
Arab J. Math. Sc. 
Volume 2, Number 1, June 1996 
pp. 87-98 

ON NEW RENEWAL BETTER THAN USED 

CLASSES OF AGEING 

M.I. HENDI AND A.F. MASHHOUR 

ABSTRACT. Suppose that a device is subject to shocks occurring ran
domly in time according to the counting process N = {N(t), t 2: 0}. 
Let Pk, be the probability that the device survives the first k shocks, 
k = 0, 1, 2, ... , where 1 = Po 2: P1 2: . . . . The probability that the 
device survives beyond t, fi(t) = 2::::;;"= 0 P{N(t) = k}Pk> is proved to 
have the new renewal better (worse) than used NRBU (NRWU) prop
erty under some conditions on {Fk}f=o when N is homogeneous and 
nonhomogeneous Poisson processes. Laplace transform and generat
ing function characterizations for these NRBU (NRWU) properties are 
given. 

1. INTRODUCTION 

Suppose that a device is subject to shocks occuring r<.'lndomly in time 

according to the counting process N = { N ( t), t ~ 0}. Let the device 
have the probability Pk of surviving k shocks k = 0, 1, 2, ... , where 1 = 

Po ~ F1 ~ ... The probability H( t) that the device survives beyond t is 
given by 

( 1.1) H(t) = L P{N(t) = k }Pk. 
k=O 

Such shock models have been studied by Esary et al. (1973) when N is 
a homogeneous Poisson process and by A-Hameed and Proschan (1973, 
1975) when N is a nonhomogeneous Poisson process. In all these cases 
the authors prove that H(t) is IFR, IFRA, DMRL, NBU, or NBUE un
der suitable conditions on N if { Pk}~0 has the corresponding discrete 

property. Klefsjo (1981) has considered (1.1) for the HNBUE class. 
Abouammoh et al. (1988) have studied some shock models for NBUFR 
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and NBAFR classes. Abouammoh and Hendi (1991) considered shock 
models for the new better than used renewal failure rate (NBURFR) and 
the new better than average renewal failure rate (NBARFR). Recently 
Abouammoh and Ahmed (1993) studied NRBU (NRWU) closure proper
ties under some reliability operations such as convolutions, mixtures and 
coherent systems. They examine also, the relationships between these 
classes and other classes. 

The main theme of this paper is to establish different results of shock 
models for the class of new renewal better than used (NRBU) distribu
tions and its dual class of new renewal worse than used (NRWU) dis
tributions. In section 3 the survival function H( t) is studied when N 
is a homogeneous and nonhomogeneous Poisson processes. The Laplace 
transforms for these classes and characterization of generating functions 
of the renewal failure rate classes are established in section 4. 

2. THE NEW RENEWAL BETTER THAN USED PROPERTIES 

Let H be a life distribution, that is H(O-) = 0 and fr(t) = 1- H(t), 
Vt ~ 0 be its corresponding survival function and f-LH = J000 ii(u)du. The 
new renewal better than used (NRBU) and the new renewal worse than 
used (NRWU) properties are given below. 

Definition 2.1 : A life distribution H with H(O-) = 0 and finite mean 
JLH = f000 H(u)du is said to have the NRBU(NRWU) property if 

(2.1) f-LHH(t + x) ~ (~)fl(t) 100 H(u)du, V t, x ~ 0 

Classes of life distributions with these properties are introduced by 
Abouammoh and Ahmed (1993). Their behaviour under some reliabil
ity operations such as convolution, mixing and formation of coherent 
systemes has been also studied. Moreover, they investigated the rela
tionships between these classes with other classes. 

Now consider a device with life distribution H which is replaced in
stantaneously upon failure by a sequence of mutually independent de-
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vices. These devices are independent of the first device and each has the 
same life distribution H. In the long run the residual life of a device 
under operation is given by 

(2.2) t ~ 0 

the stationary renewal distribution of H. Using (2.2) relation (2.1) can 
be expressed as 

(2.3) H(xit) ~ WH(x); t,x ~ 0 

where WH(x) 
name NRBU. 

1- WH(x). The last inequality (2.3) account for the 

Now we give the following definition of the discrete NRBU and NRWU 
properties. 

Definition 2.2 : A life distribution or its survival h 
0, 1, 2, ... is called NRBU (NRWU) if 

00 

(2.4) f1Pt+k ~ (~)Pt L pj k ~ 0, 1, ... 
j=k 

3. A POISSON SHOCK MODEL LEADING TO NRBU 

In this section we consider the shock model given by ( 1.1) such that 
the arriving shocks to the device occur according to a counting process 
N which is a homogeneous and nonhomogeneous Poisson processes. 

Assume first that a device is subjected to shocks occuring randomly in 
time according to a homogeneous Poisson process with constant intensity 
>.. Thus the shock model ( 1.1) is reduced to the form 

(3.1) 
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Now we prove that the discrete NRBU property of Pk, k = 0, 1, 2, ... is 
preserved for li(t) under the model (3.1). 

Theorem 3.1. The suTvival fl(t) in model (8.1) is NRBU if {Pk}k=O 
is discTete N Rfl U. 

Pmof. By(:).l) 

la
cxl _ laoo cxl (>.u)k _ 

H(u)dv. = L e-.\u_k1-· Pkdu 
0 0 k=O . 

(3.2) fl. 
;.· 

Note that fl E NRBU if 

(3.3) 

!!_ f= e->-(t+x) [>.(t + x)]k pk 
,\ k=O k! 

oo k (k) (,\t)J(,\x)k-j 
f!..c->-(t+x) L pk L J I 
,\ k=O j=O k. 

!!_ -.\(t+x) ~ p ~ (>.t)j (>.x)k-j 
,\ e L...t k L...t .1 (k .) 1 

k=O j=O J. - J . 

!!_ -.\(t+x) ~ (>.t)j ~ (>.x)k-j p 
, e L...t .1 L...t (k ")I k, 
A j=O J. k=j . - J . 

!!_ -.\(t+x) ~ (>.t)j ~ (>.x)l p. 
,e L...t .1 L...t [I 1+1· 
A J=O J. l=O . 
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By reversing all inequalities we get a dual theorem in the NRWU case. 

Next, let the shocks in ( 1.1) occur according to non-homogeneous 
Poisson process, with mean value function A( t) and event rate A'( t). Let 
Pk, k = 0, 1, ... , be the probability that the device survives the first k 
shocks, in this case model (1.1) is reduced to 

(3.4) H- (t) = ~ e-A(t) [A(t)Jkp_ 
LJ k' k, t ~ 0. 
k=O . 

Now we investigate the preservation of discrete NRBU (NRWU) property 
of Pk, k = 0, 1, 2, ... for l!(t) under the model (3.4). 

Theorem 3.2. Pk, k = 0, 1, 2, ... are preserved for l!(t) under model 

(3.4} if {Pk}k:,0 is discrete NRBU, A'(O) =/:- 0 and A'(oo) = oo if 

00 00 

k=O j=k 

Proof. The survival function Pk has the discrete NRBU properties if 

11P1+k ~ P1 'L'f=k Pj, l, k = 0, 1, 2, ... i.e. 

00 

PI~ Jlpl+ki(L: Pj), l,k=0,1,2, ... 
j=k 

Multiplying both sides of the above inequality by kernal e-A(t) A'1~t) and 
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taking summation over l = 0, 1, ... we get 
00 

(3.6) ll(t) 2 11fh(t)!Ci:. P1) k > o, 
j=k 

where 
- ~ -A(t) N(t) -
lh(t) = ~ e - 1,-Pk+t, k = 1,2, .... 

The survival function ii(t) has continuous NRBU properties if 

(3.7) 

Note that 

dA(u) 
where du = A'(u). 

- fi(t+x) 
H(t) 2 /1H f:' H(u)du . 

Applying 2Tld mean value theorem for the above equality and taking 
A'(O) -j. 0 and A'( oo) = oo, we get JlH = ~ and (3. 7) may be written 
as follows: 

(3.8) t, X 2 0. 

From (3.6) and (3.8) we conclude that lJ(t) satisfies the assumption of 
NRBU property if 

The proof is complete. 

The proof for the NRWU case can be obtained by reversing all the 
inequalities in the above proof. 
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4. LAPLACE TRANSFORMS AND GENERATING FUNCTIONS FOR NRBU 

Here we establish the necessary and sufficient conditions for the life 
distribution to have the NRBU properties by using the laplace trans
forms. These conditions can be used to investigate the closure under 
convolution. 

Now let F be a distribution function such that F(O-) = 0 and let 
4;(s) = f000 e-sudF(u); s 2: 0 be the Laplace transform of F(x). Define 

( 4.1) ( ) = ( -1 )n .!!!:__ ( 1 - 4;( S)). 
an s I d ' n. sn s 

n2:0, s2:0 

Let bn+ 1 (s) = sn+Ian(s) for n 2: 0 and b0 (0) = 1 for s > 0. The 
transforms an( s) and bn+I ( s) have the forms 

(4.2) 

(4.3) 

an(s) 

n 2: 0, s 2: 0 

Venogradov (1973) characterized the IFR property in terms of bn(s). 
Block and Savits (1980) obtained similar characterization for the IFRA, 
DMRL, NBU and NBUE properties. Abouammoh et al. (1988) have 
characterized the NBAFR property by bn(s). Abouammoh and Hendi 
(1990) characterized the NBURFR and NBARFR properties by bn(s). 
In the following we establish the corresponding characterization for the 
new renewal better than used (NRBU). 

Theorem 4.1. Let F be a life distribution with F(O-) = 0, then F has 
the NRB U property if and only if (iff) 

00 

( 4.4) F(t) L bj+I(s) 2: JLCn+I(s, t) for n > 0, s > 0 
j=n+l 

where 

l oo (su)n _ 
Cn+I(s, t) = s e-su __ 1-F(t + u)du, 

o n. 
t > 0. 
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Proof. Assume that F is NRBU, then by using the form (4.3) for n > 0, 
s > 0, 

00 

L bj+l(s)· = 
j=n+l 

00 roo (u)i L sj+l Jn e-su-.-, F(u)du 
j=n+l 0 J. 

roo ~. 00 (su)1 
s Jo F(u)( L -.1-e-su)du 

0 j=n+l J. 

s roo F(u)( ru e-sv(sv)n dv)du, 
Jo Jo n! 

z.e.' 
oo roo ( SV )n roo -L bj+l(s) = s Jn e-sv_1-(}, F(u)du)dv. 

j=n+l 0 n. v 

Since F is NRBU i.e. JLF(t + u)::; F(t) J::O F(v)dv, then 

~ bJ·+l(s) > roo -su(su)n F(t+u)d 
LJ 8 lo e --:;;!f.L F(t) u j=n+l 

JLS roo -su ( SU )n -
F(t)Jo e --:;;!F(t+u)du, 

z.e. 
00 JL 
L bj+l(s) 2: ~( )Cn+l(s,t). 

j=n+l F t 

This completes the proof of necessary part. 

To prove that the condition ( 4.4) is sufficient, note that it may be 
written in the form 

( 4.5) 

where 
oo ( SU )j -su 

Gn(u) = s L -/1-e . 
j=n+l J · 

It is obvious that 
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where Y1, Y2 , ... , Yn+l are mutually independent and exponential with 
rate s. Hence Gn ( u) represent a gamma distribution function with pa
rameters ( n + 1, s) and its characteristic function is given by ¢n+l ( w) = 
( 1 _ i: )-(n+l). 

Letting (n+1) -----+ x, it can be shown that 
s 

that is 

( 1.6) 

lim ¢n+I(w) = exp(iwx), 
n-+oo 

for u < x, 
for u ~ x. 

On the other hand, by Lemma (2.3) due to Block and Savits (1980), 

(1.7) lim Cn+I(s, t) = F(t + .r). 
n-+oo 

The condition ( 4.5) implies that 

lim {oo Gn(u)P(u)du ~ lim -1(1 )cn+1 (s, t). 
n->oo Jo n-+oo F t 

From (4.6) and (4.7), it follows that 

l oo F(u)du ~ _!1( )F(t + x). 
I F t 

This complete the proof. 0 

The corresponding Laplace transforms of the dual NRWU properties 
are satisfied with inequalities sign reversed. 

In the following we translate NRBU (NRWU) properties in terms of 
generating functions. 

Let Po = 1 - P0 and p; = P;_ 1 - P;, i = 1, 2, ... be the probability 
rnass function (prnf) of a nonnegative random variable X. The probability 
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generating function of X is 

00 

( 4.8) 1/;(0) = E[Ox] = 1- I:(l- O)Oi Pi. 
j==O 

Relation ( 4.8) may be written in the form 

00 

( 4.9) 1/;(0) = 1- L P(Y = j)Pj 
.i==O 

where Y has the geometric distribution 

(4.10) .9k = P(Y = k) = (1-0)0k, k = 0,1,2, ... 

Let }i, i = 1, 2, ... , n be iid random variables with common pmf given by 
n 

( 4.10). The variable V = L }i has the negative binomial distribution, 
i==l 

j = 0, 1, ... 

Next define 

{ 
'\""'= ( n + j- 1 ) Oi(1- O)np-. 

Bn(O)= ~.i==O j 1' 
for n = 1, 2, ... 

for n = 0. 
(4.12) 

The form ( 4.12) has the following interesting physical meaning. Sup
pose that a device is subjected to two different types of shocks wl and 
W2 say. At every time unit a shock of type W1 occurs with probability 
1-0. If Yi denote the number of wl shocks between the ( i- 1 )ih and ith, 
i E N of W2 shocks, then Yi has geometric distribution with pmf given 
by (4.10) and V has a negative binomial distribution given by (4.11). 
Hence Bn(O), n EN, represents the probabilities that the device survives 
n shocks of type wl type, where pj represents the probability that the 
device survives the first j shocks of type w2. 
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Using the form ( 4. 9) A bouammoh and Hendi ( 1990, 1991) found con
ditions for discrete life distributions, namely IFR, IFRA, NBU, NBUFR, 
NBAFR, NBURFR and NBARFR in terms of Bn( B). Next, we trans
late the NRBU (NRWU) properties in terms of En( B). The proof of the 
following Theorem is direct and therefore omitted. 

Theorem 4.2. Let Bn(B) be given by (4.12} 1 and 

C (B) = ~ ( n + l- 1 ) Bt(l - O)n p 
n,m L [ l+m' 

l=O 

l,m=1,2, ... ,. 

Then {Pj}~0 is NRBU (NRWU) iff 
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