fða; b� y; hÞ/ðyÞ dy; 8ða; b; hÞ 2 S:
Lemma 12. If F 2 L2ðSÞ and / 2L1ðR2Þ, then jjjF� /jjj2 6 jjjFjjj2k/k1 and
F� / 2 L2ðSÞ.

Proof. If / is identically zero, then the lemma follows obviously. So, we assume that /
is not identically zero. Therefore, k/k1 – 0 and hence j/ðyÞj dy

k/k1
is a probability mea-

sure on R2. Using Jensen’s inequality and Fubini’s theorem, we get that
jjjF� /jjj22 ¼
Z

S

Z
R2

Fða; b� y; hÞ/ðyÞ dy
����

����
2
da

a3
dbdh

6 k/k21
Z

S

Z
R2

jFða; b� y; hÞj j/ðyÞj dy

k/k1

� �2
da

a3
dbdh

6 k/k21
Z

S

Z
R2

jFða; b� y; hÞj2j/ðyÞj dy

k/k1
da

a3
dbdh

ðsince t # t2 is a convex function on ½0;1ÞÞ

¼ k/k1
Z

R2

Z
S

jFða; b� y; hÞj2 da
a3

dbdhj/ðyÞj dy

¼ k/k1
Z

R2

Z
S

jFða; c; hÞj2 da
a3

dcdhj/ðyÞj dy

ðApplying the change of variable c ¼ b� yÞ
¼ jjjFjjj22k/k

2
1:
This completes the proof of this lemma. �

Lemma 13. If Fn ! F in L2ðSÞ as n!1 and / 2L1ðR2Þ, then Fn � /! F� / in
L2ðSÞ as n!1.
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Proof. The lemma follows from the inequality, jjjF� /jjj2 6 jjjFjjj2 k/k1, which is
obtained in the proof of the previous lemma. �

Lemma 14. Let F;F1;F2 2 L2ðSÞ; c1; c2 2 C and /;/1;/2 2L1ðR2Þ. Then

1. ðc1F 1 þ c2F 2Þ � / ¼ c1ðF 1 � /Þ þ c2ðF 2 � /Þ.
2. F � ð/1 	 /2Þ ¼ ðF � /1Þ � /2.

Proof. The proof of the first statement is straightforward and hence we prove only the
second statement. Let ða; b; hÞ 2 S be arbitrary. Using Fubini’s theorem, we get
ðF� ð/1 	 /2ÞÞða; b; hÞ ¼
Z

R2

Fða; b� x; hÞ
Z

R2

/1ðx� yÞ/2ðyÞ dy dx

¼
Z

R2

Z
R2

Fða; b� x; hÞ/1ðx� yÞ dx/2ðyÞ dy

¼
Z

R2

Z
R2

Fða; b� ðzþ yÞ; hÞ/1ðzÞ dz/2ðyÞ dy

ðreplacing x by z through z ¼ x� yÞ

¼
Z

R2

ðF� /1Þða; b� y; hÞ/2ðyÞ dy

¼ ððF� /1Þ � /2Þða; b; hÞ:
This completes the proof of this lemma. �

We can prove the following two lemmas by slightly modifying the proofs of Lemmas
9 and 10.

Lemma 15. If F 2 L2ðSÞ and ð/nÞ 2 DT, then F� /n ! F� / in L2ðSÞ as n!1.

Lemma 16. If Fn ! F in L2ðSÞ as n!1 and ð/nÞ 2 DT, then Fn � /n ! F in L2ðSÞ as
n!1.

Thus the Bohmian space B2ðSÞ ¼ BðL2ðSÞ; ðL1ðR2Þ; 	Þ;�;DTÞ has been con-
structed. Next, we prove the convolution theorems which are applied to extend the
curvelet transform to the Boehmian space B2

a0
ðR2Þ in the next section.

Lemma 17. For 0 < a < a0 and h 2 ½�p; p�,
ĉa;0;hðreixÞ ¼Wða rÞVððx� hÞ=
ffiffiffi
a
p
Þa3=4; 8reix 2 R2 n f0g:
Proof. First we observe that if x � y is the usual scalar product of two vectors in R2,
then
eix � eiðgþhÞ ¼ eiðx�hÞ � eig: ð2:4Þ

For 0 < a < a0 and h 2 ½�p; p�,
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ĉa;0;hðreixÞ ¼
Z

R2

ca;0;0ðRhðqeifÞÞe�ire
ix�qeif dðqeifÞ

¼
Z

R2

ca;0;0ðqeiðf�hÞÞe�ireix�qeif dðqeifÞ

¼
Z

R2

ca;0;0ðqeigÞe�ire
ix�qeiðgþhÞ

dðqeigÞ

ðusing the change of variable g ¼ f� hÞ

¼
Z

R2

ca;0;0ðqeigÞe�ire
iðx�hÞ�qeig dðqeigÞ ðusing 2:4Þ

¼ ĉa;0;0ðreiðx�hÞÞ
¼Wða rÞVððx� hÞ=

ffiffiffi
a
p
Þa3=4 ðusing 1:1Þ
Hence the lemma follows. �

Theorem 18 (Convolution theorem). If f 2L2
a0
ðR2Þ and / 2L1ðR2Þ, then

Cðf 	 /Þ ¼ ðCfÞ � /.

Proof. Let ða; b; hÞ 2 S be arbitrary. Applying Fubini’s theorem, we get that
ðCðf 	 /ÞÞða; b; hÞz ¼
Z

R2

ca;b;hðxÞðf 	 /ÞðxÞ dx

¼
Z

R2

ca;b;hðxÞ
Z

R2

fðx� yÞ/ðyÞ dy dx

¼
Z

R2

Z
R2

ca;b;hðxÞfðx� yÞ dx/ðyÞ dy

¼
Z

R2

Z
R2

ca;b;hðzþ yÞfðzÞ dz/ðyÞ dy

ðapplying the change of variable z ¼ x� yÞ

¼
Z

R2

Z
R2

ca;b�y;hðzÞfðzÞ dz /ðyÞ dy ðUsing ð1:2ÞÞ

¼
Z

R2

ðCfÞðb� yÞ/ðyÞ dy

¼ ððCfÞ � /Þða; b; hÞ:
Thus the proof is completed. �
3. EXTENDED CURVELET TRANSFORM

2 2 2
Definition 19. The extended curvelet transform C : Ba0
ðR Þ ! B ðSÞ is defined by
C
ðfnÞ
ð/nÞ

	 
� �
¼ ½ðCfnÞ=ð/nÞ�:
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Lemma 20. The above definition is well defined.

Proof. Let ðfnÞ
ð/nÞ

h i
2 B2

a0
ðR2Þ. Then fn 2L2

a0
ðR2Þ; 8n 2 N and ð/nÞ 2 DT.

This implies that Cfn 2 L2ðSÞ; 8n 2 N and
fn 	 /m ¼ fm 	 /n; 8m; n 2 N:
Applying Theorem 18, we get
ðCfnÞ � /m ¼ ðCfmÞ � /n; 8m; n 2 N:
Therefore, ½ðCfnÞ=ð/nÞ� is a Boehmian in B2
a0
ðR2Þ. Next we show that the definition of C

is independent of the choice of the representatives of the Boehmians. If ðfnÞ
ð/nÞ

h i
¼ ðgnÞ

ðwnÞ

h i
in

B2
a0
ðR2Þ. Then we have
fn 	 wm ¼ gm 	 /n; 8m; n 2 N:
By applying curvelet transform and by using Theorem 18, we obtain that
Cfn � wm ¼ Cgm � /n; 8m; n 2 N:
Thus, C ðfnÞ
ð/nÞ

h i� �
¼ C ðgnÞ

ðwnÞ

h i� �
in B2ðSÞ and hence C : B2

a0
ðR2Þ ! B2ðSÞ is a well defined

function. h

We note that the extended curvelet transform C : B2
a0
ðR2Þ ! B2ðSÞ is consistent

with the classical curvelet transform C : L2
a0
ðR2Þ ! L2ðSÞ. More explicitely, if

I1 : L2
a0
ðR2Þ ! B2

a0
ðR2Þ and I2 : L2ðSÞ ! B2ðSÞ are the identification mappings

defined by
I1ðfÞ ¼
ðf 	 /nÞ
ð/nÞ

	 

and I2ðFÞ ¼ ½ðF� /nÞ=ð/nÞ�;
where ð/nÞ 2 DT is arbitrary, then ðC 
I1ÞðfÞ ¼ ðI2 
 CÞðfÞ; 8f 2L2
a0
ðR2Þ.

Indeed, if f 2L2
a0
ðR2Þ, then
ðC 
I1ÞðfÞ ¼ C
ðf 	 /nÞ
ð/nÞ

	 

¼ ½ðCðf 	 /nÞÞ=ð/nÞ� ¼ ½ðCf� /nÞ=ð/nÞ� ¼ ðI2 
 CÞðfÞ:
Theorem 21. The extended curvelet transform C : B2
a0
ðR2Þ ! B2ðSÞ is linear.

Proof. Proof of this theorem is straightforward by using Theorem 18 and the linearity
of the curvelet transform C : L2

a0
ðR2Þ ! L2ðSÞ. �

Theorem 22. The extended curvelet transform C : B2
a0
ðR2Þ ! B2ðSÞ is one-to-one.

Proof. LetX 2 B2
a0
ðR2Þ be such that CX ¼ 0. IfX ¼ ðfnÞ

ð/nÞ

h i
, then by assumption, we have

½ðCfnÞ=ð/nÞ� ¼ 0, and hence Cfn � wm ¼ 0; 8m; n 2 N. Then, applying Theorem 18, we

get Cðfn 	 wmÞ ¼ 0; 8m; n 2 N. Using the injectivity of C : L2
a0
ðR2Þ ! L2ðSÞ, we obtain
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that fn 	 wm ¼ 0; 8m; n 2 N. So, by Lemma 9, we have fn ¼ limm!1fn 	 dm ¼ 0; 8n 2 N.

Therefore, X ¼ 0 and hence C is one-to-one, since it is a linear map. �

Theorem 23. The range of extended curvelet transform C : B2
a0
ðR2Þ ! B2ðSÞ is the

subspace of B2ðSÞ consisting of all Y having a representation ½ðFnÞ=ðwnÞ� with
Fn 2 CðL2

a0
ðR2ÞÞ; 8n 2 N.

Proof. By definition, if Y 2 CðB2
a0
ðR2ÞÞ, then there exists ðfnÞ

ð/nÞ

h i
2 B2

a0
ðR2Þ such that

C ðfnÞ
ð/nÞ

h i� �
¼ Y. Obviously, ½ðCfnÞ=ð/nÞ� itself is a required representation of Y.

Conversely, let Y 2 B2ðSÞ be such that Y has a representation ½ðFnÞ=ðwnÞ� such that

Fn 2 CðL2
a0
ðR2ÞÞ; 8n 2 N. Then, there exists fn 2L2

a0
ðR2Þ such that

Cfn ¼ Fn; 8n 2 N. We claim that ðfnÞ
ðwnÞ

h i
is a Boehmian in B2

a0
ðR2Þ. From

½ðFnÞ=ðwnÞ� 2 B2ðSÞ, we have
ðCfnÞ � wm ¼ Fn � wm ¼ Fm � wn ¼ ðCfmÞ � wn; 8m; n 2 N:
Then Theorem 18 implies that
Cðfn 	 wmÞ ¼ Cðfm 	 wnÞ; 8m; n 2 N:
By invoking the injectivity of C : L2
a0
ðR2Þ ! L2ðSÞ, we obtain that fn 	 wm ¼

fm 	 wn; 8m; n 2 N and hence our claim holds. Then, ðfnÞ
ðwnÞ

h i
2 B2

a0
ðR2Þ and

C ðfnÞ
ðwnÞ

h i� �
¼ ½ðCfnÞ=ðwnÞ� ¼ ½ðFnÞ=ðwnÞ�. h

As an immediate consequence of the previous theorem, we can describe the range

CðB2
a0
ðR2ÞÞ as the Boehmian space B C L2

a0
ðR2Þ

� �
; ðL1ðR2Þ; 	Þ;�;DT

� �
. At this junc-

ture, we point out that characterizing C L2
a0
ðR2Þ

� �
is an interesting open problem.

Definition 24. The extended inverse curvelet transform CðB2
a0
ðR2ÞÞ ! B2

a0
ðR2Þ is

defined by C�1½ðFnÞ=ð/nÞ� ¼
ðC�1FnÞ
ð/nÞ

h i
; 8½ðFnÞ=ð/nÞ� 2 CðB2

a0
ðR2ÞÞ.

Theorem 25. If X 2 B2
a0
ðR2Þ and / 2L1ðR2Þ, then CðX 	 /Þ ¼ CðXÞ � /.

Proof. Let X ¼ ðfnÞ
ð/nÞ

h i
. Then, applying Theorem 18, we obtain that
CðX 	 /Þ ¼ C
ðfn 	 /Þ
ð/nÞ

	 
� �
¼ ½ðCðfn 	 /ÞÞ=ð/nÞ�
¼ ½ðCfn � /Þ=ð/nÞ�
¼ ½ðCfnÞ=ð/nÞ� � /

¼ CðXÞ � /:
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Thus the theorem follows. �

Theorem 26. The extended curvelet transform C : B2
a0
ðR2Þ ! B2ðSÞ is continuous with

respect to d-convergence as well as D-convergence.

Proof. Let Xm!
d
X as m!1 in B2

a0
ðR2Þ. Then by [16, Lemma 2.4], there exists

fm;n; fn 2L2
a0
ðR2Þ and ð/nÞ 2 DT such that Xm ¼ ðfm;nÞ

ð/nÞ

h i
;X ¼ ðfnÞ

ð/nÞ

h i
and
for each n 2 N; fm;n ! fn in L2
a0
ðR2Þ as m!1:
Since C : L2
a0
ðR2Þ ! L2ðSÞ is continuous we have
Cfm;n ! Cfn as m!1 in L2ðSÞ:

Since CXm ¼ ½ðCfm;nÞ=ð/nÞ�; 8m 2 N and CX ¼ ½ðCfnÞ=ð/nÞ�, we get CXn!

d
CX as

n!1 in B2ðSÞ.
Let Xn!

D
X as n!1 in B2

a0
ðR2Þ. Then by definition, there exists

hn 2L2
a0
ðR2Þ; 8n 2 N and ð/nÞ 2 DT such that
ðXn � XÞ 	 /n ¼
hn 	 /k

/k

	 

; 8n 2 N and hn ! 0 in L2

a0
ðR2Þ as n!1:
Since the curvelet transform C : L2
a0
ðR2Þ ! L2ðSÞ is continuous, Chn ! 0 as n!1 in

L2ðSÞ. Applying Theorems 21 and 25, for each n 2 N, we obtain that
ðCXn � CXÞ � /n ¼ CðXn � XÞ � /n

¼ CððXn � XÞ 	 /nÞ

¼ C
ðhn 	 /kÞ
ð/kÞ

	 

¼ ðCðhn 	 /kÞÞ=ð/kÞ½ �
¼ ðChn � /kÞ=ð/kÞ½ �:
Therefore, it follows that CXn!
D

CX as n!1 in B2ðSÞ. Hence, C is continuous with
respect to D-convergence. �

By a similar set of arguments used for extended curvelet transform, one can prove
that extended inverse curvelet transform also is consistent with the inverse curvelet
transform on C L2

a0
ðR2Þ

� �
and continuous with respect to d-convergence as well as

D-convergence.

4. CONCLUSION

We slightly modify the example of a Boehmian not representing any distribution given

in [16], so that it belongs to B2
a0
ðR2Þ. Since

P ð2ðn�1ÞÞ!
ð2nÞ! ¼

P
1

4n2�2n <1, by Denjoy-

Carleman theorem [11,6], we conclude that Cfð2nÞ!g is not a quasi-analytic class.

Therefore there exists / 2 DðR2Þ such that /ð0Þ–0 and /ðkÞð0Þ ¼ 0; 8k 2 N2
0 with
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supx2R2 j/ðkÞðxÞj 6 bBjkjð2kÞ!, for some b;B 2 ð0;1Þ, where k ¼ ðk1; k2Þ; jkj ¼ k1 þ k2,
and ð2kÞ! ¼ ð2k1Þ!ð2k2Þ!. For each n 2 N, define
fnðxÞ ¼
X1
jkj¼0

/ðkÞn ðxÞ
ð3kÞ! ; 8x 2 R2;where /nðxÞ ¼ n2/ðnxÞ; 8x 2 R:
If X ¼ ðfnÞ
ð/nÞ

h i
, then X is a C1-Boehmian and it does not represent any distribution. To

prove that this Boehmian X belongs to B2
a0
ðR2Þ, we first note that if

w 2L1ðR2Þ \L2
a0
ðR2Þ is such that

R
R2 wðxÞ dx ¼ 1 and

R
R2 jxj jwðxÞj dx <1, then

ðwnÞ 2 DT, where wnðxÞ ¼ n2wðnxÞ; 8x 2 R2, 8n 2 N.
If we choose, ðwnÞ 2 DT as described above, by using Lemmas 5 and 8, we get

fn 	 wn 2L2
a0
ðR2Þ; 8n 2 N (since fn 2 DðR2Þ �L1ðR2Þ and wn 2L2

a0
ðR2Þ) and

ð/n 	 wnÞ 2 DT. Therefore, X ¼ ðfnÞ
ð/nÞ

h i
¼ ðfn	wnÞ

ð/n	wnÞ

h i
2 B2

a0
ðR2Þ. In fact, the space

D0
L2ðR2Þ is identified as a proper subspace of BR2 by the map u# ðu	wnÞ

ðwnÞ

h i
, where ðwnÞ

is as described above and ðu 	 wnÞðxÞ ¼ huðtÞ;wnðx� tÞi; 8x 2 R2.
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