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ON THE DIOPHANTINE EQUATION z2 + 2% =y II

S.A. ARIF AND FADWA S. ABU MURIEFAH

ABSTRACT. In [1], the authors made a conjecture that the diophantine equation z242% =y
where z,y,k,n are positive integers with n> 3 has exactly two families of solutions when

k is even. In this paper this conjecture is proved.

1. INTRODUCTION

In 1992 Cohn [3] proved that the diophantine equation x? +2F = y™ where
n > 3 and k odd integer has exactly three families of solutions in positive
integers  and y. When k = 1, the title equation was first solved by T. Nagell
[6], and recently B. Sury [9] has given an elementary proof that this equation
has no solution. The same problem with k even was considered later on by
Arif and Abu Muriefah [1] and Cohn [4], and appeared to be of rather greater
difficulty. In [1] authors made the following conjecture:
The diphantine equation

(1) z? + 22" =y, n>3m>1
has exactly two families of solutions given by
T = 2™y = 2¥mtl forallm > 1

and
z=11.2%M 4= 5.22M =3 form =3M + 1.
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In this paper we shall prove this conjecture. When m = 1, the conjecture
is true by the result of [7]. It is also proved in [1] that equation (1) has no
solution when n is even and m > 1. So we can suppose that n is an odd
integer.

We start by the usual method of factorizing in the fields Q(¢), and then we
use a recent result of Bilu, Hanrot and Voutier [2] about primitive divisors of
Lucas numbers. We start by giving some important definitions and the result
proved in [2].

Definitions. A Lucas pair is a pair (a,3) of algebraic integers such that
a+ (3 and aff are non-zero co-prime rational integers and % is not a root of
unity. Given a Lucas pair (o, ) one defines the corresponding sequence of
Lucas numbers by " _ g
am —
Un (av 18) - _ B

A prime number p is a primitive divisor of u,(a,3) if p divides u,, but does
not divide (o — 8)%uqug...Up_1.

, n>0.

Result (Theorem 1.4 of [2]). For n > 30, the nth term of any Lucas
sequences has a primitive divisor.

For 5 < n < 30 all values of pairs have been listed for which the nth term
of Lucas sequences has no primitive divisors.

We first prove the following theorem.

Theorem 1. If z,y and n are odd integers, then the diophantine equation (1)
has a unique solution given by x =11,y =5,n =3 and m = 1.

Proof. Tt is enough to prove the result for n = p an odd prime. Factoring
equation (1) in Q(7), we get

(x +2M)(x — 2™1) = yP
Since the factors on the left hand side are relatively prime and any unit of
Q(t) is a p-th power, we can write

(2) x+ 2" = (a+ )P
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where a and b are rational integers and y = a? + b?. Since y is odd, @ and b
are of opposite parity. Let & = a + bt and @ = a — bi. Then from (2) we get

ol —aP 2M

a—a b

Since the left hand side is an algebraic integer, this implies that b|2™, hence
b is a power of 2, hence a is odd. It is easy to check that a/a is not a
root of unity because it is never equal to +1 or +i. Also ged (a + @, ad) =
ged(2a,a? +22™) =1, so

’ p—
a —at

Ut = =
a—a

is a Lucas sequence . Since 2 divides (a — &)?, therefore by definition 2 is not
a primitive divisor. Using Theorem 1.4 of [2] we get p < 30, and by checking
the tables of [2] we see that only p = 3 and m = 1 is possible. So equation (1)
becomes z? + 4 = y3 which has only one solution in z odd as z = 11,y = 5,
(7). This completes the proof of Theorem 1.

Proof of conjecture. From Theorem 1, it is sufficient to consider that x is even,
so let

xz=2"X, y=2"Y where > 0,7 >0
and X,Y are odd integers. From (1) we obtain
(3) 22;1.Xz + 22m — Qnyyn

and therefore of three powers of 2,2u, 2m, and ny which occur here, two must
be equal and the third is greater. Thus we have three cases

1. 2p > 2m = nry, then from (3) we get

(2" mX)2 +1=Y"
and this equation is known to have no solutions [5].
2. ny > 2p = 2m, then from (3), we get

(4) X2 4+1=9m2yn
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Considering modulo 8, we get ny — 2 = 1 and so (4) becomes.
X24+1=2Y"

which has been proved to have only one X =Y = 1,[8], so that

x =2Mandy" = 22m+!

3. 2m > 2u = nvy, then
X2 + 22(m—p) —yn

which by Theorem 1 has no solution in X odd as X =11,Y = 5,n = 3 and
m — p = 1 and accordingly ny = 2u implies 3|, so

X =112 y=522M =3 for m=3M+1.

This completes the proof of the conjecture.
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