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Abstract. This paper is concerned with the study of a stochastic control problem,
where the controlled system is described by a stochastic differential equation (SDE)
driven by a Poisson random measure and an independent Brownian motion. The cost
functional involves the mean of certain nonlinear functions of the state variable. The
inclusion of this mean terms in the running and the final cost functions introduces a
major difficulty when applying the dynamic programming principle. A key idea of
solving the problem is to use the stochastic maximum principle method (SMP). In
the first part of the paper, we focus on necessary optimality conditions while the control
set is assumed to be convex. Then we prove that these conditions are in fact sufficient
provided some convexity conditions are fulfilled. In the second part, the results are
applied to solve the mean-variance portfolio selection problem in a jump setting.
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1. INTRODUCTION
In this paper, we discuss stochastic control models which are driven by a stochastic dif-
ferential equation with jumps, taking the following form

dx, = b(t,x,,u)dt + a(t,x,u)dB, + [, 7(t,x,_,u,,z)N(dt, dz),

Xo = X.

(1.1)
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The objective is to minimize the following expected cost functional,

J(u) = [E[/0 S, x,, E[lo(x,)], u,)dt + g(xr, E[n(x7)])|, foruel, (1.2)

over the set of the admissible controls. The models where the coefficients f and g de-
pend on the marginal probability law of the solution are not simple extensions from
the mathematical point of view, but also provide interesting models in applications
[1,16]. The typical example is the continuous-time Markowitz’s mean-variance portfo-
lio selection model, where one should minimize an objective function involving a qua-
dratic function of the expectation, due to the variance term, see [3,15,2,22]. The main
difficulty when facing a general mean-field controlled diffusion is that, the setting is
non-Markovian, and hence, the dynamic programming and HJB techniques based
on the law of iterated expectations on J do not hold in general. The stochastic maxi-
mum principle provides a powerful tool for handling this problem, see [2,17].

It is well known that the maximum principle for a stochastic optimal control prob-
lem provides necessary conditions of optimality obtained by duality theory, involving
the so-called adjoint process, which solves a linear backward stochastic differential
equation (BSDE in short). Some results that cover the controlled jump diffusion pro-
cesses are discussed in [20,3,14,21,5,18]. Necessary and sufficient conditions of optimal-
ity for partial information control problems have been obtained in [3]. In [14] the
sufficient maximum principle and the link with the dynamic programming principle
are given. The second order stochastic maximum principle for optimal controls of non-
linear dynamics with jumps and convex state constraints was developed via spike var-
iation method by Tang and Li [21]. These conditions are described in terms of two
adjoint processes, which are linear backward SDEs [19]. Such equations have impor-
tant applications in hedging problems, see [13]. Existence and uniqueness of solutions
of BSDEs with jumps and nonlinear coefficients have been treated by Tang and Li [21],
Barles et al. [4]. The link with integral-partial differential equations is studied in [4]. See
Bouchard and Elie [7] for discrete time approximation of decoupled FBSDE with
jumps. The notion of mean-field BSDE appears in [8,9]. Equations of this type are
essentially generalizations of BSDEs, which allow the generator term to be an expecta-
tion of certain nonlinear function. In [8], a general notion of mean-field BSDE associated
with a mean-field SDE is obtained in a natural way as a limit of some high dimensional
system of FBSDEs governed by a d-dimensional Brownian motion, and influenced by
positions of a large number of other particles. The study of mean-field BSDEs in a Mar-
kovian framework, associated with a mean-field SDE is given in [9]. By combining classical
BSDE theory with specific arguments from mean-field BSDEs, it was shown that this
mean-field BSDE describes the viscosity solution of a nonlocal PDE.

Control problems for jump diffusions have been treated in [10], to derive near-
optimality conditions rather than exact optimality conditions. The control domain
was supposed to be non convex, and the coefficients in the cost functional (1.2) do
not depend explicitly on the mean-field terms. By using the spike variation method
and Ekeland’s variational principle, these conditions are obtained in terms of two
adjoint processes.

Our main concern in the present paper is to derive the stochastic maximum principle
for a stochastic control problem in which the mean-field terms appear in the cost
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functional but not in the dynamics of the state process. The inclusion of these terms
introduces a major difference with respect to the case without mean-field terms, see
[10]. Furthermore, since the set of controls is convex, the key fact to establish necessary
optimality conditions for this kind of problems, is to use the classical way of the convex
perturbation method instead of the spike variation technique, see [6,12]. Note that, the
adjoint process that appears in our SMP is defined as the solution to a certain mean-
field type backward stochastic differential equation.

Such problems have been studied by many authors, see e.g. [17], where the SMP is
constructed via results from Malliavin calculus. Another relevant work is that of [2],
where, the SMP is proved for mean-field stochastic control problems, where both
the state dynamics and the cost functional are of mean-field type. This SMP is obtained
in the non-jump case as an extension of the Bensoussan approach [6].

The plan of the paper is as follows. In the second section, we formulate the problem
and give the necessary notations and preliminaries. Section 3 is devoted to the presen-
tation to the necessary as well as sufficient conditions for optimality, which are our
main results. In the last section, we apply the results of Section 3 to solve the mean-var-
iance portfolio selection problem.

2. ASSUMPTIONS AND PROBLEM FORMULATION

In all what follows, we will work on the classical probability space (Q, F, (F/),, P),
such that F, contains the P-null sets, 77 = F for an arbitrarily fixed time horizon T,
and (F,), satisfies the usual conditions. We assume that (F,),., is generated by a d-
dimensional standard Brownian motion B and an independent Poisson measure N on
[0, 7] x Z where Z C R" \ {0} for some m > 1. We denote by (F7),_, (resp. (F}')

the P-augmentation of the natural filtration of B (resp. N). Obviously, we have

1< T)

f,:o[// N(dz,dr);s <t,A € B(Z)| Vo[Bs;s <] VN, (2.1)
Ax(0,s]

where A/ denotes the totality of P-null sets, and g, v > denotes the o-field generated by
a1 U g,. We assume that the compensator of N has the form wu(dt,dz) = v(dz)dt for
some positive and o-finite Lévy measure v on Z, endowed with its Borel o-field
B(Z). We suppose that [, 1A |z|*v(dz) < oo and write N = N — vdr for the compen-
sated jump martingale random measure of N.

Notation. Let n € N*, any element x € R" will be identified to a column vector with
i-th component, and the norm | x| =[x'l + ... + [ x"|. The scalar product of any
two vectors x and y on R" is denoted by xy. An n X n matrix will be considered as
an element M € R, we note xM for MTx € R", where M is the transpose of the ma-
trix M. For a function &, we denote by /. (resp. &) the gradient or Jacobian (resp. the
Hessian) of & with respect to the variable x.

We need to define some additional notations. Given s < ¢, let us introduce the
following spaces

o S*([s, 1], R") the set of R"-valued adapted cadlag processes P such that



226 F. Chighoub, B. Mezerdi

ol—

r€ls, ]

2
HPHSZ([s,t]R") = [E [Suppr| ‘| < 0.

o M?([s,1],R") is the set of progressively measurable R"-valued processes Q such that

1
t 2
2
||Q||M2([s,t],ﬂ%<”) = [E{/ Q| dr] < 00.

o [([5,7,R") is the set of B([0,7]xQ)®B(Z) mesurable maps
R:[0,7] x Q x Z— R" such that

t 2
IR g2 ) = [E{ / /Z R,.(z)zv(de)dr} < o0.

We shall omit ([s, 7], R") in these notations when (s,7) = (0, 7).

Definition 2.1. Let 4 be a nonempty convex closed subset of R™. An admissible control
is a A-valued measurable F;-adapted process u, such that [ju| s < co. We denote by U
the set of all admissible controls.

In order to state the considered stochastic control problem, we first assume that, for
u € U, the state of the controlled jump diffusion in R" is described by the following sto-
chastic differential equation:

{ dx, = b(t, X, u)dt + a(t,x,u)dB, + [, y(t,x,—,u;, z)N(dt,dz), for ¢ € [0, T],
Xo = X.

(2.2)
where x € R" represents the initial state of the system. Here b:[0,7] x R" x U —

R, 6:[0,7T] x R" xU — R™, and y:[0,7T] x R" x U x Z — R", are given. Suppose
that the cost functional has the form

J(u) = [E[/O S xi, Elo(x0)], u)dt + g(xr, Eln(x7)]) |, forueld, (2:3)

where [E denotes the expectation with respect to P, and ¢:R"—> R, p: R" —
R,/:[0,T] x R xU — R,g: R"™" — R, are measurable functions. We deal with
the following stochastic control problem. Find «* such that

J(w*) = }’Ielbf;J(u) (2.4)

Any admissible control * that achieves the minimum is called an optimal control.
The basic assumptions made on the coefficients b, o, 7, @, f, g, and n are the
following

(H1) The maps b, o, 7, and f are continuously differentiable with respect to (x,u«), and
they are bounded by K(1 + | x| ). The derivatives b, b,, o ., 0,, 7« and y, are
continuous in (x,u) and uniformly bounded.
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(H2) f and g are continuously differentiable with respect to (x,y,u), and they are
bounded by K(1 + | x1). ¢ and n are continuously differentiable with respect to
x. The derivatives f, f., &+, € @, and n, are continuous and uniformly bounded.
(H3) For all (t,u,z) € [0,7] x A X Z, the map

(x,0) € R" x R" = a(t,u,x,z) := (" (y (¢, x,u,z) + 1),
satisfies uniformly in (x,{) € R" x R”,

a(t,u,x,(;z) = |C|2K;1, or a(tyu,x,{;z) < —|C|2K2", for some K, > 0.

Under the above hypothesis, the SDE (2.2) has a unique solution, and the functional
J is well defined from i into R.

3. THE STOCHASTIC MAXIMUM PRINCIPLE

The purpose of the stochastic maximum principle is to find necessary optimality
conditions satisfied by an optimal control, assuming that the solution exists. In [6]
the SMP is constructed for control problems, where the state is described by a
stochastic differential equation, driven by a Brownian motion only. The author con-
structs his SMP by considering a convex perturbation of the optimal control defined
by uf = u¥ +¢(v, — u¥), for all v € Y. This perturbation plays a key role in deriving
the first order adjoint process and the variational inequality which reduces to the com-
putation of a Gateaux derivative.

The sufficient condition of optimality is of significant importance in the stochastic
maximum principle for computing optimal controls. It says that if an admissible
control satisfies the maximum condition on the Hamiltonian, then the control is indeed
optimal for the stochastic control problem. This allows one to solve examples of
control problems where one can find, a smooth solution to the associated adjoint
equation.

3.1. Necessary conditions of optimality

Our approach extends Bensoussan’s ideas to the framework of mean-field stochastic
control problems in a jump-diffusion setting. Since the control domain is convex, the
classical way to derive necessary conditions of optimality is to use convex perturbations
method. More precisely, we consider a family of perturbed controls u® of the optimal
control u*, which are defined by u’ = u* + ¢v, for v € U, ¢ € (0,1). Then we compute
the Gateaux derivative of the cost functional in terms of the Taylor expansion of the
state process. We will deduce a maximum principle for the control problem in terms
of some adjoint process. This adjoint process is solution of some linear BSDE in which
the generator term and the terminal value depend on the marginal probability law of
the optimal state process.

Define the wusual Hamiltonian associated to the control problem, for
(t,x,u,p,q,r) € [s, T| x R" x U x R" x R™" x R"
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H(t, X, E[p(x)],u, p, g, 1) = f(1,x, Elp(x)],u) + pb(t,x,u) + > _¢'o'(1,x,u)
=1
+ / r(2)y(t, x,u, z)v(dz). (3.1)
z

where ¢/ and ¢’ for j = 1,...,n, denote the jth column of the matrix ¢ and o, respec-
tively. The stochastic maximum principle involves an admissible pair (x*,x*) and a tri-
ple (»,¢,r(.)) of square integrable adapted processes associated to (u*, x*), with values
in R" x R™” x R", such that

dpt:—{p,b 1, x*, u* +Zq’,of LxFur) + [, (), (6, xF, uk, 2)v(dz)

Hfe (637 B[ ()] uft) + ELf (6 x5 Elo (x5) ], ) o (x) Yt + q,dB,
+ [, r(z)N(dt, dz),
pr=g:.(x7, E[n(x7)]) + Elg, (57, E[n (7)) n. (57),

(3.2)

where f, and f, denote the derivatives of f with respect to its second and third argu-
ment. Similarly, g, and g, denote the derivatives of g with respect to the first and
the second variables.

Obviously the above BSDE admits a unique solution (p, ¢,7(.)) € §* x M* x L* un-
der assumptions (H1) and (H2). Note that the existence and uniqueness for solutions to
BSDE with jumps have been treated by Tang and Li [21].

Remark 3.1. BSDE (3.2) reduces to the standard one, when the coefficients do not
depend explicitly on the marginal law of the underlying diffusion, see [21].

We can state the stochastic maximum principle, which is the first main result in this
paper.

Theorem 3.2 (Necessary conditions of optimality). Let u* be an optimal control of the
problem (2.3) subject to the controlled system (2.2), then there exists a unique adapted
process (p,q,r(.)) € 8 x M? x L* which is the unique solution to the BSDE (3.2), such
that

H (ta ’Cz 7[E[§0(x1*)] ) uz*apnant(z))(a - ur)
>0, dt—ae,P—as. forallac A, (3.3)

where H is the Hamiltonian (3.1) orresponding to the optimal trajectory x*.

To prove the main result, we need some preliminary results given in the following.

Let ™ be an optimal control and x* denote the corresponding optimal trajectory.
Let v € U be such that u* + v € Y. The convexity condition on the control domain
ensures that, for ¢ € (0,1) the control u® + &v is also in U.
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We define the process y, = y, Tbyy, =4 §‘ + *V| _,- From the differentiability result
on solutions of stochastic differential equations which depend on a parameter, we

deduce that
dy,:{bx( 7x, ) )},—i—b (t,xr 7u, v,}dl+Z{o’ 7x, , , +o" (l,x, U )v,}dB{

+‘f4{/x(7 1 I 17 )yt +yu(7 ; ) f’ )VI}N dt dZ)
Yo =0.
(3.4)

It is clear that the variational Eq. (3.4) has a unique solution.
Let ®@ be the fundamental solution of the linear matrix equation, for 0 <s < < T

dd,, = b, (t,x}*,u¥) tdl—l—Za’ 1L,XXuX) D dB+ [,y (1,x% u¥,z) Dy, N(dt,dz),

¢.&u.&' =1
(3.5)
where 7 is the n X n identity matrix. This equation is linear with bounded coefficients,

then it admits a unique strong solution. Moreover, the condition (H3) ensures that the
process @ is invertible, with an inverse satisfying the following equation

d¥,, = —‘Ps,z{b Yo Zaf (r,xX,uX)" — [, x,*,ut*,z)v(dz)}dt

—Z‘Ps,,q t,xF,u¥)dB,

1

—W [, (e (XX uk,z) + 1) 9, (¢, XK uf, 2)N(dt, dz),

\PSY :17

K

(3.6)

so ¥ = @ ! ifs = 0 we simply write @y, = @1, and ¥, = ¥,. By the integration by
parts formula, we can see that the solution of (3.4) is given by y, = ®,f3,, where f, is the
solution of the stochastic differential equation

dp, = ‘I’,{b L uk) Za’ LX) ol (6,5 X ) v — [y, (X% ,z)v,v(dz)}dt

+Z'P,a (t.xXuX Vv dB+ W, [, (0, (t,x* u¥ e) +1)71y“(l,x, X ,e)v,N(dt,dz),
Bo —0~
(3.7)

From standard estimates in the theory of SDEs, the assumptions (H1 )-(H3) imply
the following

|22+ |P|l;2 < C, for somme C > 0. (3.8)
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Let us introduce the following convex perturbation of the optimal control

*.&

u** =u* +¢v, foranyvel, and ¢ € (0,1). (3.9)

The control u* € U is an optimal control, then

JW*) < J(W* + ev) = J(u*) + sd—ij(u* +ev)|  +o(e),
’ =0

if the derivative exists. Thus a necessary condition for optimality is that

d
—JWw* +ev)| =0. (3.10)
de 0

The rest of this subsection is devoted to the computation of the differential of the
cost functional at ¢ = 0. We shall see that this relation leads to a precise characteriza-
tion of «*, in terms of the adjoint process.

Proof. Differentiating the cost functional (2.3) with respect to ¢, we obtain

d

e[ [ sttt )+l 7 oo (51)

d o x
%J(u +ev)

=0

d
(657 B0 ()] ) v+ g, (67, B[ (7))o

:| )
&=0

:[EU(,T{f*<’-"f*7foﬂ7uf*>yr+[E[fy(nxmwx,*)],u,*ﬂ%(x,*)y,

=0

+E[g, (¢ E[n(x7)]) ] (+7) %xr+

(x5 Bl ()] ul ) vyt +g. (5T, E[n(67) )y +Elg, (57 Eln (7)) ] (57) e |
for all v € Y. Substituting by y, by @8, leads to
G 400 = [ U Eo) )0 EL ot El 7)) o (57) 0
(X Bl (x8) ] ul) v i+ g, (<7, E[n (7)) @1
+E[g, (x3 E[n(xF)])]ne (xF) @B | (3.11)

Consider the right continuous version of the square integrable martingale

M= €] [ 00552 Bl (62)) ) + B (2 Elo a7, (40) s

+{& (T E[n(x7)]) + Elg, (57, Eln (7)) In. (67) } @117 |

By the martingale representation theorem, there exist two processes Q = 0'.....0"
where O/ € M?, forj = 1,...,n, and U € L7, satisfing
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= €[ [t o] ) + €57 Elost) o, (o)
e (o7 Eln(s3)]) + Ele o7, Eln(65) ) (o) o

n t t
+y / Q'dB + / / U(s,e) N(ds, de).
j=1 0 0 Z

Let us denote

f =M, — / {fx 5, X, ,E ( :‘)Lu:‘) + [E[f (s,x3 ,E[(p( :‘)],uz‘)](px(x:)}d)sds.
(3.12)
The adjoint variable is the process defined by

pt:ét*qjt,
4=Q1,"Pf—p,0’(lx u ), forj=1,...,n

s Ny oo Uy

r(z) = U(t,2)P(y (6, xF ul,z) + 1) +p,<(y (s,xF,uf,2) —i—1)71 - I).
(3.13)

From the integration by parts formula applied to C:‘ f,, and the above definition of
D, q, for j = 1,...n, and r(z), we have

E[é;BT:I :E[/T{pt Zavauf quo'/ l,xt7u,
0
+/r,(z)yu(t,x[ Jur ,z v(dz }v,dt—/ {fV s x* [E ( f)},ug*)

+E[f, (1, x], E[p(x f)],u;*)]wx(x,*)}di,ﬁ,dt]. (3.14)

Also, we easily verify that the following representation holds

d
A —J(u* +ev)

[t o bt))at) +E (1 Elo )] i) (57)
+ [ et Bl et

(3.15)
By using (3.14) and (3.15), we obtain

E

]
/ {f;(t,x,*JE[rp(x,)] 5) b (15 +zqof (rocta) + [ r,(z>yl,(z7x,*7u,*,z)v<dz>}w}>o.
0 z

The previous inequality combined with (3.1) implies
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iJ(u* + &v)

T
4 :[EU H, (1, % E[o ()]t py () vt = 0. (3.16)
0

e=0

Since A4 is a convex set, we may choose
ub =uf +e(v,—u) €U, for ¢ €0,1].

Thus, since u is optimal, we have

d . x *
%J(u +e(v—u™))

T
— | [ (057 (1)) o (2) ()l
=0 0

= 0.

Now let

ur otherwise,

{ a OnBX(Io,lo-l-h),
v, =

where B is a F,-measurable set. Then
T
£ [ (057 Elp ()] ) (s )|
0

to+h
_ [EU H, (1,5 E[p ()] %y 1o (2)) (0 — u,*)lez]
lo

Dividing by /& and sending /4 to 0, we get

to+h
}irr&[E [/ H,,(l, x¥, [E[(p(x;*)] UK D4, r,(z)) (v, - u,*) IBdl]
h— o

= [E|:Hu ([0,X;:, [E[(P<x;>}7“;7p107q107rr0(2)) (a - Ll;:) 13],

for all f, outside a Lebesgue negligible set.
The last equality is valid for all Be F,,, which implies that

E[H(t0, x5 E[o (x2) | Py g1 (20 (a = u2) 174 ] = 0.

Now since the quantity inside the conditional expectation is F,-measurable, then
inequality (3.3) holds dt — a.e, P —a.s., forallae 4. O

3.2. Sufficient conditions of optimality

In this section, we focus on proving that provided some convexity assumptions are sat-
isfied, the necessary condition (3.3) turns out to be sufficient.
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Theorem 3.3. [Sufficient conditions of optimality]Given an admissible control u*, we
denote by x* the associated controlled state process, and (p,q,r(.)) be the solution to the
corresponding BSDE (3.2). We assume that the following conditions hold.

(1) (x,y,u) > H(t,.,.,., q,1:(z)) is convex.
(1) (x,y) —>g(...),x > @(.) and x = n(.) are convex functions.

(iii) The derivatives f, and g, are non-negative.

iv) dt —a.e ,P—a.s.
H(ta ’Cr 7[E[(p<xt*)j|au;k’pt?ant(z)) lan(taxf ’[E[ ( )]7a7p/7quf(Z))v

acA
(3.17)

Then u™ is an optimal control.

Remark 3.4. Under assumption (i) in Theorem 3.3., conditions (3.3) and (3.17) are
equivalent (see [11] Proposition 2.2.1 pp. 36-37 or [2] Remark 4.1).

Proof of Theorem 3.3. Let u be an arbitrary admissible control and consider the
difference

J(u* {/ {f t,xt ,[E )]714*) —f(t7x,,[E[<p(x,)],u,)}dt

+E[g (xT,[E[n(xT)]) — g(xr, Eln(xr)])]- (3.18)
We first note that, by convexity of g and #, it yields

Elg(xF, E[n(xF)]) — g(xr, Eln(xr)))]
X — xT)gx (7 E[n(x7)]) + & (57 E[n(x7) ) E[

n
xr) (g (¥, E[n(x7)]) + Elg, (67, E[n(¥7) D) Ine (¥7) 3],

(3.19)

Recall that the adjoint process p : [0, 7] x Q — R" solution to the BSDE (3.2) has by
construction the terminal value

pr =& E[n(x7)]) + Elg, (57, Eln (7)) ]n. (x7). (3.20)
By convexity of the Hamiltonian and the map ¢, we have
[E[H(l, x; ’ [E[(P( X )]a U Do 4 V,(Z)) ([ Xts [(p(xl)]’ U, Pis rt(z))]
< E[(xF — ) (1.8 E[o (59)] F Py gon()]
Jou

+E[(xf = x)E[f (6,7 Eo (x7)], uf) ] 0. ()]
Jr[E[(u}"—u,)H (l,xl ,[E[ (x )], /,p,,q,,rt(z))] (3.21)
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From Ito’s lemma, applied to (x} — x7)py, it follows that

6 (v —xr)or) =€ [ (58— ) (1 Elo(x9)] )]

e[ [ el et Elo ()t o (37l
—HE_/T{p,(b(Ix,,u, bt x)) + s (0 (1 —aj(t,x,7u,))q’,}dt}
e[ [ ] Gt it = n ) N

+E / {(% —x) g, +pu (o () — a(t,x,,u,))}dB[}

+E / /{ X = x )i (@) 4o (0 (6 x0 uf 2) — (8, x 1y, 2 )}]\Nf(dl,dz)}.
(3.22)

According to Definition 2.1., and by the fact that (p,¢,r(.)) € S* x M? x £* for
j = 1,..,n, we deduce that, the stochastic integrals with respect to the Brownian motion
and the Poisson random measure have zero expectation. By combining (3.19), (3.20),
(3.21) and (3.22) the following holds

E[g(x%, E[n(x¥)]) — g(xr, [E[n(xT)])]

|;/ {H Z Y [E )},u,*,p[,q,,r,(Z)) —H(t,x,,[E[(p(x,)Lu,,p,,q,,i‘,(Z))}dt}
v E /0 Hy (1% E[o ()] %y o (2)) (i fu,)dt}
/ Z (o (t,xF,uf) — d(t, ‘c,,u,))q,dt}

+E / / (r,x7uf,2) — (2, x”uhz))r,(z)v(dz)dt}.

On the other hand, by the definition of the Hamiltonian, on has

—|—[E_/Tp[(b(t7xt Uy )—b(l }”I>ut)>dt:| +E

6 [ et Elo ()] ) e o)

| / LH(xR [ (58) ¥ oo (2)) — H(1 0 Elg ()]t (2)) el
- / b(t,x% 1) — b, x,,u,))dt}
- / S (o (1t ) - '<t,x,,u,>)q;dz]

—[E / / t,xZ N7 ,z) y(t,x,,u,,z))r,(z)v(dz)dt].
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Adding the above inequalities up, we get

J*) — J) < E[ /0 Hy (1% E[o ()]st s (2)) (6 — )]

Due to the condition (3.17) which is equivalent to condition (3.3) by the convexity of
the Hamiltonian, it yields

Hu(t, xf, [E[q)(x,*)],uf,p,, q, r,(z)) (ut* — u,) <0, dt —a.e.,P—a.s.

This leads to J(u*) — J(u) < 0, which means that * is an optimal control for the
problem (2.4). O

4. AN APPLICATION TO MEAN-VARIANCE PORTFOLIO SELECTION PROBLEM

As an illustration, we apply a verification result for the stochastic maximum principle
to solve the mean-variance portfolio problem, without using Lagrange multipliers tech-
nique. The key point in the explicit resolution of the problem is that the adjoint process
may be separated into two functions of 7 and x. Then, one needs only to solve two lin-
ear ODEs in order to completely determine the mean-variance efficient portfolio and
efficient frontier. Note that this problem has been first solved in the continuous Brown-
ian motion case in [2].

We consider a financial market, in which two securities are traded continuously. One
of them is a bond, with price S? at time ¢ € [0,7] governed by

ds) = Sp,dt, Sy =so>0. (4.1)

There is also a stock with unit price S} at time ¢ € [0,7] governed by
s =S (b,dz+ o,dB, + / y,(z)N(dt, dz)>, Sy =s'>0. (4.2)
R

The coefficients p, > 0,b,,0;,, and y,(z) > —1 are assumed to be deterministic
and bounded, we also assume a uniform ellipticity condition as follows
o; + [,vi(z)v(dz) = €, a.s., for some € > 0. For an investor, a portfolio 7 is a process
representing the amount of money invested in the stock. The wealth process x* 7"
corresponding to initial capital x, > 0, and portfolio 7, satisfies then the equation

{ dx, = (p,x,+ n,(b, — p,))dt + m0,dB, + 7, [, 7,(2)N(d1,dz), for 1t € [0,T],
Xp = X.
(4.3)

The objective is to maximize the mean terminal wealth E[x7], and at the same time

to minimize the variance of the terminal wealth Var [x%], over controls 7 valued in R.

Then, the mean-variance portfolio optimization problem is denoted as: minimizing the
cost J, given by

J(n) = —E[x7] + uVar[xz], (4.4)
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subject to (4.3), where u > 0. The admissible portfolio is assumed to be progressively
measurable square integrable process, and such that the corresponding x7 > 0, for all
t €0, T]. We denote by IT the class of such strategies.

Remark 4.1. In the notation of the previous sections, let us take u = n,U =II,
A=R,b(t,x,u) = px + (b — p,), o(t, x,u) = nor, y(t, x,u,z) = 1y, (2), f{t,x, Elp(x)],
u) = 0, and g(x, E[n(x)]) = —x + u(x — E[x])*, and thus, in this situation the final cost
can be rewritten as g(x,y) = —x + u(x + p)?, and 5(x) = —x. Then all conditions in
Theorem 3.3. on the coefficients are fulfilled.

The dynamic mean-variance portfolio selection problem has been formulated mostly
for It6 processes and Brownian filtration. The basic idea presented in [15,22], is to
embed the problem into a stochastic LQ control problem. Such an approach estab-
lishes a natural connection of the portfolio selection problems and standard stochastic
control models. In [14] the continuous time mean-variance model where the wealth
process is modulated by a controlled jump-diffusion is considered, with terminal con-
straint representing the expected payoff of the investor. Using Lagrange multiplier
techniques, the problem is converted into an unconstrained problem parametrized by
the Lagrange multiplier.

We show how to solve this optimization problem by applying the Theorem 3.3. In
this case the Hamiltonian takes the form

H(t,x,m,p,4,7) = (p,x + (b — p)m)p + nloiq + / 1 (Er(2)(de)).

Hence the adjoint Eq. (3.2) is written, given © € I1

{dp, = —ppdt+qdB, + [, (z)N(dt,dz), for1<T, .

pr=2u(xr— Elx7]) — L.

As in the classical mean-variance control problem (without jump terms, see [2]), we
attempt to look for a linear feedback optimal control. For this and due to the terminal
condition in (4.5), we try a solution for the adjoint Eq. (4.5) of the form
p, = ®,(x, — E[x)]) — ¥,, where ®, and ¥, are deterministic C' functions with
®; = 2u, and Y7 = 1. By differentiating, we get

dp, = @ (x, — E[x,))dt + ®,d(x, — E[x,]) — Wdr, for t< T, (4.6)
We remark that
dE[x,] = (p,E[x.] + (b, — p,)E[n))d. (4.7)
Then
d(x,— E[x,]) ={p,(x,— E[x.]) + (b,— p,)(n,— E[m,]) }dt + o,m,dB, + 7, /[R 9.(2)N(dt,dz).
(4.8)
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By invoking (4.6) and (4.8), and by comparing with (4.5), we easily check that
@ (x; — E[x,]) + @ip,(x: — E[x/]) + @,(b; — p,)(m; — E[m]) — ¥,
=—p,®,(x, — E[x)]) + p,?,. (4.9)
We have also ¢, = ®,0,7,, and r(z) = ®,,(2)7,.

The Theorem 3.3. then leads to the following theorem.

Theorem 4.2. Let n* € I1 be a candidate for an optimal control, and let x* be the
corresponding state process and

(s ar 1 (2) = (@(xF = E[x]) = ¥, @ionf, Dy, (2)x)), (4.10)
the associated adjoint process which solves Eq. (4.5) for all t € [0,T]. If

ir{ (oot + .- )l + (ot + [ e )
= {ouxt + 6= ot ot + { gt + [ nnt @t (4.11)

Then ¥ is an optimal control for the problem (4.4) subject to the SDE (4.3).
In this case, the expression (4.9) under the optimal solution (7*,x*), must be written
@ (x) = E[x[]) + @p, (5] — E[x}]) + ®i(b = p,) (n] — E[x]]) - ¥
= —p,®,(x}] —E[x}]) +p,7.. (4.12)

To find the control that satisfies condition (4.11), we differentiate that expression,
we obtain from (4.10)

(b, —p) v
= T L) 7 TERT ). (4.13)
Taking expectations, we obtain
b, —p,) '
Elt] - (Bi—p, (_,) 4.14
[7!, ] o} + [pr3(z)v(dz) \ @, ( )

Putting the expressions of 7* and [E[nf‘] obtained by (4.13) and (4.14), respectively,
in (4.12), we obtain the following representation

{@,+ 2p, — AP} (x} —E[x]]) = {¥,+p, ¥} =0, (4.15)
where
(b — pt)
02 + [o 72 (2)v(dz)’
By comparing the coefficients in (4.15) we get

{ O+ (2p, — A)P, =0,
ng = 2#7
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and

{ Y +p,¥, =0,
TT = 1

T (2p,—Ay)d " pd
The solutions are respectively @, = 2,uefr @r =M and W, = efr ~%  Moreover, the

optimal control is given by

* (b —p)) ( 1 fT(Arp )ds * *)
. ) L E . 4.16
i o2 + [ 72 (2)v(dz) 2ue 7] = (4.16)

This completes the characterization of the optimal control from the Theorem 3.3.
In the next, we will find the efficient frontier of the mean-variance problem. Then by
standard arguments based on It6’s formula, we will prove the following result.

Theorem 4.3. The stochastic mean-variance control problem (4.4) subject to the SDE
(4.3), has an optimal feedback solution

* (bt - P,) f[p ds 1 frfp ds+fTA,\ds *
= by el —x¥). 4.17
= ot (e el (17

Moreover, the optimal expected terminal wealth is

T T T r
[E[x;] = xoeﬁ) (pi=An)dt_y (1 — e_fo A’d') (ﬁ ej; At Xoef0 p'dt>, (4.18)

and the corresponding variance of the terminal wealth is

—fTA,dr r 2
Var[x¥] = [ <2 <ieﬂ> i i) . (4.19)
1—¢ ﬁ] At 2.“ 2.“

Proof. From (4.7), and by taking expectations on both sides of (4.16), we represent

E[x*] as follows

dE[x¥] = { pE[x¥] + %“ef[ (A“‘"“‘)dSA,}dz, (4.20)

t

then, the unique solution to the linear ordinary differential equation (4.20) is explicitly
given from the variation of constant formula by

' ds 1 r —p.)ds 1 T— ds r ods
E[x}] = xoedo e _Zef’ (Ae=ps)a +Ze‘[’ prst fy A (4.21)
First, by subtituting (4.21) into (4.16), it follows immediately that the optimal feed-

back control is given by (4.17). This provided that the corresponding Eq. (4.3) under
(4.17), has the following representation



A stochastic maximum principle in mean-field optimal control problems for jump diffusions 239
* [T (1 [ A [ pu
dx’ =< (p, — A)xF + A Ji M° ﬁeo 4 xpedo 7 dt
T T T
Ao, — f pyds 1 Adt f pdt %
+ {e el e X/ dB

A [Ty [ A [ pu * ~
taye P (ged M+ xoedo M) — xS [L 9, (2) N (dt, dz),

*
Xo = Xo,

Applying 1td’s formula to x**. Taking the expectation, we conclude that E [xfz] sat-
isfies the following linear ordinary differential equation

T2 d. T/\d T d 2
dE I:xt*z] = (Zpr - A,)[E[Xt*z] + A1€7‘£ Ps S(;_“eﬂ) ! t—|— X()e.f;) Pr [> dt7
6] = 5
(4.22)

This equation can be solved explicitly, and we get from the variation of constant
formula

2
T 1 T 1 T T
+ (8_‘/: 2pgds e_qu"dJ_f, 2ﬂ,yd5> (2—8 0 Adt + xoej;] pdt .
u

At the terminal time 7, we have

T T T T 2
[E[X’;Z] = xéefo @er=Aodi (1 — efﬁ) A’””) (ﬁefo Addt | xoefo ”’d’) . (4.23)

Also, from (4.21) it follows

T T
xgedo P +L <ef0 Adi 1>,
2u

T T T T
= xoefo (pi=An)dt_y (1 —e fo A"”) <2L efu Aedt xoefo p’dt>. (4.24)
u

T T
We shall use the following notations: I, = el e A e o At

E[x7]

T T T
L= iefo Aty xoefo 7t and I = eJo oA g suggest that (4.24) and (4.23) must
be interpreted respectively by E[x}| = xo/; + L1, and E[x}?] = x}I; + L1;. From the

same arguments as in the proof of Theorem 6.1. in [22], we can easily show that
Var[x¥] = E[x¥?] — (E[x}])’

1-5 2L 515 LI, —F) ,
_ _ . 425
I T A I A (4.25)

(L1)?



240 F. Chighoub, B. Mezerdi
A simple computation shows that

LLL  LLL

= —LLI 4.26

-5 1-5 " (4.26)

L~ , LIL—-TL

2T _p 2T 427
1-15 ot 1-1 (4.27)

By completing the square, we obtain by computing (4.26),(4.27) and (4.25)

Var[x] = 1-1 21 L1, (LL — 1) 2]

b 1oL o Mo
Note that E[x}]| = L1 + I;xo, then we get

(LI Jrllxo)2

Varlut] = | (1)’ -

21
1— I

xoE[x7] +

1214+1fx2
1-5 7

Finally, by replacing I,,1,,15 and I, by their values, we deduce (4.19). This completes
the explicit representation of the efficient frontier of the mean-variance problem. [

5. CONCLUSION

In this paper, we have proved necessary optimality conditions in the form of a maxi-
mum principle for systems driven by stochastic differential equations with jumps.
The cost functional is of mean field type, that is it contains not only the state process
but also its marginal distribution. In the case where the data are convex, these neces-
sary conditions are in fact sufficient. This gives a characterization of optimal controls
and gives an effective way to compute them explicitly in some situations. This has been
illustrated in our paper, by solving the mean variance portfolio selection problem in the
presence of jumps.
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