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Classification of derivation algebras in low dimensions
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Abstract. A left-symmetric algebra A is said to be a derivation algebra if all its left and
right multiplications are derivations of the Lie algebra associated to A. In this paper, we shall
study derivation algebras over R and then classify almost all those of dimensions ≤ 4.
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1. INTRODUCTION

The notion of a left-symmetric algebra appeared for the first time in the work of
Koszul [10] and Vinberg [14] concerning bounded homogeneous domains and convex
homogeneous cones, respectively. A left-symmetric algebra A over a field F is a finite-
dimensional vector space over F together with a product, said to be left-symmetric and
denoted by x · y, which satisfies the following condition

(x · y) · z − (y · x) · z = x · (y · z)− y · (x · z) , for all x, y, z ∈ A. (1)
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In this case, the commutator

[x, y] = x · y − y · x, (2)

defines a structure of Lie algebra on A, called the associated (or the sub-adjacent) Lie
algebra. On the other hand, if G is a Lie algebra with a left-symmetric product · satisfying
(2), then we say that this left-symmetric structure is compatible with the Lie structure of G.
Throughout this paper, we will restrict to the case F = R.

If A is a left-symmetric algebra whose associated Lie algebra is G, and if L x and Rx denote
the left and right multiplications, respectively, then (1) can be stated in terms of L x as follows[

L x , L y
]

= L [x,y], for all x, y ∈ A,

or, in other words, the linear map L : G →End (A) is a representation of Lie algebras.

On the other hand, if G is a simply connected Lie group with a left-invariant affine
connection ∇, then define a product · on the Lie algebra G of G by

x · y = ∇x y,

for all x, y ∈ G. It is clear that the flatness and the torsion-freeness of ∇ correspond to
the conditions (1) and (2), respectively. Conversely, If G is a simply connected Lie group
with Lie algebra G and x · y denotes a left-symmetric product on G compatible with the Lie
structure, then the left-invariant connection given by ∇x y = x · y defines a left-invariant
affine connection ∇ on G. In other words, for a given simply connected Lie group G with
Lie algebra G, there is a one-to-one correspondence between left-invariant affine connections
on G and compatible left-symmetric products on G.

Before passing to the next section, we briefly recall some basic definitions. Let A be a
left-symmetric algebra A. We say that A is simple if it is non-zero and has no proper two-
sided ideal. A is semisimple if it is a direct sum of simple left-symmetric algebras. We say
that A is complete (or transitive) if Rx is a nilpotent operator for all x ∈ A. It turns out that,
for a given simply connected Lie group G with Lie algebra G, the complete left-invariant
affine structures on G are in one-to-one correspondence with the complete left-symmetric
structures on G compatible with the Lie structure. It is also known that an n-dimensional
simply connected Lie group admits a complete left-invariant affine structure if and only if it
acts simply transitively on Rn by affine transformations [9]. A simply connected Lie group
which is acting simply transitively on Rn by affine transformations must be solvable [1].
It is well known that not every solvable (even nilpotent) Lie group can admit an affine
structure [2].

In this paper, we are concerned with a special class of left-invariant affine connections on
real Lie groups considered first in [11] and called adapted to the automorphism structure of
the Lie group. Namely, if ∇ is a left-invariant affine connection a given a Lie group G with
Lie algebra G, we say that ∇ is adapted to the automorphism structure of G if and only if
the linear mapping θ : G → End (G) defined by θ (x) = ∇x takes its values in the algebra
Der (G) of all the derivations of G. In terms of left-symmetric structures, we are concerned
with the class of finite-dimensional real left-symmetric algebras A satisfying the identity

(x · y) · z = (z · y) · x, for all x, y, z ∈ A. (3)
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A left-symmetric algebra A with the associated Lie algebra G is called a derivation algebra
if it obeys the identity (3). This is also equivalent to say that left and right multiplications L x

and Rx are derivations of G.

The paper is organized as follows. In Section 2, we will briefly recall some necessary
definitions and basic results on left-symmetric algebras and their extensions. In Section 3, we
will determine all the commutative associative real algebras of dimension ≤ 4. In Section 4,
we will provide some interesting results concerning derivation algebras, and we will discuss
the relationships of derivation algebras with other special left-symmetric algebras such as
Novikov algebras and left-symmetric algebras satisfying the condition [x, y] · z = 0. We will
also give the classification of derivation algebras of dimension ≤ 3. In Section 5, using the
extensions of left-symmetric algebras, we will classify almost all derivation algebras over R
of dimension 4.

2. EXTENSIONS OF LEFT-SYMMETRIC ALGEBRAS

To our knowledge, the notion of extensions of left-symmetric algebras has been considered
for the first time in [9]. Suppose that a vector space extension Ã of a left-symmetric algebra
A by another left-symmetric algebra E is given. We want to define a left-symmetric structure
on Ã in terms of the left-symmetric structures given on A and E . In other words, we want to
define a left-symmetric product on Ã for which E becomes a two-sided ideal in Ã such that
Ã/E ∼= A; or equivalently,

0 → E → Ã → A → 0

becomes a short exact sequence of left-symmetric algebras.

Theorem 1 ([9]). There exists a left-symmetric structure on Ã extending a left-symmetric
algebra A by a left-symmetric algebra E if and only if there exist two linear maps λ, ρ : A →

End(E) and a bilinear map g : A × A → E such that, for all x, y, z ∈ A and a, b ∈ E , the
following conditions are satisfied.

1. λx (a · b) = λx (a) · b + a · λx (b) − ρx (a) · b,
2. ρx ([a, b]) = a · ρx (b) − b · ρx (a),
3. [λx , λy] − λ[x,y] = Lg(x,y)−g(y,x),
4. [λx , ρy]+ ρy ◦ ρx − ρx ·y = Rg(x,y)
5. g (x, y · z)− g (y, x · z)+ λx (g (y, z))− λy (g (x, z))− g ([x, y] , z) −ρz

(
g (x, y)−

g (y, x)
)

= 0.

If the conditions of Theorem 1 are fulfilled, then the extended left-symmetric product on
Ã ∼= A × E is given by

(x, a) · (y, b) =
(
x · y, a · b + λx (b)+ ρy (a)+ g (x, y)

)
. (4)

Let K be a left-symmetric algebra, and suppose that a K -bimodule V is known. We denote
by L p (K , V ) the space of all p-linear maps from K to V , and we define two coboundary
operators δ1 : L1 (K , V ) → L2 (K , V ) and δ2 : L2 (K , V ) → L3 (K , V ) as follows:

For a linear map h ∈ L1 (K , V ) we set

δ1h (x, y) = ρy (h (x))+ λx (h (y))− h (x · y) , (5)



104 M. Guediri, K. Albalawi

and for a bilinear map g ∈ L2 (K , V ) we set

δ2g (x, y, z) = g (x, y · z)− g (y, x · z)+ λx (g (y, z))− λy (g (x, z)) (6)
− g ([x, y] , z)− ρz (g (x, y)− g (y, x))

where λ and ρ are linear maps λ, ρ : K → End (V ).
It is straightforward to check that δ2 ◦ δ1 = 0. Therefore, if we set Z2

λ,ρ (K , V ) = ker δ2

and B2
λ,ρ (K , V ) = Im δ1, we can define a notion of second cohomology for the actions λ and

ρ by simply setting H 2
λ,ρ (K , V ) = Z2

λ,ρ (K , V ) /B2
λ,ρ (K , V ). As in the case of Lie algebras,

we can prove the following (see [9]).

Proposition 2. For given linear maps λ, ρ : K → End (V ), the equivalent classes of
extensions

0 → V → A → K → 0

of K by V are in one-to-one correspondence with the elements of the second cohomology
group H 2

λ,ρ (K , V ).

A left-symmetric algebras extension

0 → E
i

→ Ã
π
→ A → 0

is called central if and only if i (E) ⊆ C
(

Ã
)

where

C
(

Ã
)

=
{

x ∈ Ã : x · y = y · x = 0
}

is the center of Ã. In particular, the extension is central whenever E is a trivial A-bimodule
(i.e., λ = ρ = 0).

We say that the extension is exact if and only if i (E) = C
(

Ã
)
. It is easy to verify (see [9])

that the extension is exact if and only if I[g] = 0, where

I[g] = {x ∈ A : x · y = y · x = 0 and g(x, y) = g(y, x) = 0 for all y ∈ A} .

We observe that I[g] is depends only on the cohomology class of g, that is I[g] is well
defined.

In case E is a trivial A-bimodule, we denote the central extension corresponding to the
class [g] ∈ H 2 (A, E) by

(
Ã, [g]

)
.

Let
(

Ã, [g]
)

and
(

Ã
′

,
[
g

′
])

be two central extensions of A by E , and µ ∈ Aut (E) =

GL (E) and η ∈ Aut (A), where Aut (E) and Aut (A) are the groups of left-symmetric auto-
morphisms of E and K , respectively. It is clear that if, h ∈ L1 (A, E), then the linear mapping
ψ : Ã → Ã

′

defined by ψ (x, a) = (η (x) , µ (a)+ h (x)) is an isomorphism provided

g
′

(η (x) , η (y)) = µ (g (x, y))+ δ1h (x, y) for all (x, y) ∈ A × A, i.e., η∗

[
g

′
]

= µ∗ [g].
This allows us to define an action of the group G = Aut (E)× Aut (A) on H 2 (A, E) by

setting

(µ, η) · [g] = µ∗η
∗ [g]

or equivalently, (µ, η) · g (x, y) = µ (g (η (x) , η (y))) for all x, y ∈ A.
Denoting the set of all exact central extensions of A by E by

H 2
ex (A, E) =

{
[g] ∈ H 2 (A, E) : I[g] = 0

}
and the orbit of [g] by G[g], it turns out that the following result is valid (see [9]).
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Proposition 3. Let [g] and
[
g

′
]

be two classes in H 2
ex (A, E). Then, the central extensions(

Ã, [g]
)

and
(

Ã
′

,
[
g

′
])

are isomorphic if and only if G[g] = G[
g′

]. In other words, the

classification of the exact central extensions of A by E is, up to left-symmetric isomorphism,
the orbit space of H 2

ex (A, E) under the natural action of G = Aut (E)× Aut (A).

We close this section with the following useful result (see [5]).

Proposition 4. Let 0 → I → A → J → 0 be an exact sequence of left-symmetric algebras.
Then, A is complete if and only if I and J are both complete.

3. COMMUTATIVE ASSOCIATIVE ALGEBRAS

It is easy to prove that a left-symmetric algebra A is commutative (i.e., x · y = y · x , for
all x, y ∈ A) if and only if its associated Lie algebra is abelian. In this case, A is necessarily
associative.

We will determine all the commutative associative real algebras of dimension ≤ 4. First,
we note that, up to an isomorphism, there are exactly two commutative real algebras of
dimension 1: The trivial algebra in which x · y = 0 for all x, y ∈ A, and the field R itself. We
will denote them by R0 and R1, respectively. Note here that we will often write R1 = Re0,
with e0 · e0 = e0.

In dimensions 2 and 3, commutative associative real algebras are described by the
following lemmas that we state without proofs (see [13], Proposition 4.1 and Theorem 5.2).

Lemma 5. Every two-dimensional commutative associative algebra A over R is isomorphic
to one of the following algebras

A2,1 : e1 · e1 = e1, e2 · e2 = e2,
A2,2 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2,
A2,3 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1,
A2,4 : e1 · e1 = e1,
A2,5 : e1 · e1 = e2,
A2,6 : ei · e j = 0, i, j = 1, 2.

If A is complete, then A is isomorphic to A2,i , i = 5, 6.

Lemma 6. Every three-dimensional commutative algebra A over R is isomorphic to one of
the following algebras

A3,1 : e1 · ei = ei · e1 = ei , e2 · e2 = e2, e3 · e3 = e3, i = 1, 2, 3,
A3,2 : e1 · ei = ei · e1 = ei , e2 · e2 = e2, e3 · e3 = e2 − e1, i = 1, 2, 3,
A3,3 : e1 · ei = ei · e1 = ei , e2 · e2 = e2, i = 1, 2, 3,
A3,4 : e1 · ei = ei · e1 = ei , e3 · e3 = e2, i = 1, 2, 3,
A3,5 : e1 · ei = ei · e1 = ei , i = 1, 2, 3,
A3,6 : e1 · e1 = e1, e2 · e2 = e2,
A3,7 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1,
A3,8 : e1 · e1 = e1,
A3,9 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2,
A3,10 : e1 · e1 = e1, e2 · e2 = e3,
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A3,11 : e1 · e1 = e2, e3 · e3 = e2,
A3,12 : e1 · e1 = e2, e3 · e3 = −e2,
A3,13 : e1 · e1 = e2,
A3,14 : e1 · e1 = e2, e1 · e2 = e2 · e1 = e3,
A3,15 : ei · e j = 0, i, j = 1, 2, 3.

If A is complete, then A is isomorphic to A3,i , i = 11, . . . ..., 15.

In dimension 4, the classification of complete commutative associative real algebras was
given in [9]. To classify the incomplete commutative associative real algebras of dimension 4,
we proceed according to the following lemma that we quote from [3].

Lemma 7. Let A be a commutative associative algebra over R. Suppose that A is not a
direct sum of proper non-trivial ideals. Then A is either

• complete, or
• equal to B̃ for a complete B, where B̃ = B ⊕⟨1⟩ with b ·1 = 1 ·b = b for all b ∈ B, or
• equal to A2,3 ⊕ R (A), where A2,3 is the algebra given in Lemma 5 and R(A) is the

radical of A.

With this lemma in hand, and based on the classification of commutative associative real
algebras of dimension 3, we obtain the following result.

Proposition 8. Every four-dimensional commutative associative algebra A over R is
isomorphic to one of the following algebras

A4,1 = Ã3,11 : e1 · ei = ei · e1 = ei , e2 · e2 = e3 · e3 = e4, 1 ≤ i ≤ 4,
A4,2 = Ã3,12 : e1 · ei = ei · e1 = ei , e2 · e2 = e4, e3 · e3 = −e4, 1 ≤ i ≤ 4,
A4,3 = Ã3,13 : e1 · ei = ei · e1 = ei , e2 · e2 = e3, 1 ≤ i ≤ 4,
A4,4 = Ã3,14 : e1 · ei = ei · e1 = ei , e2 · e2 = e3, e2 · e3 = e3 · e2 = e4, 1 ≤ i ≤ 4,
A4,5 = Ã3,15 : e1 · ei = ei · e1 = ei , 1 ≤ i ≤ 4,
A4,6 = A3,1 ⊕ R0 : ei · ei = ei , 1 ≤ i ≤ 3,
A4,7 = A3,2 ⊕ R0 : e1 · ei = ei · e1 = ei , e2 · e2 = −e1, e3 · e3 = e3, 1 ≤ i ≤ 2,
A4,8 = A3,3 ⊕ R0 : e1 · ei = ei · e1 = ei , e3 · e3 = e3, 1 ≤ i ≤ 2,
A4,9 = A3,4 ⊕ R0 : e1 · ei = ei · e1 = ei , e3 · e3 = e2, 1 ≤ i ≤ 3,
A4,10 = A3,5 ⊕ R0 : e1 · ei = ei · e1 = ei , 1 ≤ i ≤ 3,
A4,11 = A3,6 ⊕ R0 : e1 · e1 = e1, e2 · e2 = e2,
A4,12 = A3,7 ⊕ R0 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1,
A4,13 = A3,8 ⊕ R0 : e1 · e1 = e1,
A4,14 = A3,9 ⊕ R0 : e1 · ei = ei · e1 = ei , 1 ≤ i ≤ 2,
A4,15 = A3,10 ⊕ R0 : e1 · e1 = e1, e2 · e2 = e3,
A4,16 = A2,1 ⊕ A2,5 : e1 · e1 = e1, e2 · e2 = e2, e3 · e3 = e4,
A4,17 = A2,2 ⊕ A2,5 : e1 · ei = ei · e1 = ei , e3 · e3 = e4, 1 ≤ i ≤ 2,
A4,18 = A2,3 ⊕ A2,5 : e1 · ei = ei · e1 = ei , e2 · e2 = −e1, e3 · e3 = e4, 1 ≤ i ≤ 2,
A4,19 = A3,1 ⊕ R1 : ei · ei = ei , 1 ≤ i ≤ 4,
A4,20 = A3,4 ⊕ R1 : e1 · ei = ei · e1 = ei , e3 · e3 = e2, e4 · e4 = e4, 1 ≤ i ≤ 3,
A4,21 = A3,5 ⊕ R1 : e1 · ei = ei · e1 = ei , e4 · e4 = e4, 1 ≤ i ≤ 3,
A4,22 = A3,11 ⊕ R1 : e1 · e1 = e2, e3 · e3 = e2, e4 · e4 = e4,
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A4,23 = A3,12 ⊕ R1 : e1 · e1 = e2, e3 · e3 = −e2, e4 · e4 = e4,
A4,24 = A3,14 ⊕ R1 : e1 · e1 = e2, e1 · e2 = e2 · e1 = e3, e4 · e4 = e4,
A4,25 = A2,2 ⊕ A2,1 : e1 · ei = ei · e1 = ei , e3 · e3 = e3, e4 · e4 = e4, 1 ≤ i ≤ 2,
A4,26 = A2,3 ⊕ A2,1 : e1 · ei = ei · e1 = ei , e2 · e2 = −e1, e3 · e3 = e3, e4 · e4 = e4,
1 ≤ i ≤ 2,

A4,27 = A2,2 ⊕ A2,2 : e1 · ei = ei · e1 = ei , e3 · e3 = e3, e3 · e4 = e4 · e3 = e4,
1 ≤ i ≤ 2,

A4,28 = A2,2⊕ A2,3 : e1 ·ei = ei ·e1 = ei , e3 ·e3 = e3, e3 ·e4 = e4 ·e3 = e4, e4 ·e4 = −e3,
1 ≤ i ≤ 2,

A4,29 = A2,3 ⊕ A2,3 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1, e3 · e3 =

e3, e3 · e4 = e4 · e3 = e4, e4 · e4 = −e3,
A4,30 : e1 · e1 = e2, e3 · e3 = e2, e4 · e4 = e2,
A4,31 : e1 · e1 = e2 e3 · e3 = e2, e4 · e4 = −e2,
A4,32 : e1 · e1 = e2, e3 · e3 = e4, e3 · e4 = e4 · e3 = e2,
A4,33 : e2 · e4 = e4 · e2 = e1, e3 · e3 = e1, e3 · e4 = e4 · e3 = e2, e4 · e4 = e3,
A4,34 : e1 · e1 = e2, e3 · e3 = e2,
A4,35 : e1 · e1 = e2, e3 · e3 = −e2,
A4,36 : e1 · e1 = e2, e1 · e3 = e3 · e1 = e4, e3 · e3 = −e2,
A4,37 : e1 · e1 = e2, e3 · e3 = e4,
A4,38 : e1 · e1 = e2, e1 · e3 = e3 · e1 = e4,
A4,39 : e1 · e1 = e2, e1 · e2 = e2 · e1 = e3,
A4,40 : e1 · e1 = e2,
A4,41 : ei · e j = 0, i, j = 1, 2, 3, 4.

If A is complete,then A is isomorphic to A4,i , i = 30, . . . , 41.

4. DERIVATION ALGEBRAS

As we mentioned in the introduction, a left-symmetric algebra A with associated Lie
algebra G is called a derivation algebra if it obeys identity (3), or equivalently, if left and
right multiplications L x and Rx are derivations of G. This is also equivalent to say that
Rx ◦ Ry = L yx for all x, y ∈ A. In the particular case when L x and Rx are inner derivations,
we say that A is an inner derivation algebra (see [11]).

It turns out that the Lie group of a derivation (resp. inner derivation) algebra admits a
left-invariant affine connection adapted to its automorphism (resp. interior automorphism)
structure.

If A is an inner derivation algebra, then it is easy to verify that the left-symmetric product
is given by

x · y = ad f (x)y = [ f (x) , y] , for all x, y ∈ A,

where f is an endomorphism of the vector space A satisfying the conditions:

1. [x, y] = [ f (x) , y] + [x, f (x)],
2. f ([x, y])− [ f (x) , f (y)] ∈ Z (G).

Example 9. Every commutative associative algebra is a derivation algebra, which is inner if
and only if it is trivial (that is, with zero product).
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Example 10. Let G be a two-step nilpotent Lie algebra. Then, the product

x · y =
1
2

[x, y] , for all x, y ∈ G,

defines an inner derivation structure on G compatible with the Lie structure of G.

Remark 11. It turns out that a Lie algebra G which is a semi-direct product of two abelian
Lie algebras admits an inner derivation structure that is compatible with the Lie structure of G
(see [11]). This implies that every solvable Lie algebra of dimension ≤ 3 admits a derivation
structure. This is not true in dimension 4. The counterexample given in [11] is a three-step
solvable Lie algebra of dimension 4 which does not admit any derivation structure.

In [11], it was shown that every two-step solvable Lie algebra with trivial center admits a
derivation structure. For example, let G be the Lie algebra with basis {e0, e1, e2, . . . .en} for
which the Lie brackets are defined by [e0, ei ] = λi ei , i ≥ 1, where λi are pairwise distinct
with λi ∈ R ∖ {0}. This is a two-step solvable with trivial center, and it was shown in [11]
that the product given by

e0 · e0 =

n∑
k=1

αkek, αk ∈ R, and e0 · ei = λi ei for all i ≥ 1,

defines a derivation structure on G compatible with the Lie structure.
We consider here the set G of Lie algebras G with the following property: For any elements

x, y in G the bracket [x, y] is a linear combination of x and y. It is shown in [12] that this
condition is equivalent to the existence of a codimension one abelian ideal E of G and an
element e0 ∈ G∖E such that [e0, x] = x for all x ∈ E . It is clear that G is a two-step solvable
Lie algebra with trivial center, and it is also clear that there exists a basis {e0, e1, e2, . . . .en},
of G for which the Lie brackets are defined by [e0, ei ] = ei , for all i ≥ 1.

Proposition 12. Let G belongs to G, and let {e0, e1, e2, . . . .en} be a basis of G such that
[e0, ei ] = ei , for all i ≥ 1. Then, any derivation structure on G compatible with the Lie
structure is isomorphic to one of the following derivation structures:

1. e0 · ei = ei , for all i ≥ 1,
2. e0 · ei = ei +

∑n
k=1,k ̸=iαkek , ei · e0 =

∑n
k=1,k ̸=iαkek .

In [11], it has been announced that the Lie algebra associated to a derivation algebra is
necessarily solvable. Afterwards, we give a proof for this result. For, we need first to state the
following result (see [11]). Recall here that given a left-symmetric algebra A, we consider
the set

T (A) = {x ∈ A : x · y = 0, for all y ∈ A} .

Since T (A) is both a right ideal of A and a Lie ideal of the associated Lie algebra GA, it
follows that T (A) is a two-sided ideal of A.

Theorem 13. A derivation algebra A over a field F has a unique decomposition as a direct
sum of two-sided ideals A0 and A∗, where A0 is a complete algebra containing the derived
ideal D (A) = [A, A] and A∗ is commutative with identity and contained in the center of A.
Moreover, we have that T (A) ⊆ A0, with T (A) = 0 if and only if A0 = 0.
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We also need the following definitions and lemmas. Recall that an ideal of a Lie algebra
G is characteristic if it is invariant under every derivation of G. Let A be a derivation algebra
with associated Lie algebra G. Let I be an ideal of A and let I be the Lie subalgebra of G
associated to I . If I is a characteristic ideal of G associated to A, then all the left and right
multiplications La and Ra of A are derivations that leave the ideal I invariant. Hence, I is a
two-sided ideal of A.

Lemma 14. If A is a left-symmetric algebra and I is a left (or right) ideal of A such that
the derived ideal D (A) = [A, A] is contained in I , then I is a two-sided ideal and A/I is
commutative.

Proof. Assume, without loss of generality, that I is a left ideal of A. Let a ∈ A and x ∈ I .
Then a · x and [a, x] ∈ I . Since x · a = a · x − [a, x], we deduce that x · a ∈ I , that is I
is a two-sided ideal. Now, remark that for all x = (x + I ) and y = (y + I ) ∈ A/I , we have
[x, y] = ([x, y] + I ) = 0. That is, A/I is commutative. ■

Given a left-symmetric algebra A over a field F, one defines the radical R (A) of A to be
the largest left ideal contained in the subset

I (A) = {a ∈ A : tr (Ra) = 0} .

It turns out that R (A) is nothing but the largest complete left ideal of A. This has been
proved in [8] for the case F = C, and in [4] for F = R.

In general, the radical of an arbitrary left-symmetric algebra is not a two-sided ideal
(cf. [8]). For derivation algebras, we have the following result.

Lemma 15. If A is a derivation algebra, then its radical R(A) is a two-sided ideal. In
particular, A is an extension of a commutative associative algebra by a complete derivation
algebra.

Proof. Let A be a derivation algebra. By Theorem 13, A has a unique decomposition as a
direct sum of two ideals

A = A0 ⊕ A∗,

where A0 is a complete algebra containing the derived ideal D (A) = [A, A], and A∗ is
an algebra with identity and contained in the center Z (A) of A. Since D (A) is contained
in A0 = ∩a∈A ker

(
Rn

a

)
, then Ra is nilpotent for all a ∈ D (A), that is, trRa = 0 for all

a ∈ D (A), and hence D (A) ⊂ I (A). On the other hand, since D (A) is a characteristic ideal
of a derivation algebra A, then it is a two-sided ideal. Hence D (A) ⊂ R (A), as R (A) is the
largest left ideal of A contained in I (A). Now, using Lemma 14, we conclude that R (A) is a
two-sided ideal. ■

We are now in position to prove the result announced above.

Proposition 16. Let A be a derivation algebra. Then, the Lie algebra G associated to A is
solvable.

Proof. Let A be a derivation algebra, and let G be its associated Lie algebra. Since the
radical R (A) of A is a complete left-symmetric algebra, it follows by [1] that the Lie algebra
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H associated to R (A) is solvable. On the other hand, the Lie algebra associated to A/R (A)
is abelian by Lemmas 14 and 15. It follows that G is solvable. ■

Remark 17. It is easy to show that the Lie algebra associated to an inner derivation algebra
is two-step solvable. Moreover, all examples of derivation algebras we know turn out to have
their associated Lie algebras two-step solvable. In fact, at the end of this paper, we will deduce
from the classification of derivation algebras of dimension 4 that the Lie algebra associated
to a derivation algebra of dimension 4 is necessarily two-step solvable. Furthermore, up to
dimension 6, we could not find any derivation structure on a solvable Lie algebra with order
of solvability greater than two, and consequently the question as to whether the Lie algebra
associated to a derivation algebra is two-step solvable is still an open question.

About Theorem 13, we can deduce from this result the following remarkable consequence.

Corollary 18. Let A be a derivation algebra that is non-commutative or complete. Then,
T (A) is nontrivial. In particular A is not simple.

Proof. By Theorem 13, T (A) = 0 if and only A0 = 0 if and only if A = A∗, and hence A
is commutative and incomplete. ■

In fact, simple derivations algebras over R are well known (see [6]) .

Proposition 19. A simple derivation algebra over R is isomorphic to either A2,3 : e1 · e1 =

e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1 or the field R.

In [11] (see also [6]) it was shown that for a derivation algebra A, the center Z (A) of A is
a two-sided ideal of A which coincides with the center of the associated Lie algebra of A. In
this setting, we have the following immediate consequence of Theorem 13.

Corollary 20. Let A be a derivation algebra whose associated Lie algebra G is solvable
with trivial center. Then, A is complete.

Two other immediate but important consequences of Theorem 13 are the following
Propositions. Recall here that a Lie algebra G is said to be nonsingular k-step nilpotent
whenever the kth element Ck−1G of lower central series of G coincides with Z (G).

Proposition 21. Let A be a derivation algebra with associated Lie algebra G. If the center
Z (G) of G is contained in its derived ideal DG. Then, A is complete.

Proof. By Theorem 13, we have A∗ ⊆ Z (A) ⊆ A0, which implies that A∗ = {0} and hence
A = A0, that is A is complete. ■

Proposition 22. Let A be a derivation algebra whose associated Lie algebra G is
nonsingular k-step nilpotent. Then, A is complete.

Proof. In virtue of Theorem 13 and the fact that G is nonsingular k-step nilpotent, we have

A∗ ⊆ Z (G) = Ck−1G = Z (G) ∩ [A, A] ⊆ [A, A] ⊆ A0,

from which we deduce that A∗ = {0} and hence A = A0, that is A is complete. ■
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Corollary 23. Let A be a derivation algebra whose associated Lie algebra is the Heisenberg
algebra H2n+1. Then, A is complete.

4.1. Relationships of derivation algebras with other special left-symmetric algebras

A left-symmetric algebra A is a Novikov algebra if it satisfies the identity

(x · y) · z = (x · z) · y, for all x, y, z ∈ A. (7)

In terms of left and right multiplications, (7) is equivalent to the formula[
Rx , Ry

]
= 0, for all x, y ∈ A.

In [6], the first author has studied a remarkable class of left-symmetric algebras. Namely,
the class of left-symmetric algebras A satisfying the identity

(x · y) · z = (y · x) · z, for all x, y, z ∈ A, (8)

or equivalently[
L x , L y

]
= 0, for all x, y ∈ A.

It is clear that every commutative associative algebra is Novikov and satisfying (8).
Although identities (3), (7), and (8) are pairwise independent, the following remarkable fact
was proved in [6].

Proposition 24. If a left-symmetric algebra A satisfies any two of the conditions (3), (7), (8),
then A also satisfies the third condition.

4.2. Derivation algebras of dimension ≤ 3

In this subsection, we will classify derivation algebras over R of dimension ≤ 3. The
classification of commutative associative derivation algebras over R of dimension ≤ 3 was
given in Section 3 (see Lemmas 5 and 6).

We know that the Lie algebra a f f (R) of the affine group of the real line is the unique non-
abelian solvable Lie algebra of dimension 2. It has a basis {e1, e2} satisfying [e1, e2] = e2.
The non-abelian Lie algebras over R of dimension 3 are also well known [12]. They are:

H3 : [e1, e2] = e3,
E (2) : [e1, e2] = e3, [e1, e3] = −e2,
E (1, 1) : [e1, e2] = e2, [e1, e3] = −e3,
G3,1 = R×a f f (R) : [e1, e2] = e2,
G3,2 : [e1, e2] = e2, [e1, e3] = e3,
G3,3 : [e1, e2] = e2 + e3, [e1, e3] = e3,
Gµ3,4 : [e1, e2] = e2, [e1, e3] = µe3, 0 < |µ| < 1,
Gζ3,5 : [e1, e2] = e2 + ζe3, [e1, e3] = −ζe2 + e3, ζ > 0.

Note here that the center of each of the Lie algebras a f f (R), E (2), E (1, 1), G3,2, G3,3,
Gµ3,4 and Gζ3,5 is trivial. It follows by Corollary 20 that any derivation structure on any of these
Lie algebras is complete. Also, Corollary 23 implies that any derivation structure on H3 is
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complete. Thus, from the classification list of complete left-symmetric structures on solvable
Lie algebras over R of dimension ≤ 3 given in [7], we obtain the following classification
results.

Proposition 25. Up to a left-symmetric algebra isomorphism, there exists one and only one
derivation structure on a f f (R). It is given by the relation e1 ·e2 = e2, and the corresponding
derivation algebra will be denoted by N2.

Remark 26. We can easily verify that N2 is inner and satisfies (8) (hence, Novikov).

Proposition 27. Let A be a complete non-commutative derivation algebra of dimension 3
over R. Then, A is isomorphic to one of the following left-symmetric algebras:

H3,1 : e1 · e1 = pe3, e1 · e2 = e3,e2 · e2 = e3, p ∈ R,
H3,2 : e1 · e1 = e2, e1 · e2 = me3, e2 · e1 = (m − 1) e3, m ∈ R,
H3,3 : e1 · e2 =

1
2 e3, e2 · e1 = −

1
2 e3,

I3,0 : e1 · e2 = e2, e1 · e3 = −e3,
J3,0 : e1 · e2 = e3, e1 · e3 = −e2,
N3,0 : e1 · e2 = e2,
N3,1 : e1 · e1 = e3, e1 · e2 = e2,
B3,0 : e1 · e2 = e2, e1 · e3 = e3,
B3,1 : e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e3 = e3,
C3,1 : e1 · e2 = e2 + e3, e1 · e3 = e3,
C3,t : e1 · e2 = e2 + te3, e1 · e3 = e3, e2 · e1 = (t − 1) e3, t ̸= 1,
D3,1 (µ) : e1 · e2 = e2, e1 · e3 = µe3, 0 < |µ| < 1,
E3,1 (ζ ) : e1 · e2 = e2 + ζe3, e1 · e3 = −ζe2 + e3, ζ > 0.

Remark 28. In Proposition 27, we note that:

1. The left-symmetric algebras H3,1, H3,2, H3,3, I3,0 J3,0, N3,0, N3,1, B3,0, C3,1, D3,1 (µ)

and E3,1 (ζ ) satisfy identity (8), and hence all of them are Novikov.
2. The algebras H3,1, H3,3, I3,0 J3,0, N3,0, B3,0, C3,1, D3,1 (µ) and E3,1 (ζ ) are inner

derivation.

Now, to complete the classification of derivation structures on solvable Lie algebras over
R of dimension ≤ 3, it remains to find all the incomplete derivation structures on the Lie
algebra G3,1. In fact, there exists one and only one incomplete derivation structure on G3,1,
given in the following result which is an application of Theorem 13.

Theorem 29. Let A be an incomplete non-commutative derivation algebra over R of
dimension 3. Then, A is the direct sum A ∼= R1 ⊕ N2, where R1 is the field and N2 =

⟨e1, e2 : e1 · e2 = e2⟩

Proof. Let A be a derivation algebra. Then, by Theorem 13, A has a unique decomposition
as a direct sum of two ideals A0 and A∗where A0 is a complete algebra containing the derived
ideal [A, A] and A∗ is an algebra with identity and contained in the center Z (A) of A.

If dim A∗ = 1, then A∗ is the field R1 and A0 is a non-commutative complete derivation
algebra of dimension 2, that is, A0 ∼= N2.
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If dim A∗ = 2, then A0 is the trivial algebra R0. Since, A∗ is commutative, then so is A, a
contradiction. ■

Remark 30. In view of Theorem 29, there is a basis {e1, e2, e3} of the Lie algebra G3,1 in
which the incomplete derivation structure on G3,1 is defined by the following multiplication
table

e1 · e2 = e2, e3 · e3 = e3.

This structure is not inner as it is incomplete. However, it satisfies (8) and thus Novikov.

We close this section by the following corollaries which give the classification of
derivation algebras of dimension ≤ 3.

Corollary 31. Any two-dimensional derivation algebra over R is isomorphic to one of the
algebras given in Lemma 5 or Proposition 25.

Corollary 32. Any three-dimensional derivation algebra over R is isomorphic to one of the
algebras given in Lemma 6, Proposition 27, or Theorem 29.

5. DERIVATION ALGEBRAS OF DIMENSION 4

The aim of this section is to classify derivation algebras over R of dimension 4. For,
let A be a derivation algebra over R of dimension 4 whose associated Lie algebra is G. If
G is abelian, then the derivation structures on G are just given by commutative associative
algebras of dimension 4 given in Proposition 8. So, it remains to classify all derivation
algebras on non-abelian Lie algebras of dimension 4. Toward this, we start with the following
result which gives the classification of all incomplete non-commutative derivation algebras
of dimension 4.

Theorem 33. Let A be an incomplete non-commutative derivation algebra over R of
dimension 4. Then, A is either a direct sum of the form A ∼= R1 ⊕ A3, where R1 is the
field and A3 is a complete non-commutative derivation algebra of dimension 3, or A is a
direct sum of the form A ∼= A2 ⊕ N2, where A2 is an incomplete commutative algebra of
dimension 2 and N2 = ⟨e1, e2 : e1 · e2 = e2⟩.

Proof. Let A be an incomplete non-commutative derivation algebra of dimension 4. Then
A = A0 ⊕ A∗, where A0 and A∗ are the two-sided ideals in Theorem 13. Assume first that
dim A∗ = 1. Then, in this case, A ∼= R1 ⊕ A3, where R1 is the field and A3 is a complete
non-commutative derivation algebra of dimension 3.

If dim A∗ = 2, then A∗ is isomorphic to A2,i , 1 ≤ i ≤ 4, where A2,i is one of
the commutative algebras of dimension 2 given in Lemma 5. In this case, since A0 is a
complete non-commutative derivation algebra of dimension 2, we must have A0 ∼= N2. Thus,
A ∼= A2,i ⊕ N2 for some i ∈ {1, . . . , 4}.

If dim A∗ = 3, then A0 is the trivial algebra R0. Since A∗ is commutative, it follows that
A is commutative, which is a contradiction. ■

In light of Theorem 33, we have the following result.

Proposition 34. Let A be an incomplete non-commutative derivation algebra over R of
dimension 4. Then, A is isomorphic to one of the following left-symmetric algebras:
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R1 ⊕ H3,1 : e1 · e1 = pe3, e1 · e2 = e3,e2 · e2 = e3, e4 · e4 = e4, p ∈ R,
R1 ⊕ H3,2 : e1 · e1 = e2, e1 · e2 = me3, e2 · e1 = (m − 1) e3, e4 · e4 = e4, m ∈ R,
R1 ⊕ H3,3 : e1 · e2 =

1
2 e3, e2 · e1 = −

1
2 e3, e4 · e4 = e4,

R1 ⊕ I3,0 : e1 · e2 = e2, e1 · e3 = −e3, e4 · e4 = e4,
R1 ⊕ J3,0 : e1 · e2 = e3, e1 · e3 = −e2, e4 · e4 = e4,
R1 ⊕ N3,0 = A2,4 ⊕ N2 : e1 · e2 = e2, e4 · e4 = e4,
R1 ⊕ N3,1 : e1 · e1 = e3, e1 · e2 = e2, e4 · e4 = e4,
R1 ⊕ B3,0 : e1 · e2 = e2, e1 · e3 = e3, e4 · e4 = e4,
R1 ⊕ B3,1 : e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e3 = e3, e4 · e4 = e4,
R1 ⊕ C3,1 : e1 · e2 = e2 + e3, e1 · e3 = e3, e4 · e4 = e4,
R1 ⊕ C3,t : e1 · e2 = e2 + te3, e1 · e3 = e3, e2 · e1 = (t − 1) e3, e4 · e4 = e4, t ̸= 1,
R1 ⊕ D3,1 (µ) : e1 · e2 = e2, e1 · e3 = µe3, e4 · e4 = e4, 0 < |µ| < 1,
R1 ⊕ E3,1 (ζ ) : e1 · e2 = e2 + ζe3, e1 · e3 = −ζe2 + e3, e4 · e4 = e4, ζ > 0,
A2,1 ⊕ N2 : e1 · e1 = e1, e2 · e2 = e2, e3 · e4 = e4,
A2,2 ⊕ N2 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e3 · e4 = e4,
A2,3 ⊕ N2 : e1 · e1 = e1, e1 · e2 = e2 · e1 = e2, e2 · e2 = −e1, e3 · e4 = e4.

Remark 35. We note that, except for the algebras R1 ⊕ B3,1 and R1 ⊕ C3,t , each of the
derivation algebras appearing in Proposition 34 satisfies identity (8) (hence, Novikov).

To complete our work, we need to study the case where A is a complete non-commutative
derivation algebra over R of dimension 4. Next, we will discuss the problem of extension of a
derivation algebra by another derivation algebra. Suppose that a vector space extension Ã of
a left-symmetric algebra A by another left-symmetric algebra E is given. We want to define
a derivation structure on Ã in terms of the left-symmetric structures given on A and E . In
other words, we want to define a derivation structure on Ã for which E becomes a two-sided
ideal in Ã such that Ã/E ∼= A. Equivalently,

0 → E → Ã → A → 0

becomes a short exact sequence of left-symmetric algebras. The product

(x, a) · (y, b) =
(
x · y, a · b + λx (b)+ ρy (a)+ g (x, y)

)
, (9)

defines a derivation structure on Ã = A × E if and only if the conditions 1–5 in Theorem 1
are satisfied and

((x, a) · (y, b)) · (z, c) = ((z, c) · (y, b)) · (x, a) ,

for all x, y, z ∈ A and a, b, c ∈ E .
By a direct computation we get the following result.

Proposition 36. The product (9) defines a derivation structure on Ã if and only if A and�E
are derivation algebras, the conditions 1–5 in Theorem 1 are satisfied, and in addition the
following conditions hold for all x, y, z ∈ A and a, b, c ∈ E:

1. Lρx (a) = Ra ◦ ρx ,
2. ρx ◦ La = Ra ◦ λx ,
3. ρx ◦ λy = ρy ◦ λx ,
4. [λx , λy] + ρy ◦ ρx − λx ·y = Lg(x,y),
5. g (x · y, z)− g (z · y, x)− ρx (g (z, y))− ρz (g (x, y)) = 0.
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As a special case, we assume that the left-symmetric structure on A is commutative. In
this case, we have the following result.

Corollary 37. Suppose that the left-symmetric structure on A is commutative. Then, (9)
defines a derivation structure on Ã if and only if the following conditions hold:

1. λx (a · b) = λx (a) · b + a · λx (b) − ρx (a) · b,
2. ρx ([a, b]) = a · ρx (b) − b · ρx (a),
3. [λx , ρy]+ ρy ◦ ρx − ρx ·y = Rg(x;y),
4. Lρx (a) = Ra ◦ ρx ,
5. ρx ◦ La = Ra ◦ λx ,
6. ρx ◦ λy = ρy ◦ λx ,
7. ρx ◦ ρy − λy·x = Lg(x,y),
8. g (x, y · z)− g (y, x · z) +λx (g (y, z))−λy (g (x, z)) −ρz (g (x, y)− g (y; x)) = 0,
9. g (x · y, z)− g (z · y; x)− ρx (g (z, y))− ρz (g (x, y)) = 0.

5.1. The classification

The classification of all complete non-commutative derivation algebras of dimension 4 is
not difficult to accomplish. It can be achieved using the extensions of left-symmetric algebras,
but the list will be very large. For this reason, we will restrict here to the complete non-
commutative derivation algebras of dimension 4 that are obtained as follows. Let A be a
complete non-commutative derivation algebra of dimension 4. Lemma 15 and Proposition 4
show that A can be obtained as an extension of a complete commutative associative algebra
J by a complete derivation algebra I . We will assume here that J is not trivial (that is,
dim J ≥ 1). Therefore, we get a short exact sequence of left-symmetric algebras:

0 → I
i

→ A
π
→ J → 0. (10)

Since A is supposed to be non-commutative, we have dim J = 1, 2, or 3. Therefore,
according to the dimension of J or, equivalently, the dimension of I , we have three cases to
consider.

Case 1. dim I = 1.
In this case, I is isomorphic to the trivial algebra R0, and the Lie algebra associated to J

is isomorphic to R3. Then, J is one of the algebras A3,i , 11 ≤ i ≤ 15, where the A3,i are the
real three-dimensional complete commutative algebras given in Lemma 6.

The extended left-symmetric product on A = A3,i
⨁

R0 given by (9) turns out to take the
simplified form

(x, a) · (y, b) =
(
x · y, bλx + aρy + g (x, y)

)
, (11)

for all x, y ∈ A3,i and a, b ∈ R. Here λx , ρy ∈ End (I ) ∼= R, so we can identify λx and ρy

with real numbers that we denote by λx and ρy as well.
The conditions in Corollary 37 can be simplified to the following conditions

ρx ·y = ρy ◦ ρx , (12)

λx ·y = ρx ·y, (13)
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ρx ◦ λy = ρy ◦ λx ,

g (x, y · z)− g (y, x · z)+ λx (g (y, z))− λy (g (x, z))− ρz (g (x, y)− g (y; x)) = 0,

g (x · y, z)− g (z · y; x)− ρx (g (z, y))− ρz (g (x, y)) = 0. (14)

In the case where

J = A3,14 = ⟨e1, e2, e3 : e1 · e1 = e2, e1 · e2 = e2 · e1 = e3⟩ ,

we find, by substituting x = y = ei , i = 1, 2, 3 into Eqs. (12) and (13), that ρei = 0 and
λe2 = λe3 = 0.

In this case, the formula (5) and (6) become

δ1h (x, y) = λx (h (y))− h (x · y) , (15)

and

δ2g (x, y, z) = g (x, y · z)− g (y, x · z)+ λx (g (y, z))− λy (g (x, z)) . (16)

Using the formula (15) for δ1, we get

δ1h =

⎛⎝ah1 − h2 ah2 − h3 ah3
−h3 0 0

0 0 0

⎞⎠ ,

where hi = h (ei ), i = 1, 2, 3, and a = λe1 . Similarly, using formula (14) and formula (16)
for δ2, we easily verify that if g is a cocycle (i.e. δ2g = 0) and gi j = g

(
ei , e j

)
, then

g =

⎛⎝g11 g12 g22 − ag21
g21 g22 0
g22 0 0

⎞⎠ ,

with ag22 = 0.
Assume first that a ̸= 0. It follows that, in the basis above, the class [g] ∈ H 2

λ,ρ

(
A3,14,R0

)
of a cocycle g is identically zero.

In this case, we determine the extended derivation structure on A = A3,14
⨁

R0. By
setting ẽi = (ei , 0) for i = 1, 2, 3 and ẽ4 = (0, 1), and using formula (11), we obtain

ẽ1 · ẽ1 = ẽ2

ẽ1 · ẽ2 = ẽ2 · ẽ1 = ẽ3

ẽ1 · ẽ4 = aẽ4,

and all other products are zero, where a ̸= 0.
By setting e1 =

1
α

ẽ1, e2 =
1
α2 ẽ2, e3 =

1
α3 ẽ3, and e4 = ẽ4, we get a new basis {e1, e2, e3, e4}

of A satisfying

e1 · e1 = e2

e1 · e2 = e2 · e1 = e3

e1 · e4 = e4.

Note here that this derivation structure satisfies the identity (8).
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On the other hand, assume that a = 0, that is, the extension is central. Using the
classification in [9] of all four-dimensional complete left-symmetric algebras which are
central extensions of A3,14 by R0 we find that the derivation structure on A = A3,14

⨁
R0

will be given by the nonzero relations

e1 · e1 = e2, e2 · e2 = e3,

e1 · e2 = e4, e2 · e1 = e3 + e4,

e1 · e4 = e4 · e1 = e3.

Note here that this derivation structure satisfies the identity (8) (hence, Novikov) but it is
not inner.

Using the same method as above, we can obtain all the derivation structures on A =

A3,i
⨁

R0, 11 ≤ i ≤ 15.

Case 2. dim I = 2.
In this case, the short exact sequence (10) becomes

0 → I → A → J → 0

where I is a complete derivation algebra whose associated Lie algebra is either R2 or aff(R)
and J is one of the algebras A2,5 or A2,6 given in Lemma 5.

We deduce from Lemma 5 and Proposition 25 that I is either A2,5, A2,6 or N2. In the case
where

I = N2 = ⟨e1, e2 : e1 · e2 = e2⟩ ,

let φ : R2
→ Der (a f f (R)) be a derivation of a f f (R). In this case, we can easily see that

for any basis {e3, e4} of J , and relative to a basis {e1, e2} of aff(R) satisfying [e1 · e2] = e2,
we have

φ (e3) =

(
0 0
a b

)
and φ (e4) =

(
0 0
c d

)
,

where a, b, c, d ∈ R.
Set

ρe3 =

(
α1 β1
α2 β2

)
, ρe4 =

(
γ1 δ1
γ2 δ2

)
,

relative to {e1, e2}. From Corollary 37, we deduce that ρx ([a, b]) = 0 and ρx (a) · b =

ρx (b) · ◁a for all a, b ∈ I and x ∈ J . Hence, we get that

ρe3
=

(
0 0
α2 β2

)
, ρe4 =

(
0 0
γ2 δ2

)
.

Since λei = φ (ei )+ ρei , i = 3, 4, we get that

λe3 =

(
0 0

α2 + a β2 + b

)
, λe4 =

(
0 0

γ2 + c δ2 + d

)
.

Also, from Corollary 37, we deduce that

ρx (a · b) = λx (b) · a,

and

λx (a · b) = λx (a) · b + a · λx (b) − ρx (a) · b,
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for all a, b ∈ I and x ∈ J . This implies that β2 = δ2 = 0 and α2 + a = γ2 + c = 0. Thus,

ρe3 =

(
0 0
α2 0

)
, ρe4 =

(
0 0
γ2 0

)
and

λe3 =

(
0 0
0 b

)
, λe4 =

(
0 0
0 d

)
.

If

J = A2,5 = ⟨e3, e4 : e3 · e3 = e4⟩ ,

let g ∈ L2 (J, I ). In this case g can be expressed as a (2 × 2) R2-valued matrix
(

g33 g34
g43 g44

)
such

that gi j = g
(
ei , e j

)
, i, j = 3, 4. Set

g33 = a1e1 + a2e2

g34 = b1e1 + b2e2

g43 = c1e1 + c2e2

g44 = d1e1 + d2e2.

From Corollary 37 we obtain that

g =

(
−de1 + (α2b − γ2) e2 γ2be2

0 0

)
with α2d = γ2d = 0.

For a linear map h ∈ L1 (J, I ) we get that

δ1h (x, y) = ρy (h (x))+ λx (h (y)) .

In this case, δ1h can be expressed as a (2 × 2) R2-valued matrix of the form

δ1h =

(
−h41e1 + (α2h31 + bh32 − h42) e2 (γ2h31 + bh42) e2

(α2h41 + dh32) e2 (γ2h41 + dh42) e2

)
,

where h (ek) = hk1e1 + hk2e2 for k = 3, 4. We deduce then that the class [g] ∈ H 2
λ,ρ (J, I )

of a cocycle g is identically zero.
We determine, in this case, the extended derivation algebra on A . By setting ẽi = (0, ei ),

i = 1, 2 and ẽ j =
(
e j , 0

)
, j = 3, 4 and using formula (9), we obtain

ẽ1 · ẽ2 = ẽ2

ẽ1 · ẽ3 = α2ẽ2

ẽ1 · ẽ4 = α2b̃e2

ẽ3 · ẽ2 = b̃e2

ẽ3 · ẽ3 = ẽ4

and all other products are zero. By setting e1 = ẽ1, e2 = ẽ2, e3 = ẽ3 − α2ẽ2 and
e4 = ẽ4 − α2b̃e2, we see that the new basis {e1, e2, e3, e4} of A satisfies

e1 · e2 = e2

e3 · e3 = e4.
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Note here that this derivation structure is not inner but satisfies the identity (8) (hence,
Novikov).

Using the same method as above, we can obtain all the derivation structures on A =

A2,i
⨁

I , i = 5, 6, where I is either A2,5, A2,6 or N2.

Case 3. dim I = 3.
In this case, the short exact sequence (10) becomes

0 → I → A → R0 → 0,

where I is a complete derivation algebra whose associated Lie algebra is solvable of
dimension 3.

Let σ : R0 → A be a section and set σ (1) = x◦ ∈ A. Define two linear maps
λ, ρ ∈ End (I ) by putting λ (y) = x◦ · y and ρ (y) = y · x◦, and set e = x◦ · x◦. Let
g : R0×R0 → I be the bilinear map defined by g (a, b) = σ (a) ·σ (b)−σ (a · b). Since the
product on R0 is trivial, then g (a, b) = abe, or equivalently g (1, 1) = e. Also, we can show
that δ2g = 0, i.e., g ∈ Z2

λ,ρ (R0, I ).
In this case, we find that the extended left-symmetric product on A = R0

⨁
I given by

(9) takes the simplified form

(a, x) · (b, y) = (0, x · y + aλ (y)+ bρ (x)+ abe) , (17)

for all a, b ∈ R and x, y ∈ I .
The conditions in Corollary 37 can be simplified to the following conditions

λ (x · y) = λ (x) · y + x · λ (y)− ρ (x) · y (18)

ρ ([x, y]) = x · ρ (y)− y · ρ (x) = 0 (19)

[λ, ρ] + ρ2
= Re (20)

ρ (x) · y − ρ (y) · x = 0 (21)

ρ (x · y) = λ (y) · x (22)

ρ2
= Le. (23)

As we mentioned above, I is a complete derivation algebra whose associated Lie algebra
is solvable of dimension 3. More precisely, I is some A3,i as in Lemma 6 with 11 ≤ i ≤ 15,
or it is one of the complete derivation algebras given in Proposition 27. To obtain all four-
dimensional complete derivation algebras A appearing as extensions of I , we should consider
all possibilities for I . We will present here only one case, and the other cases can be treated
similarly. Therefore, without loss of generality, we will assume that

I = J3,0 = ⟨e1, e2, e3 : e1 · e2 = e3, e1 · e3 = −e2⟩ .

In this case, I is a complete derivation algebra whose associated Lie algebra is E (2).
Letting φ : R → Der (E (2)), it is easy to see that, relative to a basis {e1, e2, e3} of E (2),
φ (1) can be represented by

φ (1) =

⎛⎝0 0 0
c a −b
d b a

⎞⎠ ,

where a, b, c, d ∈ R.
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Setting

ρ =

⎛⎝α1 β1 γ1
α2 β2 γ2
α3 β3 γ3

⎞⎠ ,

relative to {e1, e2, e3}, and applying formulas (19) and (21) to e1 and e2, we get α1 = γ1 =

0, γ2 = −β3, and γ3 = β2. Formula (19) when applied to e1 and e3 also gives β1 = 0. Since
φ (1) = λ− ρ, we deduce that, relative to the same basis above, we have

λ =

⎛⎝ 0 0 0
α2 + c β2 + a −β3 − b
α3 + d β3 + b β2 + a

⎞⎠ .

Applying formula (18) to the product e1 · e1, we get α2 + c = α3 + d = 0. Formula (22)
when applied to e1 and e2 gives β2 = β3 = 0. Thus

ρ =

⎛⎝ 0 0 0
−c 0 0
−d 0 0

⎞⎠ and λ =

⎛⎝0 0 0
0 a −b
0 b a

⎞⎠ .

Now, since e ∈ I , we set e = se1 + te2 + ue3 for some s, t, u ∈ R. Formula (20) when
applied to e1, gives that t = − (ad − bc) and u = ac − bd. Since ρ2

= 0, we deduce from
formula (23) that s = 0. Therefore, we get e = − (ad − bc) e2 + (ac − bd.) e3.

Now, let us write down the structure of A. From the above discussion we get

e1 · x◦ = −ce2 − de3

x◦ · e2 = ae2 + be3

x◦ · e3 = −be2 + ae3

x◦ · x◦ = − (ad − bc) e2 + (ac − bd.) e3.

Therefore, relative to a basis {e1, e2, e3, e4} of A with e4 = x◦ − be1 + de2 − ce3, the
left-symmetric product on A is given as follows

e1 · e2 = e3, e1 · e3 = −e2

e4 · e2 = ae2, e4 · e3 = ae3.

If a = 0, we find that the nonzero relations in A are

e1 · e2 = e3, e1 · e3 = −e2.

Note here that this derivation structure is inner and satisfies the identity (8) (hence, A is
Novikov).

If a ̸= 0, then by setting ẽi = ei , i = 1, 2, 3 and ẽ4 =
1
α

e4, we see that the new basis
{̃e1, ẽ2, ẽ3, ẽ4} of A satisfies

ẽ1 · ẽ2 = ẽ3, ẽ1 · ẽ3 = −ẽ2

ẽ4 · ẽ2 = ẽ2, ẽ4 · ẽ3 = ẽ3.

This is also an inner derivation structure which satisfies the identity (8) (hence, A is
Novikov).
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We can now state the main result of this section.

Theorem 38. Let A be a complete non-commutative derivation algebra over R of
dimension 4 that can be obtained as an extension of a non-trivial complete commutative
associative algebra by a non-trivial complete derivation algebra. Then, A is isomorphic to
one of the following algebras

N4,1 : e1 · e2 = e2,
N4,2 : e1 · e1 = e4, e1 · e2 = e2,
N4,3 : e1 · e2 = e2, e1 · e4 = e4 · e1 = e3,
N4,4 : e1 · e2 = e2, e1 · e4 = e4 · e1 = e3, e4 · e4 = te3, t ̸= 0,
N4,5 : e1 · e1 = e3, e1 · e2 = e2, e4 · e4 = te3, t ̸= 0,
N4,6 : e1 · e1 = e3, e1 · e2 = e2, e1 · e4 = e4 · e1 = e3,
N4,7 : e1 · e1 = e3, e1 · e2 = e2, e1 · e4 = e4 · e1 = e3, e4 · e4 = te3, t ̸= 0,
N4,8 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = e4 · e1 = e3,
N4,9 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = e4 · e1 = e2 + e3,
N4,10 : e1 · e2 = e2, e1 · e4 = e4 · e1 = e2 + e3,
N4,11 : e1 · e1 = e4, e1 · e2 = e2, e3 · e3 = e4,
N4,12 : e1 · e1 = e4, e1 · e2 = e2, e3 · e3 = −e4,
N4,13 : e1 · e2 = e2, e3 · e3 = e4,
N4,14 : e1 · e2 = e2, e1 · e3 = e3 · e1 = ae2, e3 · e3 = e4, a ̸= 0,
N4,15 : e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e4 = e4 · e1 = e3,
N4,16 : e1 · e1 = te4, e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e4 = e4 · e1 = e3, t ̸= 0,
N4,17 : e1 · e2 = e2, e1 · e3 = e3 · e1 = 2e4, e1 · e4 = e4 · e1 = e3,
H4,1 : e1 · e2 = e3, e2 · e1 = −e3,
H4,2 : e1 · e1 = e3, e1 · e2 = e3, e2 · e1 = −e3,
H4,3 : e1 · e1 = e3, e1 · e2 = e3, e2 · e1 = −e3, e2 · e4 = e4 · e2 = e3,
H4,4 : e1 · e2 = e3, e2 · e1 = −e3, e2 · e4 = e4 · e2 = e3,
H4,5 : e1 · e1 = e3, e1 · e2 = e3, e2 · e1 = −e3, e2 · e2 = te3, e4 · e4 = e3,
H4,6 : e1 · e1 = e4, e1 · e2 = e3, e2 · e1 = −e3,
H4,7 : e1 · e1 = e4, e1 · e2 = e3, e2 · e1 = −e3, e2 · e2 = e4,
H4,8 : e1 · e1 = e4, e1 · e2 = e3, e2 · e1 = −e3, e2 · e2 = −e4,
H4,9 : e1 · e1 = e3, e1 · e2 = e3 + e4, e2 · e1 = −e3 + e4,
H4,10 : e1 · e1 = e3, e1 · e2 = te3, e2 · e1 = −te3, e2 · e2 = e3, t > 0,
H4,11 : e1 · e1 = e3, e1 · e2 = te3, e2 · e1 = −te3, e2 · e2 = −e3, t > 0,
H4,12 : e1 · e1 = e4, e1 · e2 = (1 + t) e3, e2 · e1 = (1 − t) e3, e2 · e2 = −e4, t > 0,
H4,13 : e1 · e1 = e4, e1 · e2 = (1 + t) e3, e2 · e1 = (1 − t) e3, t > 0,
H4,14 : e1 · e1 = e3, e1 · e2 = e3, e2 · e2 = te3, e4 · e4 = −e3, t ≥ 0,
H4,15 : e1 · e2 = e3, e2 · e2 = e1, e4 · e4 = e3,
H4,16 : e1 · e1 = e2, e1 · e2 = e3,
H4,17 : e1 · e2 = e3, e2 · e2 = e1, e2 · e4 = e4 · e2 = e3,
H4,18 : e1 · e2 = e3, e2 · e1 = te3, e2 · e2 = e1, t ̸= 1,
H4,19 : e1 · e1 = e2, e1 · e2 = e3, e2 · e1 = te3, e4 · e4 = e3, t ̸= 1,
H4,20 : e1 · e1 = e3, e1 · e2 = e3 + te4, e2 · e1 = −e3 − te4, e2 · e2 = e4,
H4,21 : e1 · e2 = e3, e2 · e1 = e4, e2 · e2 = e1,
H4,22 : e1 · e1 = e2, e1 · e2 = e3, e2 · e1 = te3, e4 · e1 = e3,
H4,23 : e1 · e1 = e2, e2 · e2 = e3, e1 · e2 = e4, e2 · e1 = e3 + e4, e1 · e4 = e4 · e1 = e3,
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H4,24 : e1 · e1 = −e3, e1 · e2 = e3, e2 · e1 = e4, e2 · e2 = e1, e2 · e4 = e4 · e2 = e3,
F4,1 : e1 · e1 = e4, e1 · e2 = e3, e1 · e4 = e2,
F4,2 : e1 · e1 = e4 − e2, e1 · e2 = e3, e1 · e4 = e2 + e3, e4 · e1 = e3,
F4,3 : e1 · e2 = e3, e2 · e2 = e4, e4 · e2 = e1, e4 · e4 = e3,
F4,4 : e1 ·e1 = −e3, e1 ·e2 = e3, e2 ·e1 = e4, e2 ·e2 = e1, e2 ·e4 = te3, e4 ·e2 = e3, t ̸= 1,
I4,1 : e1 · e2 = e2, e1 · e3 = −e3,
I4,2 : e1 · e1 = e4, e1 · e2 = e2, e1 · e3 = −e3,
J4,1 : e1 · e2 = e3, e1 · e3 = −e2,
J4,2 : e1 · e1 = e4, e1 · e2 = e3, e1 · e3 = −e2,
B4,1 : e1 · e2 = e2, e1 · e3 = e3,
B4,2 : e1 · e1 = e3, e1 · e2 = e2, e1 · e3 = e3,
B4,3 : e1 · e1 = e4, e1 · e2 = e2, e1 · e3 = e3,
B4,4 : e1 · e2 = e2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e3,
B4,5 : e1 · e1 = e4, e1 · e2 = e2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e3,
B4,6 : e1 · e2 = e2, e1 · e3 = e2 + e3, e3 · e1 = e2,
B4,7 : e1 · e1 = e4, e1 · e2 = e2, e1 · e3 = e2 + e3, e3 · e1 = e2,
B4,8 : e1 · e1 = e3 + e4, e1 · e2 = e2, e1 · e3 = e2 + e3, e3 · e1 = e2,
B4,9 : e1 · e2 = e2, e1 · e3 = e2 + e3 + e4, e3 · e1 = e2 + e4,
B4,10 : e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e3 = e3, e1 · e4 = e4 · e1 = e3,
B4,11 : e1 ·e1 = te4, e1 ·e2 = e2+e3, e2 ·e1 = e3, e1 ·e3 = e3, e1 ·e4 = e4 ·e1 = e3, t ̸= 0,
B4,12 : e1 · e1 = te2 − e3 + e4, e1 · e2 = e2 + e3, e2 · e1 = e3, e1 · e3 = e3,
C4,1 : e1 · e2 = e2, e1 · e3 = e2 + e3,
C4,2 : e1 · e1 = e4, e1 · e2 = e2, e1 · e3 = e2 + e3,
C4,3 : e1 · e2 = e2, e1 · e3 = e2 + e3 + e4, e3 · e1 = e4, e1 · e4 = e4 · e1 = te2,
C4,4 : e1 · e2 = e2, e1 · e3 = (a + 1) e2 + e3, e3 · e1 = ae2, a ̸= 0,
C4,5 : e1 · e1 = − (a + 1) e2 + te3 + e4, e1 · e2 = e2, e1 · e3 = (a + 1) e2 + e3, e3 · e1 =

ae2, a ̸= 0,
D4,1 : e1 · e2 = ae2, e1 · e3 = e3, 0 < |a| < 1,
D4,2 : e1 · e1 = e4, e1 · e2 = ae2, e1 · e3 = e3, 0 < |a| < 1,
D4,3 : e1 · e1 = e4, e1 · e2 = ae2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e2, 0 < |a| < 1,
D4,4 : e1 · e2 = ae2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e2, 0 < |a| < 1, N + C
D4,5 : e1 · e2 = ae2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e2 + e3, 0 < |a| < 1,
D4,6 : e1 · e1 = e4, e1 · e2 = ae2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e2 + e3, 0 < |a| < 1,
E4,1 : e1 · e2 = e2 − ae3, e1 · e3 = ae2 + e3, a > 0,
E4,2 : e1 · e1 = e4, e1 · e2 = e2 − ae3, e1 · e3 = ae2 + e3, a > 0,
G4,1 : e1 · e2 = e2, e1 · e4 = e3,
G4,2 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = e3,
G4,3 : e1 · e2 = e2, e1 · e4 = (a + 1) e3, e4 · e1 = ae3, a ̸= 0,
G4,4 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = (a + 1) e3, e4 · e1 = ae3, a ̸= 0,
G4,5 : e1 · e2 = e2, e1 · e4 = e2 + e3, e4 · e1 = e2,
G4,6 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = e2 + e3, e4 · e1 = e2,
G4,7 : e1 · e2 = e2, e1 · e4 = e2 + (a + 1) e3, e4 · e1 = e2 + ae3, a ̸= 0,
G4,8 : e1 · e1 = e4, e1 · e2 = e2, e1 · e4 = e2 + (a + 1) e3, e4 · e1 = e2 + ae3, a ̸= 0,
G4,9 : e1 · e2 = e2, e1 · e4 = (a + 1) e3, e4 · e1 = ae3, e4 · e4 = te3, t > 0,
G4,10 : e1 · e1 = e3, e1 · e2 = e2, e1 · e4 = ae3, e4 · e1 = (a + 1) e3, e4 · e4 = te3,
K4,1 : e1 · e2 = e2, e1 · e3 = ae3, e1 · e4 = be4, 0 ̸= a ̸= 1, b ̸= 0,
K4,2 : e1 · e2 = e2, e1 · e3 = e3, e1 · e4 = e3 + e4, e4 · e1 = e3,
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K4,3 : e1 · e2 = e2, e1 · e3 = ae3, e1 · e4 = e3 + ae4, e4 · e1 = e3, a ̸= 0,
K4,4 : e1 · e2 = e2, e1 · e3 = ae3, e1 · e4 = e3 + e2 + ae4, e4 · e1 = e2 + e3, 0 ̸= a ̸= 1,
K4,5 : e1 · e2 = e2, e1 · e3 = e2 + e3, e3 · e1 = e2, e1 · e4 = ae4, 0 ̸= a ̸= 1,
K4,6 : e1 ·e2 = e2, e1 ·e3 = e2+e3, e3 ·e1 = e2, e1 ·e4 = e2+ae4, e4 ·e1 = e2, 0 ̸= a ̸= 1
L4,1 : e1 · e2 = e2, e1 · e3 = e2 + e3, e1 · e4 = e3 + e4,
L4,2 : e1 · e2 = e2, e1 · e3 = e2 + e3, e1 · e4 = ae2 + e3 + e4, e4 · e1 = ae2, a ̸= 0,
M4,1 : e1 · e2 = e2, e1 · e3 = ae3, e1 · e4 = e3 + ae4, a ̸= 0,
M4,2 : e1 · e2 = e2, e1 · e3 = ae3, e1 · e4 = (b + 1) e3 + ae4, e4 · e1 = be3, a, b ̸= 0,
M4,3 : e1 ·e2 = e2, e1 ·e3 = ae3, e1 ·e4 = e2+(b + 1) e3+ae4, e4 ·e1 = e2+be3, a ̸= 0,
M4,4 : e1 ·e2 = e2, e1 ·e3 = e2 +e3, e3 ·e1 = e2, e1 ·e4 = (a + 1) e2 +e4, e4 ·e1 = ae2,
S4,1 : e1 · e2 = ae2, e1 · e3 = be3 − e4, e1 · e4 = e3 + be4, a > 0,
P4,1 : e1 · e2 = e2, e1 · e3 = e3, e4 · e3 = e2,
P4,2 : e1 · e1 = te3, e1 · e2 = e2, e1 · e3 = e3, e4 · e3 = e2, e4 · e4 = e3, t ≥ 0,
P4,3 : e1 · e2 = e2, e1 · e3 = e3, e1 · e4 = e4 · e1 = e3, e4 · e3 = e2, e4 · e4 = e2,
P4,4 : e1 ·e2 = e2, e1 ·e3 = e3, e1 ·e4 = e4 ·e1 = e3, e4 ·e3 = e2, e4 ·e4 = e2 +te3, t ̸= 0,
P4,5 : e1 · e2 = e2, e1 · e3 = ae2 + e3, e3 · e1 = ae2, e4 · e3 = e2, a ̸= 0,
U4,1 : e1 · e2 = e2, e4 · e3 = e3,
U4,2 : e1 · e2 = e2, e4 · e3 = e3, e4 · e4 = e3,
Z4,1 : e1 · e2 = e3, e1 · e3 = −e2, e4 · e2 = e2, e4 · e3 = e3.

Remark 39. With the notation of Theorem 38, we notice that

1. All left-symmetric algebras N4,i , H4,i , B4,i , D4,i , G4,i , P4,i , F4,1, F4,2, I4,1, I4,2, J4,1,
J4,2, C4,1, C4,2, E4,1, E4,2, K4,1, L4,1, M4,1, S4,1, U4,1, U4,2 and Z4,1 satisfy the identity
(8). Hence, they are all Novikov.

2. The algebras N4,1, H4,1, I4,1 J4,1, B4,1, C4,1, D4,1, E4,1, G4,1, K4,1, L4,1, M4,1, S4,1,
P4,1, U4,1, U4,2 and Z4,1 are inner derivation.

Corollary 40. The associated Lie algebras of the left-symmetric algebras in Theorem 38 are:

1. N4,i : R2
× a f f (R) : [e1, e2] = e2.

2. H4,i : R × H3 : [e1, e2] = e3.
3. F4,i : [e1, e2] = e3, [e1, e4] = e2.
4. I4,i : R × E (1, 1) : [e1, e2] = e2, [e1, e3] = −e3.
5. J4,i : R × E (2) : [e1, e2] = e3, [e1, e3] = −e2.
6. B4,i : R × G3,2 : [e1, e2] = e2, [e1, e3] = e3.
7. C4,i : R × G3,3 : [e1, e2] = e2, [e1, e3] = e2 + e3.
8. D4,i : R × Ga

3,4 : [e1, e2] = ae2, [e1, e3] = e3, 0 < |a| < 1.
9. E4,i : R × Ga

3,5 : [e1, e2] = e2 − ae3, [e1, e3] = ae2 + e3, a > 0.
10. G4,i : [e1, e2] = e2, [e1, e4] = e3.
11. K4,i : [e1, e2] = e2, [e1, e3] = ae3, [e1, e4] = be4, ab ̸= 0.
12. L4,i : [e1, e2] = e2, [e1, e3] = e2 + e3, [e1, e4] = e3 + e4.
13. M4,i : [e1, e2] = e2, [e1, e3] = ae3, [e1, e4] = e3 + ae4, a ̸= 0.
14. S4,i : [e1, e2] = ae2, [e1, e3] = be3 − e4, [e1, e4] = e3 + be4, a > 0.
15. P4,i : [e1, e2] = e2, [e1, e3] = e3, [e4, e3] = e2.
16. U4,i : a f f (R)× a f f (R) : [e1, e2] = e2, [e4, e3] = e3.
17. Z4,1 : [e1, e2] = e3, [e1, e3] = −e2, [e4, e2] = e2, [e4, e3] = e3.
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Summarizing we have shown the following main theorem.

Theorem 41. A four-dimensional derivation algebra over R is isomorphic either to an
algebra as given in Propositions 8, 34, or Theorem 38.

Remark 42. From Corollary 40, we find that every two-step solvable Lie algebra of
dimension 4 can admit a derivation structure and we deduce that three-step solvable Lie
algebras of dimension 4 do not admit any derivation structure compatible with the Lie
structure.

Furthermore, up to dimension 6, we could not find any derivation structure on solvable
nilpotent Lie algebras with order of solvability greater than two. In fact, we do not have any
example of a Lie algebra with order of solvability greater than two which admit a derivation
structure.

REFERENCES

[1] L. Auslander, Simply transitive groups of affine motions, Amer. J. Math. 99 (1977) 809–826.
[2] Y. Benoist, Une nilvariété non affine, J. Differential Geom. 41 (1995) 21–52.
[3] D. Burde, W. de Graaf, Classification of Novikov algebras, Appl. Algebra Engrg. Comm. Comput. 24 (2013)

1–15.
[4] K. Chang, H. Kim, H.C. Myung, On radicals of a left-symmetric algebra, Comm. Algebra 27 (1999)

3161–3175.
[5] X. Gao, M. Guediri, C. Bai, A note on transitivity of a left-symmetric algebra, Preprint, 2014.
[6] M. Guediri, On a remarkable class of left-symmetric algebras and its relationship with the class of Novikov

algebras, Comm. Algebra 44 (2016) 2919–2937.
[7] M. Guediri, K. Albalawi, Complete left-invariant affine structures on solvable non-unimodular three-

dimensional Lie groups, J. Generalized Lie Theory Appl. 9 (2015) 1–11.
[8] J. Helmstetter, Radical d’une algèbre symétrique à gauche, Ann. Inst. Fourier 29 (1979) 17–35. metric algebras,

Algebras, Groups and Geometries, 4, (1987), 73–117.
[9] H. Kim, Complete left-invariant affine structures on nilpotent Lie groups, J. Differential Geom. 24 (1986)

373–394. +.
[10] J. Koszul, Domaines bornés homogenes et orbites de groupes de transformations affines, Bull. Soc. Math.

France 89 (1961) 515–533.
[11] A. Medina, Flat left-invariant connections adapted to the automorphism structure of a Lie group, J. Differential

Geom. 16 (1981) 445–474.
[12] J. Milnor, Curvatures of left Invariant metrics on Lie Groups, Adv. Math. 21 (1976) 293–329.
[13] E. Remm, M. Goze, Affine structures on abelian Lie groups, Linear Algebra Appl. 360 (2003) 215–230.
[14] E. Vinberg, The theory of convex homogeneous cones, Transl. Moscow Math. Soc. 12 (1963) 340–403.

http://refhub.elsevier.com/S1319-5166(17)30122-6/sb1
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb2
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb3
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb3
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb3
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb4
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb4
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb4
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb6
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb6
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb6
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb7
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb7
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb7
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb8
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb8
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb8
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb9
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb9
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb9
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb10
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb10
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb10
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb11
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb11
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb11
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb12
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb13
http://refhub.elsevier.com/S1319-5166(17)30122-6/sb14

	Classification of derivation algebras in low dimensions
	Introduction
	Extensions of left-symmetric algebras
	Commutative associative algebras 
	Derivation algebras
	Relationships of derivation algebras with other special left-symmetric algebras
	Derivation algebras of dimension ≤3

	Derivation algebras of dimension 4
	The classification

	References


