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Abstract.  We characterize the self-adjoint domains of general even order linear ordinary
differential operators which have finite interior singular points in terms of real-parameter
solutions of the differential equation. For the purpose we constructed a direct sum space. By
the theory of direct sum space and the decomposition of the corresponding maximal domain,
we give this complete and analytic characterization in terms of limit-circle solutions. This is
for endpoints which are regular or singular and for arbitrary deficiency index.
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1. INTRODUCTION

W.N. Everitt and A. Zettl in [3] developed a theory of self-adjoint realizations of
Sturm—Liouville problems on two intervals in the direct sum of Hilbert spaces associated
with these intervals, for solving the Sturm-Liouville eigenvalue problems with interior singu-
lar points. In 1988, A.M. Krall and A. Zettl in [7] generalized the method given by Codding-
ton [ 1], which obtains the characterization of self-adjoint domains by describing the boundary
conditions of the domain of a conjugate differential operator, and obtains the characteriza-
tion of self-adjoint domains for Sturm-Liouville differential operators with interior singular
points.

As noted in [3], a simple way of getting self-adjoint operators in a direct sum Hilbert space
is to take the direct sum of self-adjoint operators from each of the separate Hilbert spaces.
However, there are many self-adjoint operators which are not merely the sum of self-adjoint
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operators from each of the separate intervals. These “new” self-adjoint operators involve in-
teractions between the two intervals. Therefore in [3] the authors develop a “two-interval”
theory. In particular, they characterized self-adjoint extensions of the minimal operator in the
direct sum space in terms of boundary conditions. This theory was extended in [4] to higher
order equations and any number of intervals, finite or infinite.

As in the case with no interior singular point the GKN characterization (see [2]) depends
on maximal domain vectors. These vectors depend on the coefficients of each differential
equation and this dependence is implicit and complicated. In [10] Wang, Sun and Zettl give
an explicit characterization of all self-adjoint domains for singular problems in terms of the
LC solutions for real A when one endpoint « is regular and the other b is singular. Under the
assumption that the differential equation My = Awy has d linearly independent solutions in
H for some real A\, for m = 2d—2k, they constructed solutions uy, . . . , Uy, and Uy 41, - - -, Ug
of the equation all lying in /7 such that the solutions u; for j > m do not contribute to the
boundary conditions at the singular endpoint b and the solutions w1, .. ., u,, do contribute.
Thus, in analogy with the celebrated Weyl limit-point (LP) and limit-circle (LC) cases for
second order i.e. Sturm-Liouville problems, we say that the solutions w1, . . ., u,, are of LC
type at b and w41, ..., uq are of LP type at b. Following [10], Hao, Wang, Sun and Zettl
give a new characterization by dividing (a, b) into two intervals (a,c) and (c,b) for some
¢ € (a,b) and using the LC solutions on each interval constructed in [10] when « and b are
singular in [6]. In [9], Suo and Wang extend the characterization in [6] to two-interval case
when one or two or three or four endpoints of two interval (a1, b;) U (az, by) are regular and
illustrate the interactions between the regular points and singular points with some examples.

In this paper we extend the characterization in [9] to the case when the differential oper-
ators which have finite interior singular points. For the purpose we firstly construct a direct
sum space H = >_7_ @&L?*((ar,b,),w,) and give the corresponding notations and basic
facts for direct sum space differential operators. On each internal (a.., b,.), we choose a point
¢y =1,2,...,q. Then we apply the construction in [10] on the interval (a,, ¢,-) to obtain
LC solutions 1, .. ., Urm,, and we apply the construction in [10] on the interval (¢, b,)
to obtain LC solutions v, ..., Upy,,.. Using the LC solutions u,1, ..., Upm, and vy, ...,
Upp, for the left endpoint a, and the right endpoint b, of each of the ¢ intervals [a,., b,
r=1,2,...,q, we give the characterizations of all self-adjoint domains for singular sym-
metric operators with ¢ — 1 interior singular points or equivalently, all self-adjoint restrictions
of the singular maximal operators in direct sum space in terms of the LC solutions of the
2r endpoints. These extensions yield “new” self-adjoint operators which are not merely di-
rect sums of self-adjoint operators from the subintervals but involve interactions between the
subintervals. These interactions are the interactions between singular endpoints. These will
be illustrated in Section 4 with several examples.

2. NOTATIONS AND PRELIMINARIES

Consider the even order symmetric differential expression
n
M = Z pj(z)D’
Jj=0

over interval I = (a,b), —00 < a < b < oo, where p;(z), j = 0,1,...,n, are real-
valued functions with some smooth and integrable conditions. We assume that there exists
g — 1(1 < g < +00) singular points of M in I.
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Without loss of generality, assume that the interval I is decomposed into a set of subinter-
vals,

I’r‘:(arubr)7 r:17"'7qa

where a1 = a, az = by, ..., ag = by—1 and b, = b. In addition, a,, b, are singular endpoints
with deficiency indices (mg,—1, mo,—1) and (ma,., ma,. ), respectively.

In general, we assume that I, = (a,,b,.), 7 = 1,...,¢, are a set of intervals on the real
axis. An nth-order symmetric differential expression M, is defined on every I, for any 7,
and we provide M with deficiency indices (ma,_1,m2,—1) and (ma,, ma,) at a, and b,
respectively, and there is not any singular point in (a,, b,.).

Let M = (M, ..., M,).

In this paper we only consider even order equations with real coefficients. However, in the
following we summarize some basic facts about general quasi-differential equations of even
and odd order and real or complex coefficients for the convenience of the reader.

Let I = (a,b) be an interval with —oo < a < b < oo and n be a positive integer (even or
odd) and let

Zn(I) = {Q = (QT‘S):Z:'S:l?qT,T’Jrl 7£ 0 a.e.on I;q;:+1 S Lloc(—[)71 S r S n— 17
grs =0a.e.onl,2<r+1<s<n,qs € Liy(l),
s#Er+1,1<r<n-1}. (1

Let Q € Z,,(I). We define

Vo = {y : I — C,y is measurable} )
and

y =y (y € V). 3)
Inductively, for r = 1,...,n, we define

Vo={y € Vo1 1yl € ACi,e(I)}, )

W=} (y[’”’”' - qusy[s’”) (y € Vi), ®)

s=1

where ¢y nt1 = 1, and ACj,.(I) denotes the set of complex valued functions which are

absolutely continuous on all compact subintervals of I. Finally we set
My = May ="y (y € V,). (©6)

The expression M = My is called the quasi-differential expression associated with (). For

V,, we also use the notations V(M) and D(Q). The function 3"1(0 < r < n) is called the
rth quasi-derivative of y. Since the quasi-derivative depends on @), we sometimes write ym

instead of yl"!.

Remark 2.1. The operator M : D(Q) — Ljo.(I) is linear.
Let Z,,(I,R) denote the matrices @ € Z,,(I) which have real valued components.



118 Q. Yang, W. Wang

Definition 2.2. Let Q € Z,,(I,R) and let M = M be defined as above. Assume that
Q=-E'Q°E, where E = ((=1) 6, ns1-6) s_1- ©)
Then M = My, is called a symmetric differential expression.

Definition 2.3. Assume ) € Z,(I,R) satisfies (7) and let M = Mg be the associated
symmetric expression. Let w € Lj,.(I) be positive a.e. on I. Define

Dinaz ={y € L2(I,w) VRS D(Q)vwilMy € L2(I,w)}7

Sma:vy = w_lMy7y e Dma;v-

max?

Lemma 2.4 (Lagrange Identity). Assume QQ € Z,(I,R), n = 2k, satisfies (7) and let
M = Mg be the corresponding differential expression. Then for any y, z € D(Q) we have

ZMy —yMz = [y, 2], 9)
where
n—1
[y, 2] = ()" Y (1) rElrmlyll = )Rz EY), (10)
r=0
Y z
y[ll (1]
y[n.— 1] Z[n.—l]

Definition 2.5 (Regular Endpoints). Let Q € Z,(I,R), I = (a,b). The expression M =
My, is said to be regular at a if for some ¢, a < ¢ < b, we have

q;’}H € L(a,c),r=1,...,n—1; ¢ € L(a,¢),1 <r,s<n,s#r+1
Similarly the endpoint b is regular if for some ¢, a < ¢ < b, we have
q;71.+1 € Lie,b),r=1,....n—1; gqws € L(c,b),1<r,s<m,s#r+1.

Note that, from (1) it follows that if the above hold for some ¢ € I then they hold for any
c € 1. We say M is regular on I, or just M is regular, if M is regular at both endpoints.

Theorem 2.6 (GKN Theorem). Let Sy be the minimal operator in H and let d be the
deficiency index of Smin- A linear submanifold D(S) of Diax is the domain of a self-adjoint
extension S of Swin if and only if there exist vectors w1, Wwa, . .., wq in Dy satisfying the
following conditions:

(i) wy, wa, ..., w, are linearly independent modulo D,

(ii) [ws, w;](b) — [ws, wj](a) =0,4,5 =1,...,d;

(111) D(S) = {y € Dax : [yaw’b}(b) - [y7wz](a) =0,1=1,... 7d}
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Now we revert to the our case. Let w, € Li,.(I.), r = 1,...,q, the basic space we
considered is

q
H=> el (I,w), w,>0.

r=1

We define the inner product in H as

q

q b,
<y7 Z> = Z<yrv ZT’>7‘ = Z/ yrzrwrdxv
r—1ar

r=1

wherey = (y1,...,Yq), 2 = (21,...,2¢) € H. Then H is a weighted Hilbert space with this
inner product.
Define the maximal operator Sy,ax generated by M in H as follows:

q
Dmax - D(Smax) = Z @D(Srmax)a
r=1

Smaxy = (wflMlyl, . ,’Ll]q_1]\4qu)7 Y= (yl7 - ,yq) (S Dmax'
Define the minimal operator Sy, generated by M in H as follows:

q
Dmin - D(Smin) - Z @D(Sr min)7
r=1

Sminy = (wl_lMlyl, . ,wq_quyq), Y= (yl, .. ,yq) S Dmin-
Foranyy = (y1,...,Yq) and z = (21, ...,2q) € Dmax, all of the limits [y,, z,]r(ar) =
lim, g, [Yr, 2r]r(2) and [y,, 20 (br) = limg_p_[yr, 2-]-(z) exist and

q b,
W2 =D [ =lr| (12)
r=1 T
where
Yr Zr
yi! Y
W 2)e = (=DM ZFEY,), Yo=| " | Z=| . |. (13)
yin.—l] ZLn'_l]

Lemma 2.7. The minimal operator Sy, is a closed, symmetric, densely defined operator in
the Hilbert space H with deficiency index d = Y"!_, d,. Here d,. is the deficiency indices of
Srmin (T = la s aQ)

Proof. See [3]. O

Definition 2.8. Assume thata, < a,. < 3, < b, and S, i, are defined on (v, 3,-) as above.
Then the deficiency indexes d,. of .S, i, are the number of linearly independent solutions of

Mry:inyon(aT7ﬁT)a 1= V_17 TZla"'aQ)
which lie in L?((av,, ;) wy.).
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Lemma 2.9. Let a, < o, < By < by.. The number d,. of linearly independent solutions of
M,y = Nwpy  on (ar, () (14)

lying in L*((a, 3,), w,.) is independent of )\, € C, provided Im\, # 0. If one endpoint of
(v, Br) is regular and the other is singular, then the inequalities

k<d. <2k=n (15)

hold. For A = X\, € R, the number of linearly independent solutions of (14) lying in
L?((a, Br),w,) is less than or equal to d,.

Let ¢, € (a,b.) = I.,r =1,...,q If d,1 is the deficiency index on (a,, c;), d, is the
deficiency index on (c,,b,.) and d,. is the deficiency index on (a,., b;.), then

dr=dp+dreo—n, r=1,...,q. (16)

Proof. Cf. Lemma 4.3in[9]. O

Lemma 2.10. Suppose M, are regular at c,. Then for any y = (Y1, ..,Yq) € Dmax the
limits
vl (er) = lim yVl(1), r=1,....q

t—c,

exist and are finite, 7 = 0,1, ..., n — 1. In particular this holds at any regular endpoint and
at each interior point of I,.. At an endpoint the limit is the appropriate one sided limit.

Proof. This follows from Lemma 3 in [10]. [
Lemma 2.11 (Naimark Patching Lemma). Let Q. € Z,(,(I.,R) and assume that M, are
regular on I.. Let g, Brs € C, s = 0,...,n— 1, 7 = 1,...,q. Then there is a function
Y= (Y1,-.-,Yq) € Dmax such that

y[s](ar) = Qpg, y[s](bT) =06rs (s=0,....n—1,r=1,...,q)

and
Qr1,s=0ps (5=0,...,n—1,r=1,...,¢—1).
Proof. This follows from Lemma 4 in [10]. [
Corollary 2.12. Let o, < B € I, s, Brs € C, s =0,1,....n—1, 7 =1,...,q. Then

there is a function y = (y1,...,Yq) € Dmax Such that y, has compact support in I, and
satisfies:

Yl (oy) = ays, Y B) =B (s=0,....n—1,7r=1,...,q).

Proof. This follows from Corollary 4 in [10]. [
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Lemma 2.13. The minimal domain Dy, consists of all functions y = (y1, - - .,Yq) € Dmax
which satisfy the following conditions:

[yrazr]r(ar) = [yr;zr]r(br) :Oa r= 17--~7q

forally = (y17~ e ayq) € Dmax~

Proof. It can be obtained directly by the closedness of Dy, Lemma 2.9, and the Calkin
theory of extensions of symmetric operators in Hilbert spaces. [

3. CHARACTERIZATION OF ALL SELF-ADJOINT DOMAINS FOR PROBLEMS

In this section we still assume that M, are generated by Q. € Z,,(,) (I, R) satisfying (7),
n = 2k, k > 1. We give the decomposition of the maximal domain and the characterization
of all selfadjoint extensions of the minimal operator with ¢ — 1(1 < ¢ < +4o0) interior
singular points.

Theorem 3.1. Let M, be a symmetric differential expression on (a,,b.) and let ¢, €
(ar, by.). Consider the equations

M,y = wpy, r=1,...,q. (17)

Let d,1 denote the deficiency index of (17) on (ar,c,) and d,o the deficiency index
of (17) on (¢, b,.). Assume that for some A = N1 € R, Eq. (17) has d, linearly independent
solutions on (a,,c,) which lie in L*((a,,c,),w,) and that for some X = M\ € R,
Eq. (17) has d,o linearly independent solutions on (c,,b,) which lie in L*((c,,b,),w,),
r=1,...,q Then

1. There exist d,1 linearly independent real-valued solutions u,1, ..., urq,, on (a,,c,)
which lie in L?((a,, c,.), w,).

2. There exist d.o linearly independent real-valued solutions v,1,...,0rq., on (c.,b.)
which lie in L?((c,, b,.), w,.).

3. For m, = 2d,1 — 2k, the solutions u,1, . . . ,Urq4,, on (a,,c,) can be ordered such that

the my x m, matrix Uy = ([tr, Urj]r(cr)), 1 < 4,5 < my. is given by
U, = (-D)E, .

4. For n, = 2d,o — 2k, the solutions v,1, . ..,Vrq,., on (c.,b.) can be ordered such that
the n, x n, matrix V. = ([vp4, vrj]r(cr)), 1 <4, < n, is given by

V, = (-D)FE, .
5. Forevery y = (y1,...,Yq) € Dmax we have
Wr, Urjlr(a;) =0, forj=m,+1,...,dy.
6. Foreveryy = (Y1, ..., Yq) € Dmax we have
[Yr, Urjlr(bp) =0, forj=mn,+1,...,dr.
7. For1 <i<j<d,1, we have

[Uriy Urjlr(ar) = [Uris urjlr(cr)-
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8. For1 <1< j <d,9, we have

[Vris Vpjlr(br) = [Vri, Urs]r(cr).

9. The solutions u,i,...,uUrq,, can be extended to (a,,b.) such that the extended
functions, also denoted by uy1, . . ., Urd,,, Satisfy uy; € Dymag(ar, by) and u,; is identically
zero in a left neighborhood of b, j = 1,...,d1.

10. The solutions v,1,...,Vrq4,, can be extended to (a,,b.) such that the extended
functions, also denoted by v,1,. .., Urd,,, Satisfy vr; € Drmaz(ar, by) and vy is identically
zero in a left neighborhood of a,, j = 1,...,d.

Proof. Parts 1 and 2 follow from the fact that the real and imaginary parts of a complex
solution are real solutions. Parts 3—6 follow from Corollary 6 in [10]. Parts 7 and 8 follow
from Corollary 2 in [6]. By Lemma 2.11 the solutions 1, ..., urq,, can be patched at c,
to obtain maximal domain functions in D, yax(ar, b,-). By another application of Lemma 4
in [6] these extended functions can be modified to be identically zero in a left neighborhood
of b,.. This establishes 9 and 10 follows similar. [

Remark 3.2. We say that the solutions w, m, 41, .-, Urd,,> Urn,.+1s---,Vrd,, are of LP
type at a, and b,, respectively. Since the Lagrange brackets in the conditions 5 and 6 of
Theorem 3.1 are zero for all maximal domain functions y the LP solutions play no role in the
determination of the self-adjoint boundary conditions. Nevertheless, the LP solutions play an
important role in the study of the continuous spectrum (see [8]) and in the approximation of
singular problems with regular ones.

Next we give the decomposition of the maximal domain and the characterization of all
self-adjoint domains.

Theorem 3.3. Let the hypotheses and notation of Theorem 3.1 hold. Then we have
Dr max(am br) = D’r min(ah br)‘i‘SPan{Urh sy Urm,.}+5Pan{Ur17 o 7UTTL7-}7
r=1,...,q.

Proof. By Von Neumann’s formula, D, ax(ar,b.)/Dymin(ar,b.) < 2d, since 2d, =
2(dy1 + drg — n) = m,. + n,.. From Theorem 3.1 parts 7, 10 and the observation that the

matrices U, and V,. are nonsingular it follows that %,1, ..., Urm,, Url,. .., Ury, are linearly
independent mod(D; pin(ar, b)) and therefore dim(D; pax(ar, b))/ Dy min(ar, br) > 2d..,
r =1,...,q. Thus the proof is completed. [

Corollary 3.4. If y € Dyax, then y has a unique representation

y=y+ - ¥q)

where §j € Dy, and
m, [
grzzarjurj"'zbrjvrja r=1,...,q.
i=1 =1

Based on Theorems 3.1 and 3.3 we characterize all self-adjoint extensions of the minimal
operator with interior singular points or, equivalently, all self-adjoint restrictions of the
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maximal operator with interior singular points in terms of real-valued solutions of Eq. (17)

for real \,.. The next theorem is our main result.

Theorem 3.5 (Main Theorem). Let the hypotheses and notation of Theorem 3.1 hold. Let
,q. Then d,. is the deficiency index of Eq. (17) on (a,., b,) and
d=3%1_,d.. Alinear submanifold D(S) of Dax is the domain of a self-adjoint extension
S of Smin if and only if there exist complex d X m, matrix A, (r = 1,..
d X n,. matrix B, (r=1,...

1. The rank(A4, ..

dr =dy+do—n,r=1,...

2.5 _(A.E,, A: — B,E, B})=0;
3.

D(S) =

q

S,

r=1

[Yyr, ur1]r(ar)

[yr7 u'r‘rr.w]'r (a'r')

<3 Yq) € Diax

q [yrv Url]r(br)

In condition 2, E; is the symmetric matrix (7) of order j.

Proof. Sufficiency. Let the matrices A,, B, (r = 1,...
of Theorem 3.5. We show that D(.S) defined by condition 3 is the domain of a self-adjoint
extension S of Spin.

Let

A= _(agj)demBr =

mo

— T T — > —
Wy = E aijurj—kg bijvrg, r=1,...,¢i=1,...
Jj=1 Jj=1

Then for y = (y1, ...

_Ar

[ thrm, )

B.

Y v ] (br)

[yra url]r(ar)

[yT, 'Url}r(br)

_(gz,'qj)dxnrv

,Yq) € Dax we have

- .
Yr, ZaqjuTj (G’T)
L j=1

my
yre 3 alyung | (ay)
L j=1 1,

- -

Yr, Z b;jv’l"_] (br>

L j=1 ]

Yr, Z bgj Urj (b7)
L J=1 i

[y'ra /U’!‘?’;y-]'f (br)

, @) satisfy the conditions 1 and 2

[yra wrl}r(ar)

[yrv wr;i]r(ar)

[yrawrl]r(br)

[yra wrd] r (br)

., q) and complex
, q) such that the following three conditions hold:
.., By) =d;
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Therefore the boundary condition 3 of Theorem 3.5 becomes the boundary condition (iii) of
Theorem 2.6, i.e.,

q
Z([y'm wri]r(br) - [yrv wri]r(ar)) = 07 1= 17 ceey d.
r=1
Next we prove that w; = (w1, ..., wq), % = 1,...,d, satisfy the conditions (i) and (ii) of
Theorem 2.6.
If the condition (i) is not true, then there exist constants cq, ..., cq, not all zero, such that

v = Zciwi € Dmin,

i=1

ie.,

Yr = Zciwn € Drnin, 7=1,...,q.
i=1

By Lemma 2.11 we have [’yf‘v yT}T(aT) = [’Y?”a yT]T(bT) = 0’ r= ]-7 s qs fOI' any y € Dmax-
Using the notation U,. from Theorem 3.1,

d d
0,...,0) = lz €Wy, urll (5 [Z ¢ Wy, urmrl (ar)

= . = .
= (c1,- -5 ca)ai;)asm, Ur.

Since U, is nonsingular, we have (¢, . ..,¢q) A, = 0. Similarly, we have (1, ...,¢4)B, = 0.
Hence

(€1,....¢a)(A1,...,Ag,B1,...,By) =0.

This contradicts the fact that rank(A,,..., A4, B1,...,By) = d.
Next we show that (ii) holds. We have

[w'ruwm [g allurla§ aJéurs

From Theorem 3.1 we obtain

My My

(ar) = Z Z gy [Urt; urs)r(ar).

=1 s=1

([wriawf“j]r(ar))gxd = ATUfA: = (_1)kArEmrAia r=1,...,q.
Similarly,

([wriawm‘}r(br))gxd = (-1 ) B.E, By, r=1,...,q.

q q T
§ [wrzv wr] § Wri, wr]
r=1

r=1

q
= (-1)*Y (ByEy, B} — A,Epm, A7) =0
r=1
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From above, by Theorem 2.6, we can get the conclusion that D(.S) is a self-adjoint domain.
Necessity. Let D(.S) be the domain of a self-adjoint extension .S of Syi,. Then there exist

w1 = (Wit,...,Wiq),. .., Wa = (Wd1,--.,Wdq) € Dmax satisfying the conditions (i), (ii),
(iii) of Theorem 2.6. By Corollary 3.4, each w,; can be uniquely written as:

Wrq = :/y\ri + Z a’;juTj + Z szUTj’ (19)

where gri € Drmin,azj‘,bgj eCr=1,...,q

Let
A= =@ axm,,  Br=()axn,, T=1...,q.
Then
Yr, Z a{jurj (ar)
[yrv wrl]f’(ar) L =1 1. [yr, Url]r(ar)
z - : =4, ' ,
[yr; wrd]r(ar) o [yh urmr]r(ar)
Yr, Z adjum (ar)
Ur, Z by or | (br)
[Yr, wr1]r(br) L j=1 1, [Yr, vr1]r(br)
: - ' =B, s
[Yr, wralr (br) [ il | Wrs Vrn,.]r ()
Yr, Z by vr; (br)

-r

Hence the boundary condition (iii) of Theorem 2.6 is equivalent to part 3 of Theorem 3.5.
Next we show that A,., B, (r = 1,...,q) satisfy the condition 1 of Theorem 3.5.
Clearly rank(Ay,..., A, By,...,B,.) < d.Ifrank(Ay,..., A, By,...,B,) < d, then
there exist constants hq, . .., hg, not all zero, such that

(h1ye .o ha)(ALy.. . Avy By, By) = 0. (20)
Letg = Zle h;w;, then from (19), we get
d _ d m,
gr = D Pl + 3 Y haijue + Zzh bl vr;- @D
] 7=1 1=1 j=1

By (20), we know (hy,...,hq)A. = (h1,...,hq)B, = 0. Thus let g = Eleﬁiwi, then
from (21), we get
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So we have g, € Dynin, = 1,...,¢q, i.e., g € Dpin. This contradicts the fact that
the functions wy, . . . , wy are linearly independent modulo D,;,,. Therefore rank(A4;, ..., A,,
Bi,...,B,)=d.

It remains to prove that A,., B, (r = 1,...,q) satisfy the condition 2 of Theorem 3.5.

From (19), we can have

My My
(Wi, W] ( E alkurk,g a]éum E E a0y [Urks Urs]r(ar),
=1s=1
i,j=1,...,d.

So it follows from Theorem 3.1, we can obtain

T

([wris wrjlr(ar))xa = AU AT = (=1)" Ar By, A7
Similarly, we have
([wrivwrj}r(br))gxd = B,U/B; = (_1)kBrEan:'
Thus condition (ii) of Theorem 2.6 is transform into
A.E,, A>=B.E, B:, r=1,...,q,

i.e.,

r=1 r=1

Remark 3.6 (LC and LP Solutions). Note that for A = \,; there are d, linearly independent
real solutions on (a,, ¢,.) which can be ordered such that the first u1, . .., Uy, With m, =
2d,1 — 2k contribute to the self-adjoint boundary conditions (18) and %y m, +1,- - -, Urd,,
make no contribute to the boundary conditions (18). By conclusion 5 of Theorem 3.1,
[Yr, Urjlr(ar) = 0 for every ¥ € Dypmax, § = My + 1,00 ,dp1. If W, .0 Upg,., 1S
completed to a full basis w1, ..., Uprd,, ;- - -, Uy Of solutions of Eq. (17) on (a,, ¢, ), then no
nontrivial linear combination of ;. 4,, +1, - - - , Uy is in the Hilbert space L?((a,., ¢,-), w,.) and
thus these solutions play no role in the formulation of the self-adjoint boundary conditions.
For this reason we call w1, . . . , Uy, LC solutions at a,- and wy. . 41, - - - , Urq,, LP solutions
at a,. Similarly, we call v,1, ..., vy, LC solutions at b, and vy, 41, - - ., Urd,, LP solutions
atb.,r=1,...,q.

In Theorem 3.5 it is assumed that endpoints @ = a1 and b = b, are singular. It can be
specialized to known results when one or two endpoints are regular. Here we state several
cases for the convenience of the reader.

Theorem 3.7. Let the hypotheses and notation of Theorem 3.1 hold and assume that a and
b are regular. Then d = dq5 + Zrzz( 1+ dro — 1) + dg1. The solutions vi2, . . ., V14,, and
Ugl, - -, Uqgd,, can be extended to solutions on (a,b1) and (aq,b) such that vy, ..., v1a,, €
L*((a,b1),w1) and ugq, ... uga,, € L*((aq,b),wy), respectively. Let m, = 2d,1 —n
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(r=2,...,qQ) andn, =2da —n (r=1,...,q — 1). A linear submanifold D(S) of Duax
is the domain of a self-adjoint extension S of Swin if and only if there exist two complex d xn
matrices Ay and Bg, complex d x m, matrix A, (r = 1,...,q — 1) and complex d x n,
matrix B, (r = 2,...,q) such that the following three conditions hold.:

1. The rank(A1, ..., Ay, B1,...,By) = d;

2. AVE A+ 3 L AEy, A — Zg: B,E, B — B,E,B; =0;

3.

D(S): y:(yla'--qu>EDmax:

yl(a’) q [yraurl]r(ar) q—1 [yTv'Url]T(br)
A : +) A, ; +> B, :
ygnil] (a) r=2 [yT7 urm,,w]r (ar) r=1 [yra vrnr]r(br)
Yq(b) 0
+ By =1:
ylr =1 (b) 0
Proof. We show that the solutions v12, ..., v14,, lying in L?((c1,b1),w;) for some ¢; €
(a,by) can be extended to real-valued solutions on (a,b;) which lie in L?((a,b1),w1).
Determine solutions z; on (a,c1) with the initial conditions: zj[,s] (c1) = vg‘j,l(cl),s =
0,...,n — 1 and rename these z; = v1; to obtain solutions v1; on (a,b1) for j =1,...,d12.
Since @ is a regular endpoint, these extended v;; are bounded on (a,c;) and therefore
the extended vy; are in L*((a,by), wy). Similarly, the solutions g1, ..., ugq,, lying in

L?((ag, cq),wq) for some ¢, € (aq,b) can be extended to real-valued solutions on (ag, )
which lie in L?((ag, b), w,). Now this theorem can follow from Theorem 4.14 in [9]. O

Remark 3.8. Obviously, in Theorem 3.7, the condition ¢ > 2 is necessary.

Remark 3.9. In the minimal deficiency case di2 = 5, ma = m3 = -+ = my = 0,
ny =mng =---=mng 1 =0,dy = 3, the terms involving As,..., A, and By,..., B, 1
disappear and Theorem 3.5 reduces to the self-adjoint boundary conditions at the regular
endpoints a and b:

y1(a) Yq(b) 0
T N I A N L
ygnfl] (a) yz[lnfl] (b) 0

where the n x n complex matrices A, and B, satisfy rank(A,, B;) = n and A1 E, A} =

B,E,Bj. In this case there are no conditions required or allowed at the singular interior
points.

Theorem 3.10. Let the hypotheses and notation of Theorem 3.1 hold and assume that a and
b are regular and there is not any singular point in (a,b), i.e, ¢ = 1. Then d = n and a
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linear submanifold D(S) of Dax is the domain of a self-adjoint extension S of Sin if and
only if there exists a complex n X n matrix A and a complex n X n matrix B such that the
following three conditions hold:

1. The rank(A, B) = n;

2. AE, A* = BE, B*;

3.

D(S) =<y € Dpax :

y(a) y(b) 0
Al +B| =|:
y"(a) y" (o) 0

Proof. Cf. the proof of Theorem 4.3.2 in [5]. [

Theorem 3.11. Let the hypotheses and notation of Theorem 3.1 hold and assume that a is
regular. Then d = d15 + Zﬁzz(drl +dyo — n). The solutions v1a, . .., v14,, can be extended
to solutions on (a,by) such that via,...,v1a,, € L*((a,b1),w1). Let m, = 2d,1 — n
(r=2,...,¢) and n, = 2d,o —n (r = 1,...,q). A linear submanifold D(S) of Dmax
is the domain of a self-adjoint extension S of Smin if and only if there exists a complex d X n
matrices Ay, complex d X m, matrix A, (r =1,...,q — 1) and complex d X n, matrix B,.
(r=1,...,q) such that the following three conditions hold:

1. The rank(Ax, ..., Aq, B1,...,By) = d;

2. AME A+ Y L AE, A=Y B.E, B =0;

3.

D(S): y:(y17--~7yq)€DInax:

yi(a) q [yr, ur1]r(ar)
Ay : + ) A :
@) 7 e e, )i (ar)
q [Yr, vr1]r (D7) 0
+_ B : =|:
=t [Yrs Vrn, Jr(br) 0

Proof. It is similar to the proof of Theorem 3.5. [

Remark 3.12. Similarity to Remark 3.9, in the minimal deficiency case di2 = %, mo =
m3 = -+ =mg =0,n =ng =--- =mny = 0, the terms involving Ay, ..., A, and
By, ..., B, disappear and Theorem 3.5 reduces to the self-adjoint boundary conditions at the
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regular endpoint a:

Y1 (a) 0
Ay : =|:
y"(a) 0

4. EXAMPLES

In this section, we will give a number of examples to illustrate the self-adjoint boundary
conditions given by Theorem 3.5. These examples include interactions between the singular
endpoints and interior singular points. Here we give some examples for

n=4, q=2,3<d<8.
Similar examples can easily be constructed for all higher order cases n = 2k, k > 2 and

more singular interior points cases ¢ > 3.

Example 1. If dll = 3, d12 = 3, d21 = 3, d22 = 2, then dl = d11 +d12 —4 = 2,
dg:d21+d22—4:1,d:d1—|—d2:Sandm1:2d11—4:2,m2:2d12—4:2,
n1:2d21—4=2,n2=2d22—420.

Let
0 0 1 0 -1 =
Ai=10 0], Bi=1[hy 1], Ao=1 0 -1],
Ci Cy 0 O 0 0

where C1,Cq,h1,hy € R and C? + C3 # 0. Then Rank(A;, A2, B;) = 3 and from a
straightforward computation, it follows that

* * * 0 _1
A1E2A1 + A2E2A2 — BlEgBl = 07 E2 = (1 0 ) .

Therefore, we obtain the following self-adjoint boundary conditions:

Cilyr, uir]i(ar) + Calyr, uiz)i(a1) = 0,
[yl, U11]1(bl) = [y27U21}2(02) - hl[yQ,uzz]z(az),
(Y1, v12]1(b1) = [y2, u22]2(az) — holy1, vi1]1(b1).

Here we have one general separated singular condition at a; and two singular jump
conditions, these singular conditions involving the Lagrange bracket.

Similarity to the method of Example 1, we can get self-adjoint boundary conditions of the
other cases for d > 4. So we only list out some conclusions. The concrete processes would
be omitted.

Example 2. In this example we have 4 conditions, all of them involving interactions between
singular endpoints i.e. interactions between Lagrange brackets. Let d1; = 3, di2 = 3,
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do1 = 3,dog = 3. Thend = dy +dy =4and mqy = 2d11 — 4 = 2, mg = 2d19 — 4 = 2,
ny =2dyy —4=2,n9 =2dyy — 4 =2.
1(01) = [y2,v21]2(52) —hy [Z/27vz2]2(52),
1(a1) = [ya, va2]a(b2) — halyr, ui1]i(ar),
y1,v11]1(b1) = —[y1, u14]1(a1) — h3fy1, v12]1(b1),
yl,mz]l(bl) = [yz,uzz]z(@) - h4[y17U11]1(b1),
where h; € R,i =1,2,3,4.

Example 3. Assume di; = 4, dis = 3,da1 = 3,des = 3. Thend = d; +dy = 5 and
my =2dy1 —4=4,mg =2d1os —4=2,n1 =2doy —4 = 2,ny = 2doys — 4 = 2. Note
that here we have one general separated singular boundary condition at bo and four singular
coupled singular jump conditions.

[y1, ui2]1(a1) = —[ya, uzal2(az) — hify1, w31 (a1),
[y1, uisli(a1) = [y2, uai]a(az) — halyz, uszl2(a2),
[y1, v11]1(b1) = [y2, u21]2(az) — haly2, usz]2(az),
[y1,v12]1(b1) = [y1, wa1]1(a1) — halyr, ura]1(ar),
C1[y2, v21]2(b2) + Caly2, va2]2(b2) = 0,

where C;,h; € R,i=1,2,j=1,2,3,4and C} + C2 # 0.

Example 4. In this example we have 6 conditions: d = 6. There are four nonreal singular
boundary conditions and two singular coupled jump conditions. Assume di; = 4, d12 = 3,
d21 = 3,d22 :4.Thenm1 = 2d11 —4 = 4,m2 = 2d12—4: 2,77/1 = 2d21—4= 2,
n2=2d22—4:4.

[y1, u11]1(a1) + ifyr, wiz]i(a1) =0, [y1, uis]i(ar) — i[y1, u14]1(a1) = 0,
[Y2, v21]2(b2) + i[y2, vaa]2(b2) = 0, [Y2, v23]a(b2) — i[y2, v2a]2(b2) = 0,
[yl,vu]l(lh) [Z/z,uzl] (CLQ) h1[y17v12]1(b1), hi € R,

[ J1(b1) = [y2, u2al2(az) — halya, uai]a(az), ha €R.

Example 5. This example features six nonreal singular boundary conditions and one general
separated singular boundary condition at by. Let di; = 4, d12 = 4, do1 = 4, doo = 3. Then
d = d1+d2 = 7andm1 = 2d11—4=4,m2 = 2d12—4:4,n1 :2d21—4:4,
n2=2d22—4:2.

[ylaull]l(al) + i[ylaum]l(al) =0, [yl,ul?,]l(al) - i[yl,um]l(al) =0,
[y1,v11]1(b1) + [y, viz]1(b1) = 0, [y1, v13]1(b1) — [y, v1a]1(b1) = 0,
[Y2, u21]2(az) + i[y2, usa]2(az) = 0, [y2, uzsla(az) — i[y2, usal2(az) = 0,

C1[y2,v21]2(b2) + Calyz, va2]2(b2) = 0, C1,Cy R, C2+C2#0.

Example 6. This example features nonreal singular boundary condition at all four endpoints.
Assume d11 = 4, d12 = 4, d21 = 4, d22 =4.Thend = dl —|—d2 = 8 and mp = 2d11 —4 = 4,
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mg:2d12—4:4,n1:2d21—4:4,n2:2d22—4:4.

1(a1) +ify1, ui2]1(ar) = 0, [y1, uisli(ar) — i[y1, wia]1(ar) = Oa
1(b1) +ifyr, vi2i (1) =0, [y1,vis]i(b1) — ifyr, via]i(b1) =

(a2) +i[y2, usal2(az) = 0, [y2, uasl2(az) — i[y2, uaal2(a ) =
2(b2) + i[y2, vaz]2(b2) = 0, [Y2, v23]2(b2) — i[y2, V2] (b2) =

o
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