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TESTING NBUFR AND NBAFR CLASSES OF LIFE
DISTRIBUTIONS USING KERNEL METHODS

M.I. HENDI, H. AL-NACHAWATI AND M.N. AL-GRAIAN

ABSTRACT. The new better than used failure rate (NBUFR) and new better than
average failure rate (NBAFR) classes of life distributions, which are generalizations of
the new better than used (NBU) class, and their dual classes the new worse than used
failure rate (NWUFR) and the new worse than average failure rate (NWAFR), have
been considered in the literature as natural weakenings of NBU (NWU) property. The
paper considers testing exponentiality against strictly NBUFR, (NBAFR) alternatives,
or their duals, based on kernel methods. The percentiles of these test statistics are
tabulated for sample size n = 5(1)50. Pitman’s asymptotic efficiency of the tests are
calculated for both classes and compared. An example of 40 patients suffering from
blood cancer disease (Leukemia) demonstrates a practical application of the proposed
tests in the Medical Sciences.

1. INTRODUCTION AND DEFINITIONS

Ever since the works of Barlow et al. (1963) and Bryson and Siddiqui
(1969), various classes of life distributions have been introduced in reliability.
Currently the applications of these classes of life distribution can be seen
in engineering, social and biological sciences, maintenance and biometrics.
Therefore, statisticians and reliability analysts have shown a growing interest
in modeling survival data using classification of life distributions based on

some aspects of aging, see for example Barlow and Proschan (1981) and Zacks
(1992).

Among these aspects are increasing failure rate (IFR), increasing failure
rate average (IFRA), new better than used (NBU), new better than used in
expectation (NBUE), decreasing mean remaining life (DMRL), harmonic new
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better than used in expectation (HNBUE), new better than used failure rate
(NBUFR) and new better than averaged failure rate (NBAFR). The implica-
tions among these classes of life distributions are as follows:

| — DMRL — — N
FR | N
| — IFRA — NBU — NBUE — HNBUE

!
NBUFR — NBAFR

For the classes IFR, IFRA, NBU, NBUE and DMRL, we refer to Barlow and
Proschan (1981), for the class HNBUE to Rolski (1975) and Klefsjo (1981 and
1982), for the class NBUFR to Deshpande et al. (1986) and Abouammoh and
Ahmed (1988) and for the class NBAFR to Loh (1984).

The problem of testing exponentiality against various classes (like IFR,
IFRA, DMRL, NBU, NBUFR, NBAFR, NBUE and HNBUE) of life distri-
butions has got a good deal of attention in the literature, for example see
Proschan and Pyke (1967), Ahmad (1976 and 1995), Abouammoh et al. (1988
and 1994), Abouammoh and Newby (1989) and Hendi et al. (1998) among
others.

For the sake of continuity in exposition we give the following definitions.

Definition 1.1. Let X be nonnegative random variable (r.v.) with (life)
distribution F(z) = P(X < x) where F(z) = 0 for < 0 and F'(0) may be

zero. The corresponding survival distribution is F(z) = 1 — F(z), for x > 0

and the density function (if exists) is f(z) = fF(z). The instantaneous

conditional failure rate, or simply the failure rate, at time x is defined by

— lim 1 P <X <z+bx)
620 O P(X > x)

r(z)

i.e.

(1.1) r(z) = f(z)/F() 20

r(z) in (1.1) is also known as the hazard rate, force of mortality or intensity.
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Definition 1.2. F is new better than used (NBU) (and is new worse than
used (NWU)) if

(1.2) F(z +y) < (>)F(z)F(y) Vz,y >0
By relation (1.2) one has
F(z) - F(z +y) 2 (S)F(){1 - F(y)}.

By dividing the above formula by y and taking the limit as y tends to zero,
we get

1 . F(z+y) - F(z) . Fy)
F(z) 1%1—% Yy 2 (<) zlll—r% Y
(1.3) % >(9f0), =20

If £(0) > 0 we have the following:

Definition 1.3 . F has the new better than used failure rate (NBUFR) (and
has the new worse than used failure rate (NWUFR)) if

(1.4) r(z) > (L)r(0), x>0

where 7(0) = _;;(%% = f(0), where F(0) = 1.

This concept was introduced by Deshpande et al. (1986) and Abouammoh
and Ahmed (1988). Integrating both sides of (1.4) implies that

(1.5) z ! /Oz r(u)du > (L)r(0), x>0

-z 'In F(z) > (<)r(0), z > 0.

Definition 1.4. F has the new better average failure rate (NBAFR) (and the
new worse average failure rate (NWAFR)) if

(1.6) —z~HnF(x) > (<)r(0), x>0
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i.e.

(1.7) F(z) < (2)e 02, z > 0.

Relations (1.6) and (1.7) were introduced by Loh (1984). From above we can
write the following implications:

NBU = NBUFR = NBAFR.

Similar implications hold for the corresponding dual classes NWU, NWUFR
and NWAFR, viz.,

NWU = NWUFR = NWAFR.

This article proposes test statistics for testing exponentiality against strict
NBUFR and NBAFR alternatives. This seems to be the first such procedures
for these new classes of life distribution. The approaches of testing exponen-
tiality against a class of life distribution is based on defining a measure of
departure from Hj in favor of Hfi), 1 = 1,2 for each of the two classes, re-
spectively and then estimating this measure empirically by using an approach
based on these measures of departure from Hy that depend on the underlying
pdf f(x). The empirical versions of these measures require estimating f(z),
and thus one may use the celebrated “kernel method”. For background mate-
rials on this method, we refer the readers to Prakasa Rao (1983), Silverman
(1986), Scott (1992), and Jones and Wand (1995). In fact, using the kernel
methods in reliability is not new since estimating the hazard (failure) rate
using kernel methods appears in early work of Watson and Leadbetter (1964),
Ahmad (1976), Ahmed and Lin (1977) among others, while using the kernel
method for testing IFR,JFRA are pioneered by Ahmad (1996), cf. Ahmad,
Hendi and Al-Nachawati (1999).

The exponential distribution is the only distribution where equality is at-
tained in (1.4) and (1.5). Hence we test Ho : F' is exponential (1) against
H® . F is NBUFR and not exponential or H®® : F is NBAFR and not
exponential.

In order to test Hy against H. 1(1) we use the following measure of departure
from Hy,

o = [T(1(@) - SO @} @)
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1.e.

(18) o = [ f@dF (@) - 50

Note that 65;1) = 0 under Hyp and is strictly positive under H{l). To estimate
5%1) let X1,...,X, be a random sample from F, let F,(z) = %E}‘ﬂ I(X; <
z) denote the empirical distribution of cdf F, dF,(z) = % and pdf f(z) is
estimated by f, = % i k(%l), where k(.) be a known pdf, symmetric
and bounded with 0 mean and variance ¢ > 0. Symmetric uniform, normal,
double exponential are examples of such pdf. Let {a,} be a sequence of reals
such that a, — 0 and na,, — oo as n — o0o. Other conditions on k£ and a,
will be stated when needed. We propose to estimate 6}}) by.

(19) o = /0 Fo@)dFu (@) = 5£2(0),
i.e.

50 _ - X; 1l &KX

J3 / nan an JAFn(z) 2nanj;k( an ),
i.e.

5 — (X Xy L =X }
(1.10) 5 nQanZ;Z{ )= R (D))
=1 j=1

Let us rewrite (1.10) as
(1.11) 8% = ZZ¢1n Xi, X;).

i#]
Set

X1 - X2) —Lk(_)ﬁ

an, 2a, an,

1n (X1, X2) = . k(

and define the symmetric kernel

)

&(X17X2 2' Z¢ln X’tl,Xzz)

where the sum over all arrangements of X; and X5. Then 5%) is equivalent to
the U-statistic.

In Section 2, conditions under which \/ﬁ((ggn) - 6;})) is asymptotically nor-
mal are given and the null and non-null variances are obtained. The test based
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on 31(,,}13 is shown to be consistent and its Pitman asymptotic efficiency are given
for some well-known alternatives. Small sample Monte Carlo critical values of
the test statistic are given.

To test against H f2) we use the following measure of departure from Hp:

(1.12) 5@ = /O (=10 _ F(g)}f(2)dF (x).

To estimate 5}2) we propose

(113 5 = [Tt 07 - Fu@)} al@)dFa(o)

i.e.

8 = (n(n—l)(n—2)an)‘lii ;;é k(X"T_Xl) (e~ 0% _ 1(x, > X))
1£jF£L n

(1.14)
where f,(0) = H}Tn T k(%j—), Fo(x) =130, I(X; > X;) and

T n

0 ifX;-X; <0

I(X1>Xi):{ 1 if X —-X;>0"

In Section 3, we establish the asymptotic normality of 5%213 and obtain its

null and non-null variance and compare its efficiency to the test 5%) In Section
4, an example using field data blood cancer disease (Leukemia) is used as an
application in medical sciences.

2. TESTING AGAINST NBUFR ALTERNATIVES
2.1 The Test Procedure

The “kernel method” was used recently for testing exponentiality against
some classes of life distributions cf. Ahmad et al. (1999) and Hendi (1999).
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In this section, we derive a kernel-test for testing Hy : F is exponential (u)

against H fl) : Fis NBUFR and not exponential. First we prove the following:

Theorem 2.1. Ifna® — 0 as n — oo , if F has bounded second derivative
and if V (¢1n(X1)) < 0o, where ¢1,(X1) is given in (2.7), then \/ﬁ(ggn) —6%1))

is asymptotically normal with mean 0 and o i< ace lim, V(1,(X1)). Under

Hy, the variance is -:1,;

Before we prove this theorem, we need the following lemma,

Lemma 2.1. Let 6 = E(Sgn)), then

(21) 00 = [ B(ja@)dF(z) - 5E(a(0)).

Proof. Note that
x

B(fn(e)) = o [ M=),

and

B (0) = o [ W) rw)dy.
Set gn(z) = E(fa(z)) and g,(0) = E(f,(0)), thus

E(br,) = 0 = E(¢1n(X1, X2))

B et LB Ly
o) = E(gn(z)) — %E(gn(o))
ie.
o — / gn(ac)dF(:v)—% / gn(0)dF ()
- / E(f.)(z)dF(z) %gn(o)-
Then

0 = [ B(fr.@)dF (@) - E(F(0).
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Proof of Theorem 2.1. Note that
(2.3) VaE - 60) = va(d%) — 60) + V(e — 65)).
But

Ba@) = a3 [KED @)y = [ kw)f@ - amw)du

R

flz) + 2= a0y f” (z); under the conditions assumed on k

and using Taylor expansion,
and

B(a0) = ai [HED 1@y = [ kw)f(-aw)d

2 2
~ f(0)+ a"—;k f"(0); under the same conditions on k

and using Taylor expansion.

Hence (2.1) can be written as

aZo? [ 1,
(2.4) o = o) + ([ 7 p'(@)aF (@) - 5£(0))
which leads to
(2.5) V(o) — (5%1)) = O(v/na2) = o(1), by assumptions.

Note also that Sgn)) is unbiased estimate of 0,(11) i.e. 07(11) = ESFn and also is
asymptotically unbiased for 6;}). Next write

(2.6) Vn(g) —6) = Z%(x a2 2 dn(Xe X))

i#]

where
2.7)  Y1a(X1) = Elp1n(X1, X2)| X1] + Elp1n (X2, X1)|X1] — 2659,

and
(2.8) Ein(X1, X2) = b1a(X1, X2) — 1 (X1) — 6.

Now, by Layaponouff’s central limit theorem, the first term in the right
hand side of (2.6) is asymptotically normal if
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Ly = E(1n(X1))2* /02 [V (12(X1)]"+¥/2 — 0 as n — co. Now, using (2.4)
it is not difficult to see that for large n,

(2.9) Elpin(X1, Xa)|X1] = F(X0) — 2 £(0).

Observe that E[¢1,(X2, X1)|X1] has the same representation as in (2.9). Set
N1(X1) to be the sum of twice the right hand side of (2.9). Thus m(X;1) =

2f(X1) — £(0), and
(2.10) P1n(X1) = m(X1) + Op(a?), say.

Hence V(¢1,(X1)) = V(m(X1)) + O(a2) and for p > 2, E[1,(X1)|P < C,p.
Elm(X1)lP = O(1). Hence L, — 0 as n — oo provided that nai — 0 as
n — 00.

Next, look at

Bl 55 (X0, X))

i#
- 77(77,1——1)2 ZEZZ E{gln(Xian,)-éln(X.p,Xj*)}
i A
(211) = ﬁEﬁfn(Xl,Xz) — O((nay)™) = o(1).

Under Hy, F(z) = e~ (the test is scale invariant) and
(2.12) m(X1) = 2% — 14 0(a2).

Thus Egni(X1) = 0 and 0§ = V(m(X1)) = $ by direct calculations. The
theorem is thus proved O.

Thus to conduct the test, calculate \/3n5§,12 and reject Hy if this value
exceeds Z,, the standard normal variate at level a.

2.2 Asymptotic Relative Efficiency

Since the above test is new and no other tests are known for NBUFR we
compare our test to the test 31(,373 of NBAFR class in section (3). The Pitman


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


108 M.I. HENDI, H. AL-NACHAWATI AND M.N. AL-GRAIAN
asymptotic relative efficiency is defined. Let 5%1") and Sgn) be two test statistics

for testing Ho : Fe{Fg,}, 6n = 6 +cn~/2 with c an arbitrary constant, the
asymptotic relative efficiency of 6%) relative to 6}? is defined by

e(6, 62 = 14, (60) /71(60))/ [H3(80) /72(B0)],

where }(8o) = {limn_,oo(6/66)E(5g3)]}9_,90
and 02(6p) = limp—,00 Varg (51(,,32),1 = 1,2 is the null variance.

We choose the following two alternatives:

(i) The Linear Failure Rate family: Fi(z) = exp(—z — 9%2),.% >0,60 >0.

(ii) The Makeham family: Fz(z) = exp(—z — 0(x +e™* — 1)),z > 0,6 > 0.
Note that Hy (the exponential) is attained at # = 0 in (i) and (ii).

For the above two alternatives, direct calculations give efficiencies as fol-

lows
Efficiency Linear failure rate | Makeham
; (&)
400} — 2610 — 6o/ (60) 0.433 0.289

2.3. Monte Carlo Null Distribution Critical Points

For samples 5(1)50 and using 5000 replications, the upper percentiles of
the statistic Sgn) are given in table (2.1). Note that since the above procedure
is independent of choosing a,, or k, we select k to be the standard normal and
those a,, by the normal scale rule (cf. Jones and Wand (1995) p. 60).
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Table (2.1): Critical values of 5{}).
— n

n % 90 % 95 % 99

6 0.11726 0.16461 0.35330
7 0.13468 0.18345 0.34640
8 0.14707 0.19774 0.35187
9 0.15634 0.19878 0.34925
10 0.16446 0.20623 0.33791
11 0.16948 0.21096 0.33029
12 0.17772 0.21786 0.32887
13 0.17792 0.21329 0.31336
14 0.17939 0.21701 0.31641
15 0.18184 0.21879 0.31443
16 0.18405 0.21677 0.30159
17 0.18952 0.22880 0.30897
18 0.19012 0.22129 0.29867
19 0.18881 0.22007 0.29624
20 0.18920 0.21967 0.30529
21 0.19112 0.22044 0.29741
22 0.18987 0.22112 0.29422
23 0.19235 0.22215 0.29100
24 0.19165 0.21988 0.28052
25 0.19278 0.21916 0.28866
26 0.19448 0.22284 0.29163
27 0.19289 0.21711 0.28310
28 0.19251 0.21766 0.27705
29 0.19120 0.21679 0.27970
30 0.19273 0.21706 0.27861
31 0.19537 0.21921 0.27923
32 0.19163 0.21495 0.26883
33 0.19153 0.21455 0.26875
34 0.19173 0.21603 0.26621
35 0.19026 0.21229 0.26830
36 0.19254 0.21461 0.26773
37 0.19120 0.21466 0.26266
38 0.19205 0.21381 0.26022
39 0.19031 0.21413 0.26538
40 0.19006 0.20886 0.25304
41 0.19013 0.21062 0.25644
42 0.18923 0.20961 0.25448
43 0.18915 0.20774 0.25389
44 0.18858 0.20900 0.25802
45 0.18855 0.20839 0.25164
46 0.18824 0.20848 0.25019
47 0.18967 0.20904 0.25257
48 0.18879 0.20819 0.24972
49 0.18820 0.20758 0.25072
50 0.18665 0.20633 0.24826

3. TESTING AGAINST NBAFR ALTERNATIVES

3.1 The Test Procedure

109

Here we want to test Hp : F' is exponential (1) against H§2) : F'is NBAFR

and not exponential. We state and prove the following result.

Theorem 3.1. Ifna: — 0 as n — oo, f is bounded with bounded sec-
ond derivative and if V(P2 (X1)) < 00, where on(X1) is as in (3.4), then
\/5(8}?2 —61(3)) is asymptotically normal with mean 0 and variance V (n2(X1)).

Under Hy, the variance is 4—15.
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Proof. Set 61(,,2) = 5§3)( f(0)) and Sgn) = 5%2") (f(0)). Thus we can write

HURO) = [ (@O — @) Fa(@)aF (@)

il.e.

52 (O =In(n=1)(n=Dan] TS Y () B O (X, > X)),
1#£j#£L

(3.1) w7

First, we prove the result for Sl(g?n) (f(0)) where

52 (£(0)) =ln(n—1)(n—2)an] YIS k() e OX 1, > X)),

(3.2) s

Set,

(33) gaal(Xs, Xo, Xs)IX1] = KL 22) SO% (x5 > 1),

Understanding the methodology of Theorem 2.1, we need only evaluate 73(X7),
where 12(X1) = limp 00 ¥2n(X1) and

Yon(X1) = E[pan(X1, X2, X3)|X1] + E[d2n (X2, X1, X3)| X2]
(3.4) +E[¢2n (X2, X3, X1)| X3].

But for large n,

E[¢on(X1, X2, X3)| X1] = e TOX1 £(X1) — f(X1)F(X1) + Op(a),

Elpan(Xa2, X1, X3)|X1] = e FOX1 £(X1) — £(X7) / F(y)dy + Op(a2),

and

o0 X1
(3.5) Elpan(Xs3, X2, X1)|X1] = /0 e~ F O £2(y)dy — /0 FA(y)dy + Op(ad).

Hence

m(X) = 277O% f(0) - f0) [ " f)dy + / 1O £2(y)dy
(3.6) - /0 * Py,
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Now, since as in Theorem 2.1, \/ﬁ(Etgg)(f(O)) - 61([,12)) = o(1) using same
argument we have that \/5(5%) (f(0)) — 61(3) (f(0))) is asymptotically normal
with mean 0 and variance V' (n2(X1)). Under Hy, it is not difficult to show that
n2(X1)) = —% + 3e72X1. Thus by direct calculations we get that 0d = 1/45.

Theorem (3.1) is proved for 6% (f(0)). Now, to extends it to 5(2)( f»(0)),
we use Theorem 2.13 of Randles (1982). Let ’yek( f(0)) and define L('y,d)
('y d,y + d) to be an interval inside k(f(0)). Now, let h(X1, X2, f(0)) =

_f(o Xlk(—u) Hence we have, |h(X1,X2,7) — h(X1 + X2, f(0))] <
fl( ) for all 7 in some neighborhood of f(0). Next, it easily follows from the
definition of h that

(3.7) E[ sup |h(X1,X2,7") — k(X1 + X2,7)| < kad.
7' e(y—d,y+d)

Thus Theorem 2.13 of Randles(1992) applies since v/n(f,(0) — f(0)) = Op(1)
as n — oo and the theorem is now proved.

To perform the above test, calculate v/ 45n5g13 and reject if this value ex-
ceeds Z, the standard normal variate.

3.2 Asymptotic Relative Efficiency

Since the above test is also new and no other tests are known for NBAFR
we compare our test to the test 51%) of NBUFR class in section (2). For the
above two alternative in section (2), direct calculation give efficiencies and the
relative efficiencies are as follows:

Efficiency Linear failure rate | Makeham
’ ()]

#atb) _ %:-w — 0o/o0n 0.433 0.289

wa00) _ 9510, g0 gy 0.249 0.186

e(6),62) 1.739 1.5

3.3 Monte Carlo Null Distribution Critical Points

For samples 5(1)50 and using 5000 replications, the upper percentiles of
the statistic Sgn) are given in Table (3.1).
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Table (3.1): Critical values ufsg).
—_— T =———————"Fn

n % 90 % 95 % 99
6 0.08991 0.11389 0.18423
7 0.09137 0.11622 0.17939
8

9

0.08786 0.10958 0.15312
0.08950 0.10775 0.15337
10 0.08522 0.10276 0.14129
11 0.08540 0.10155 0.13693
12 0.08336 0.09871 0.13648
13 0.08265 0.09758 0.12834
14 0.08216 0.09686 0.12656
15 0.07831 0.09216 0.12517
16 0.07998 0.09311 0.11662
17 0.07839 0.09084 0.11536
18 0.07526 0.08798 0.11267
19 0.07704 0.08742 0.11230
20 0.07535 0.08679 0.11044
21 0.07548 0.08714 0.10756
22 0.07396 0.08547 0.10691
23 0.07261 0.08244 0.10472
24 0.07077 0.08071 0.10103
25 0.07008 0.08028 0.10051
26 0.06970 0.08066 0.10110
27 0.06747 0.07656 0.09674
28 0.06643 0.07612 0.09459
29 0.06667 0.07696 0.09595
30 0.06476 0.07586 0.09429
31 0.06396 0.07407 0.09025
32 0.06247 0.07254 0.09159
33 0.06256 0.07366 0.09127
34 0.06188 0.07171 0.08831
35 0.06045 0.07089 0.08938
36 0.06001 0.07071 0.08783
37 0.05834 0.06876 0.08666
38 0.05723 0.06656 0.08466
39 0.05522 0.06596 0.08144
40 0.05507 0.06508 0.08232
41 0.05439 0.06479 0.08321
42 0.05394 0.06535 0.08152
43 0.05310 0.06441 0.08100
44 0.05161 0.06139 0.07841
45 0.05134 0.06246 0.07988
46 0.04928 0.06044 0.07661
47 0.04861 0.06138 0.08018
48 0.04630 0.05909 0.07429
49 0.04719 0.05890 0.07643
50 0.04666 0.05851 0.07570

4. AN APPLICATION OF THE 43) AND 4% TESTS

Consider the data in Abouammoh et al. (1994). These data represent
40 patients suffering from blood cancer (Leukemia) from one of Ministry of
Health Hospitals in Saudi Arabia and ordered life times (in days) are 115, 181,
255, 418, 441, 461, 516, 739, 743, 789, 807, 865, 924, 983, 1024, 1062, 1063,
1165, 1191, 1222, 1222, 1251, 1277, 1290, 1357, 1369, 1408, 1455, 1478, 1549,
1578, 1599, 1603, 1605, 1696, 1735, 1799, 1815, 1852.

From the above set of data, we have the following:
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(i) Computing 5&3 from (1.10), we get Sgg = (.21278 which exceeds the
critical value in Table (2.1) at 95% upper percentile. Thus we accept
Hfl) which states that the data set have NBUFR property.

(ii) Computing 5}273 from (1.14), we get 51(3'3 = 0.066721 which exceeds the
critical value in Table (3.1) at 95%. upper percentile. Thus we accept
Hf2) which states that the data set have NBAFR property.
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MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh




