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A NEW KIND OF HANKEL-TOEPLITZ TYPE OPERATOR
CONNECTED WITH THE COMPLEMENTARY SERIES

M. ENGLIS, S.C. HILLE, J. PEETRE, H. ROSENGREN AND G.ZHANG

ABSTRACT. Let A” denote the weighted Bergman spaces either over the disc
D or over the complex ball B in dimension d > 1. In a recent paper (G. van
Dijk - S. C. Hille, Canonical representations related to hyperbolic spaces, J.
Funct. Anal. 147 (1997), 109-139) it was established that in certain cases
the complementary series enters in the decomposition of the tensor product
A @ A”.

In this paper we wish to realize the complementary series as a space of oper-
ators. More precisely, we associate, in the case of I, to every “symbol” ¢ a
Hankel-Toeplitz type operator Hy acting in .A” (0 < v < ). We prove that
Hy is Hilbert-Schmidt if and only if ¢ belongs to the Hilbert space H* of the
complementary series of representations of SU(1,1), where A = 2 — 2v. As for
Schatten-von Neumann properties of Hy, we establish the presence of a cut-off

occuring at p where 1/p=1—v.

In the case of B we define covariantly k different Hankel-Toeplitz type operators
denoted Hl(pk) in A”, where 1 is the symbol and 0 < k < 3(d — 2v). We
show that the operators Hfﬁk) can also be obtained with the help of certain
sesquilinear differential operators which we, by analogy with how this word is

used in the connection with (bilinear) Hankel forms, refer to as transvectants.

INTRODUCTION

Let us begin by recalling briefly some salient facts from classical Hankel
theory (cf. [16]). Consider the Hardy class H%(T), where T is the unit circle
in C, and let H%(T)* be its orthogonal complement in the space L2(T). If ¢
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is a holomorphic function, one defines the Hankel operator Hy with symbol ¢
by the formula Hyf = P+¢f (f € H 2(T)) where P stands for the orthog-
onal projection onto H%(T)*. (If we instead project onto H 2(T) we get the
(classical) Toeplitz operator.)

In 1979 Peller (cf. [19]) proved that the Hankel operator Hy is in the
Schatten-von Neumann class S, if and only if its symbol ¢ belongs to the
Besov space B,A(T), provided that 1 < p < oo; later, this result was extended
to cover the case 0 < p < 1 also.

A basic property of the Hankel operator is its conformal invariance: the
map ¢ — Hy intertwines with certain natural actions of the group SuU(1,1).
This has lead mathematicians to study more general operators with a similar
property. This generalization can be done in several steps: replacing the
Hardy class H%(T) by the family of (generalized) weighted Bergman spaces
A¥ = A¥(D) (v > 0) over the unit disc D; considering higher order analogues
of Hankel operators; using, instead of operators, bilinear or even multilinear
forms; passing to the limit » — oo, which leads to the famous Fock space and
a degenerate limit of SU(1,1), the Heisenberg group; replacing T, or rather
its “interior” D, by a symmetric domain — this leads to other semi—simple
groups than SU(1,1) — or other domains, or even complex manifolds, with or
without a group action; passing to dual (“compact”) situations; etc. (cf. eg

[3], (10, [11], 2], 1], (18], [20])-

In particular, much of the classical Hankel theory can be extended to the
case of the group SU(n, 1); instead of the disc, the ball B in C" now appears.
In this case we have an obvious extension of the previous weighted Bergman
spaces; we are going to use the same letter for them, writing thus AY = A¥(B).
(Clearly, if n =1 we have B = D so the notation A" is unambiguous.)

Generally speaking, Hankel theory forms a link between operator theory
and the theory of representations of Lie groups. Whereas in traditional rep-
resentation theory the focus is mostly on the identification, and the study in
abstracto of unitary representations, in Hankel theory other problems appear
also, which forces one to leave the Hilbertian scenario, such as — in the case
one has a representation realized on a space of linear operators — membership
in Schatten-von Neumann classes; boundedness; compactness; finite rank.
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In a recent paper [5], dealing with the group SU(n, 1), it was established
that in certain cases the complementary series enters in the decomposition of
the tensor product A¥ ® A”. In this paper we wish to realize the comple-
mentary series as a space of operators. This leads to a new type of operator
apparently not studied before. Whether it is a Hankel or a Toeplitz operator
is an academic issue. Therefore we use henceforth the two names together
speaking of Hankel-Toeplitz type operator.

The bulk of the paper (Sections 1-5) will be about the case n = 1. In
Sections 1-3 we review first some known facts about unitary representations
of SU(1,1). We define then (Section 4) our Hankel-Toeplitz type operators
denoted Hy, acting on the spaces A" with 0 < v < %; the symbol ¢ is now no
longer analytic. We verify that these operators have the desired intertwining
properties and that they are Hilbert-Schmidt operators, as they should be.
(Note that, formally, the Hy reduce to ordinary Toeplitz operators when v = 1,
and these are never Hilbert-Schmidt.) Finally, in Section 5 we begin at least
the study of their Schatten-von Neumann properties; in particular, we uncover
the presence of a “cut-off”. That is, we show that our Hankel-Toeplitz type
operator can be in S, only for sufficiently large values of p; so it can never be
of finite rank (no Kronecker theorem).

Remark 0.1. (On the work of Wu.) One should bear in mind that for
0 < v < 1 the spaces A” behave differently as compared to the case v > 1
(v = 1is the limiting case of the Hardy class). These spaces, and the operators
acting on them, have been investigated at length by Wu and others (see e.g
[26]; we refrain from making a detailed comparison here).

Only in Section 6 do we turn to the case of dimension > 1. In this situation
we can construct Hankel-Toeplitz type operators H (k), where k is an integer
> 0 and ¢ a non-analytic symbol, with the desired intertwining property. If
v < %d — k, where dimension is now indicated by the letter d, this produces
Hilbert-Schmidt operators so we obtain effectively a unitary equivalence with
the complementary series.

Finally, in the last section (Section 7) we show that the operators intro-
duced in Section 6 can also be obtained with the help of certain sesquilinear
differential operators which we, by analogy with how this word was used in
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[10], refer to as transvectants.
Some notation (for the Reader’s benefit)
dimension : n or d
sets: (d=1)D, T;(d>1) B, S
function spaces: (d = 1) H*(T), A¥ = A¥(D), H*; (d > 1) AY = A”(B)
Hankel-Toeplitz type operators: Hy, Hy, H, é,k)

other operators or transforms: U%, 8%, My, Ty, K, J, R, R (means two
different things!)

integral kernels: K"(z,w) (reproducing kernel in A" ), Hy (ditto in an
imbedded Hilbert space H; Section 3 only), Hy(z,w) (kernel of Hy)

group: (d=1) G = SU(1,1); (d > 1) G =8SU(d,1)
Schatten-von Neumann class: S,

N. B. - In Sections 4-5 (d = 1), v, a, A are quantities connected by a = 2v,
A =2 — q; in Sections 6-7 (d > 1), bya=2v+2k, A=d+1-a.

N. B. — The sign O is used not only for “end of proof”, but also for “end
of remark”.

1. REVIEW OF IRREDUCIBLE UNITARY REPRESENTATIONS OF SU(1,1)

It will be convenient to set G def SU(1,1); the elements of this group thus

v
6

|7|2 = 1. The universal covering group of G will be denoted G.

are matrices g = ( ) where v and é are complex numbers with |§]2 —

As is well-known, the irreducible unitary representations of G (and its
universal cover) come in several series (cf. e.g [13] or [24]). Below we recall
briefly their definition choosing as the underlying manifold either the unit disc
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D or, perhaps even better, its boundary T = 8D with G acting on these sets
via fractional linear transformations.

1. Principal series. We consider the Hilbert space of square
integrable functions over T with norm

.
(1) 17 = 5= [ 1r@)ide] < .
Then letting G act (with gz = (az + 8)/(yz + §)) via either

f(@) = f(gz)|yz + 6'—(1+is)
or
f(@) = flgz)lyz + 8|~ *)sign(yz + 6),

where s is any real number, we obtain an irreducible unitary representation.
There are thus two principal series parametrized by the real number s. We
are not going to use any of them; it is only for the Reader’s benefit that we
have mentioned them here.

2..Complementary series. Let us first define the potential
operator U acting on smooth functions on T,

U f(@) = 52 [ 1= o511) Iy,

where 0 < o < 1. Here ¢, is a constant which is normalized by the prescription
that U*1 = 1; it will be computed in the following section.

Letting (-, -) stand for the scalar product corresponding to the norm in (1)
the formula

1918 = =352 [ [ j1—agis@Fw)ldl dy

gives a norm. This follows from the fact that the kernel |1 — zy|~® is positive
definite for o precisely in the interval 0 < o < 1. It is invariant under the
group action

f(@) — flgz)lvz + 6™ = (=)

provided that A is related to a via the formula

A=2—-aq.
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Proof of the invariance. Indeed, changing the variables of integration yields

191 =52 [ 11 gagm1 f(ox) Flaw) ldge doyl.

Now one has the identities

1—zy
(2) 1—g2gy = =
(yx + 8)(vy + 6)
and daf sl
T Yy
3 dox| = ——1__.  |dgy| = ——2—.
(3) |dg| 1 O |dgy| o+ OF

Thus we obtain, using (2) and (3),

Ca ‘ —|—a —(2—« —(2—a
=22 [ [ 1=l tan)bre + 6~ gl + 8T C-
T ) JTxT

=g [ [ -l @) Fo0) dal dy
= 7

Taking the completion of smooth functions in the norm ||-||, gives a Hilbert
space denoted H* on which we have a unitary representation of G which can
be proved to be irreducible. If we let A vary in the interval 1 < A < 2, these
representations make up the complementary series.

3. Holomorphic discrete series. For v > 1 we denote
by A the Hilbert space of holomorphic functions in D, square integrable with
respect to the weighted probability measure du,,

dpn () = L2 (1 = o) 2w dy.
The norm in A" is thus given by
/ /D FDPA |22 2ds dy.

The group G acts on A" via the transformations

f(@) — flgz)(vz +6)7".

(4) IF1% =

v—1
T
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(Note that, strictly speaking, we have, unless v is integer, a projective repre-
sentation, that is, an action of the covering group G.)

If v — 1 the measure du, tends to the normalized arc length measure on
the circumference T,

v—1
T

(1~ [Py 2dndy — o-lds| (== +iy),
thus it is natural to define A! = H2.

If 0 < v < 1 we can still define A” taking the integral in (4) in a generalized
sense (analytic continuation of the parameter; this is the method of M. Riesz).

The invariance of the norm can be established by first proving it for v > 1
, in a similar way as was done in the case of the complementary series, and
then performing an analytic continuation.

4. Anti-holomorphic discrete series. This series
arises by taking the complex conjugates of the functions belonging to the
previous spaces A”. We denote the corresponding spaces by A”; thus, each
space A” consists of anti-holomorphic functions f(Z) and the group G acts .A”
on them via the transformations

f(@) = fgz)(yz +6)7".

In view of the F. Riesz lemma, we can also identify the space A" with the dual

of Au, Ay ~ (.A”)/.

2. MORE ABOUT THE SPACES H* and A”

We begin with the space H* and then say, more in passing, a few words
about A also.

1. The space H* First we wish to calculate the norm, in the
H*-metric, of the elements of the standard orthogonal basis {z™} (m =
0,£1,%2,... ). To this end we need to calculate U%x™. As, quite gener-
ally,

Usf=U",
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it suffices to take m > 0.

We have the double series expansion

7l L e——& o (5 (%)
|1‘$y| =(1—my) 2(1—:Ey) 2=kez k' El P kxeye
=0

Here we used the Pochhammer symbol or factorial:
(Wp=u(u+1)...(u+p-1) (p=0,1,2,...),

where conventionally (u)g = 1 for p = 0. We have to multiply this by y™ and
integrate. Then, in view of the orthogonality, all terms drop out except those
for which k = m + £. Thus we find

i (5)e+m(5)e o

L+m)et —

Let us write
l+m)!=1-2-....m(m+1)...(m+£) =ml(m+1),

and, similarly,

Germ = TE+1) - Gam=1)(§ +m) ... (GrmtL=1) = (5)m(G +me.

Then the last sum can be rewritten as

Z(2+me( (?n) 1( +mm+1 1),

(m+ 1)g 7l

where o F) stands for the hypergeometric function. Now recall Gauss’s famous

formula: T(e)T( b)
ol'l(c—a —
b;c; 1 .
(5) 21(®56 1) = 5= e —b)
In our case it gives
m!T(1 - «)

2F1( +m m+ 1, 1)

T1-2+mI(1-2)

o I'(§+m)
(E)m = —“ﬁw7
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this again implies that

o D(g+mI-a)
“T(1-§+m)I(1-$)(5)

m

Uaxm —

In particular, taking m = 0 we find that (recall that U%1 = 1)

_14))2
( 6) Ca = (F:é:tl _2a)))

Thus, eliminating c,, we can write

F(%+m) . F(%) ™ = (%)m ™.

Uaxm= a . o a

Here we have assumed that m > 0. Upon formally replacing m by |m| we can
also write an analogous formula valid regardless of the sign of m.

Hence the desired formula for the a-norm of z™:

™ i: Uamm,mm — (%)|m| .
a2 = ¢ = A

This again gives the expression of the norm of an arbitrary function f € H*
in terms of its Fourier coefficients f(m):

2= 3 f—?—l.{%f(m)ﬁ

s iml

2. The space A”. Finally, we turn to the spaces A” (v > 0). In
any case we have the following expression for the norm of the powers of 2:

n n!
I12"]2 = — (n=0,1,2,...),

(V)n

so the norm of a general element f € A”, in term of its Fourier (or Maclaurin)
coefficients, is given by

1= 3 el (=012,
n=0 n
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For v > 1 this is proved by integration and in general by analytic continuation.

It follows that the space A, has a reproducing kernel given by the formula

K(z,%) = K*(z,w) = (1 — 20) ™ = Z%)'_n

n=0

(zw)™.

3. DECOMPOSITION OF A* ® A

The representation of the universal covering G of G in the Hilbert space
tensor product A” ® A is trivial on the center of G. It therefore factors to
a representation of G. The explicit decomposition of this representation of G
into a direct integral of irreducible unitary representations was first performed
in [17]. Recently it has been shown that .A” ® A” is equivalent to a canonical
representation as defined in [25], see also [5] and [8]. In that context, they also
computed the decomposition.

A very interesting aspect of the result — from our point of view — is the
occurrence of the complementary series representation H2~2" as an invariant
subspace in A” ® A” when 0 < v < 3 (this fact is also stated in [14]; see also
the interesting paper [15] as well as Remark 4.1 infra). This will result in the
new kind of Hankel-Toeplitz type operators mentioned in the title.

We would like to spend some words on the computation of the decompo-
sition. The method that will be explained is not the one from [17], but the
approach as in [5], [8]. It has the advantage that it can be generalized more
easily to other groups like SO(1,n), SU(p, q), Sp(1,n) and others, or to tensor
product of the form A** ® A*2. See also [6] and [9)].

The space AY ® AY can be considered as a Hilbert space of functions on
D x D that are holomorphic in the first and anti-holomorphic in the second
variable, and in which point evaluation is a continuous linear functional. As
such it has a reproducing kernel, which is

( 7) ((211 z2)7 (w17w2)) = Ky(zlawl)KV(ZZ, w2)-

A function f € A” ® A” is completely determined by its restriction to the
diagonal A(D) = {(z,2) : z € D}. Let R : A ® A — C*(D) be this
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restriction map. Now G acts in C°°(D) by means of
f(@) = flgz)lyz + 617,
and R is equivariant.

Lemma 3.1. The image of R is precisely the Hilbert space H(|K"|?) deter-
mined by the reproducing kernel

K (2, w) = | K (z,w)|* = |1 - 20| ™.

Proof. By taking wy = ws in (7) it is clear that the Hilbert space H(|K"|?)
is contained in the image of R. Let F be in the orthogonal complement of

R (H(|K¥|?)). Because K”(-,z)®K¥(-, z) is an element of this inverse image,

F(z,2) = (F,K"(-,2) @ K(-,2)) = 0
for all z € D. Therefore F' = 0. O
Let 1 denote the function constant one in A”.
Corollary. The vector 1 ® 1 is cyclic in A ® A" for G.
Proof. The function 1 = |K¥|?(-,0) = R(1®1) is cyclic in H(|K¥|?). O

If (w,’H) is any unitary representation with cyclic vector vg, then

(8) v folg) E (v, m(g)v0)n

gives a continuous G-equivariant embedding of H into C*°(G), when G acts
in the latter space by left translation. By means of the Haar measure on G,
C*(G) can be identified with a subspace of the space D'(G) of distributions
on G. Thus H embeds continuously and equivariantly into D’(G). In the
terminology of [22] it is an invariant Hilbert subspace of D'(G). As such its
reproducing kernel Hy; : D(G) — D'(G) is given by Hy(p) = ¢ * fy, where *
denotes convolution product.

In our situation, 1 ® 1 is not only cyclic, but it is also left fixed by

ew 0

K= S(U(l)xU(l)):{( 0 omiv ) :O§<p<27r}zU(1).
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Because D ~ GK, A” ® A” can be realized as a Hilbert subspace of D'(D).

Identifying functions on I with functions on G that are right-K-invariant, the

reproducing kernel H, : D(D) — D'(D) is given by H,(f) = f * 1, where
Y(9) =(1®1L,g-1801) pgi = |67

It satisfies 1, (k1gk2) = ¥, (g) for all k1,k2 € K and g € G.

If A denotes the one-parameter subgroup of the elements

o = cosht sinht tER
t= \ sinht cosht /’ ’

then G = KAK. Thus v, is completely determined by its restriction:
¥y (az) = (cosht)™2,

and this is precisely the function used in [25] to define canonical representa-
tions. The canonical representation corresponding to 1), is therefore equivalent
to the tensor product A” ® A”.

The Hilbert spaces of both the principal series (without “sign”) and the
complementary series contain the constant function 1. It is cyclic because the
representations are irreducible, and it is left fixed by K. Define

def 1 2m —(142)
¢:(9) = o A |=yz + 6|7V |dz|.

Then ¢, is the reproducing kernel f; (see (7)) of the principal series if z = is,
s € R, and of the complementary series H} if z=a=2—-\, 1 <A < 2.

In the weak sense, 1), can be expressed in terms of an integral of ¢, in
D'(G), z€ iRU(0,1).

Theorem 3.1. i. If v > %, then

. If0<v< %, then

(9) thy = 2w cot 71_’/_?212/_1)/2) cp1-2p + ﬁ/‘) Pis - a(s)ds.
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Here

The direct integral decomposition of .A4” ® A” can now be derived from
these expressions for v, see [22]. In particular one can conclude from (9)
that the complementary series representation H2~2?” is an invariant subspace
of AV®@ A for 0 < v < % So there should exist a G-equivariant map of H2~2"
into the Hilbert-Schmidt operators Sz(A”). This map will be ¢ — Hy, where
Hy is the Hankel-Toeplitz type operator to be defined in the next section.

4. THE HANKEL-TOEPLITZ TYPE OPERATOR

Let v € (0,3) be fixed and set (recall that o =2 — })
A=2-2v or a=2v.

Thus X lies in the interval (1,2). To every element ¢ € H* we associate a
Hilbert-Schmidt operator Hy acting from A" to itself, Hy € Sa(.A”). Formally,
it is given by the integral

o))
H, A” D).
of0) =5 [FLE i (feazeD)
This gives Hy f as an element of A” in terms of its boundary values. We call
Hy the Hankel-Toeplitz type operator with symbol ¢.

Remark 4.1. Before we proceed to show that the map ¢ — Hy has the desired
properties, let us look at some equivalent versions of this correspondence. This
will facilitate our discussion of the unit ball. First, identifying Sa(A¥) with
A¥ ® AY gives the map K sending ¢ to the integral kernel
_ 1 [ $(y)
H = Hy(ky = — dy|,
ol2,0) = Hok)(2) = 3= | et

where we have written k,(-) = K”(-,w). Second, one may consider the adjoint
operator J from A” ® A" to H* (note that both representations are self-dual).
Formally, it is determined by the identity

(T(f ®3),6) = (f ©5,K8) = / S f k)0 ) ldyl.
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Now, for f and g polynomial, the reproducing formula holds also on the bound-
ary, so that

(T(f®9),9) = (R(f ®7),9) 12 = (U*)'R(f ® 7), $)2,

where R is the operator of restriction to the diagonal of the boundary:
R(f®9)(z) = f(z)g(z) (z€T).
Thus we have found that, at least formally,
J = (U*™R.
This is how Neretin constructs these operators in [15]. O

To gain a better feeling for the operator Hy let us also introduce the
following integral operator on T:

(10) S'h(z) = -2-1%- | /T fihf(%?'dy' (@ €T).

For v = 1 it reduces to the Szegé projection. Therefore we call S the Szego
transformation of weight v. One readily sees what is the effect of S¥ on basis
elements:

n!

0, if n <0.
Denoting further the operation of multiplication by ¢ by My we can then write

SV = { Qﬁm”, if n > 0;

Hy = S"My.

Lemma 4.1. If we let h transform with biweight (1,1 —v), then S¥ transforms
with weight v.

Proof. Let us replace, in (10), z by gz making at the same time a change of
variables in the integral, y — gy:

L [ __higy)

S"h.’z:=—/—_d zeT).

(9z) 27T‘T(1—gacgy)"l gyl ( )

Proceeding as in Section 1 (see (1) and (2)) one finds

hgy)(vy + )" (yy + )"
(1 —zgy)”

Shga)ro+ 8y = o |

|dy| (x €T).
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Setting, quite generally,

T!J

(v1,v2)

h(z) = h(gz)(yz + 6) 7 (yx + 6) 2,
with T(gy 0) = = T¢, this can also be stated as

TIS" = S”T(g1 1-v)»

which is all that we need. O

From this lemma we again readily deduce the following.

Corollary 4.1. Let ¢ and f transform according to the rules ¢(z) — ¢(gz)|yz+
67> and f(z) — f(gx)(yz + 6)~" respectively. Then Hyf transforms with
weight v, that is, we have the formula

Next we verify that we indeed get Hilbert-Schmidt operators.

Lemma 4.2. The operator Hy for ¢ € H* is Hilbert-Schmidt in A and its
Hilbert-Schmidt norm is given by ”H¢||.2s2 = c;1||B||2 where cq is the constant
defined in Section 2 (see (6)).

Proof. Using the above formula for $¥z™, one finds for any integer r

(11) Hyr2" = { e it 20, (g ).
0, ifn+r<0

It follows that
(Hgp2",2™) = p(m — n).
As 2*/||z"|, (n =0,1,2,...) is an orthonormal basis of A, we thus have

oo

R S T I
s, =y Wl 5 e nl
m,n=0 m,n=0

= Y 1(m—mp e

Im!
om0 n:m:
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However, we saw in Section 2 that

Z (ny.(:;",:k (1(Z)S)k (k=0,1,2,...).

Consequently,

Il = 3 B e = ol

k=—o00

Remark 4.2. We indicate an alternative way of deriving the above results,
although the underlying idea is essentially the same. We realize the tensor
product A” ® A as a space of functions F(z,w) on D x D, holomorphic in 2
and anti-holomorphic in w. Given such a function F(z,w), corresponding to
an element in A” ® A”, the corresponding operator is

( 12) f(Z) = (f(),F(Z, ')).A"a

where (this can easily be proved) for a fixed z € D the function F’ (2,-) is in
A¥. We obtain then the realization of the complementary series as a space
of functions on D as follows. Generally speaking, let ¢x(2z) be the spherical
function on D,

22 —
du(z):‘/m (|1—LT||2> |db|-—(1—|z|) By (S A . 2)‘,1,|z|2).

For 0 < X < 1, ¢, is positive definite (see e.g. [He], p. 484 and references given
there) and thus we get an irreducible unitary representation of G, denoted as
before by H?*, realized as a space of functions on D with the regular G -
action. We construct an intertwining operator from H* to the tensor product
A¥ ® A¥ by polarization. Notice that ¢x(z) is the restriction of a (unique)
function holomorphic in z and antiholomorphic in w, to wit the function

hlew) = ./@((1#1535@— ->>%“”"

= (l—zw) 2 2F1( )\ 1——)\;l;zw).

2
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There is a formal intertwining operator from H* to the space of functions
f(z,w) holomorphic in z and antiholomorphic in w, with the same action as
in A” ® A¥, namely

HY — A" @ Av: chqb‘(gjz) — (1-— zzI))_"chqS,\(gjz,gjw).
J J

To prove that H? is a discrete part we thus need only to prove that the image
of ¢y is in A ® A¥, for A =1 — 2v. But then the image is

(1= 20) (1 - 20) TR (10, 12

;1 zw) = oF1(v,v;1;20)

so its tensor norm squared is

5 (o - ()

n=0 n=0

= A1) =cl <o
by formula (12). O
We may summarize our findings as follows.

Theorem 4.1. For every ¢ € H> the Hankel-Toeplitz type operator Hy is a
Hilbert-Schmidt operator on AY where A =1 —2v and 0 < v < % with the
Hilbert-Schmidt norm given by

1Hs115, = ez 1913

The symbol map ¢ — Hy is an isometry from H* into Sa(A”) and it inter-
twines with the natural actions of the group G on these spaces. O

Corollary 4.2. Making the identification S(A*) = A” ® A” we have a repre-
sentation of the complementary series in the Hilbert tensor products A ® AY
with 0 < v < %

This last fact follows from the results in [5]. O
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5. CUT-OFF

In this Section we consider membership of our Hankel-Toeplitz type oper-
ator Hy in Schatten-von Neumann classes. (For the theory of Schatten-von
Neumann classes see e. g. [Si].) We know already (Section 4) that Hy is in S
for any symbol ¢ € H* (see Theorem 4.1).

We are going to apply a very well-known line of reasoning. Assume that
we have Hy € S, where ¢ # 0. As some Fourier coefficient $(r) must be
non-zero, taking averages over rotations about the origin 0 € D, we see that
0 # H,» € S, also. The pth power of the Sy-norm of an operator is the sum
of the corresponding powers of its singular values. So we must compute the
singular values, say, sp, (n =0,1,2,...) of Hyr.

For simplicity let » > 0. From (11) one finds

*  n+r __ (V)’n n

Y1 =T z
and hence

H* H.r2" = (V)TH-"‘ gl/)_nzn

zree (n+r)! nl =7

Again in view of Stirling’s formula, we conclude that

L [Wtr @)n _ 1 \/F(n+r+ Whm+vy) 1 ooy
" (n+7)! n! I'v) \I(n+r+1)T(n+1) T(v) ’

Thus

oo
1
Zsﬁ<oo<:>p(1—u)>1or5<1—u.

n=0
Thus, to sum up, we have established the following theorem.

Theorem 5.1. There exists a Hankel-Toeplitz type operator Hy with non-
vanishing symbol ¢, ¢ = 0, belonging to the Schatten-von Neumann class
S,(A¥) if and only if 1/p < 1 —v. In other words, we have the cut-off at
1/p=1-v.0

Corollary 5.1. There are no Hankel-Toeplitz type operators with non-vanishing
symbol which are of finite rank. O
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Remark 5.1. (on the case v > 1) The definition of Hy makes sense formally
for any v. For instance, we can define it on the vector space of all polynomials.
If % < v <1 we can still conclude that we get Sy-operators only if 1/p < 1—v.
If v > 1 the interpretation of our computation is that the operator is never
bounded (unless the symbol vanishes). Note also that for v = 1, Hy reduces
to the classical Toeplitz operators mentioned in the introduction. O

6. THE CASE OF THE UNIT BALL IN C.

We consider the complex vector space C with its standard Hermitian inner
product (:,-), denoting the unit ball by B = B?. Let dm(z) be the Lebesgue
measure on C and consider, for v > d, on B the normalized weighted measure
du, defined by

dp(2) = Cy(1 = |2*)" =4 dm(2),
where
1 T'(v)
71 T(v — d)
is the normalizing constant. Consider also the Bergman space AY = AY(B)
of square integrable holomorphic functions with respect to dp,. It has the
reproducing kernel

Cyz

K’ (z,w) = (1 — (2,w))™".

The group G = SU(d, 1) of biholomorphic mappings of B acts unitarily on the
space A" via (a projective representation)

£(2) = f(g2)Jy(2),

where J; is the Jacobian determinant of g € G. The reproducing kernel
K"(z,w) is positive definite for all v > d. This follows also from the binomial

expansion
oo

(13 Kw) =Y Un i

m=0

indeed, this shows that K* (now taking (13) as a definition) is positive definite
for all v > 0. We thus get an analytic continuation of the Hibert spaces .4”
for all v > 0. (When v = 0 we get the trivial Hilbert space consisting of only
the constant functions.) We let A be the conjugate of the Hilbert space AY,
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namely the space consisting of the complex conjugates f of the functions f in
A”. Moreover, the group G acts on A” by taking formally complex conjugates.

Our main concern will be the tensor product A” ®.A”. Note that the group
action of G on the tensor product forms a genuine representation of this group.
As in the case of the unit disc, there is a family of unitary representations of
G realizing a complementary series on the spaces H* of functions % on the
unit sphere § = §2¢~! = 9B in C, with norm

wig= [ [ O deio),

where do is the normalized area measure on S. Similarly to the unit disc, this

can be written as
915 = (U2, 9),

where

Ue(z) = /S 11— (2, )~ (y) do(y).

We now construct the intertwining operators of our complementary series
into the tensor product A” ®.4%. We view the elements in A¥® AV as functions
on B x B, holomorphic in z and anti-holomorphic in w. For any integer k > 0
and a function ¢ on 0B we set

' — (z,w))*4(s
H,(/,k)(z’w):./s (1—<(1 < ) )) ’l/)( ) dO‘(S).

2, S))k-'-u(l - <S7 w))k+u

Theorem 6.1. The operator
K® o HE (2,0)

is up to a mon-zero constant a unitary intertwining opemtor from the space
HIH1=20=2k ints the tensor product A @ A, for 0 <k < 5 (d 2v).

Proof. As is indicated in Section 4, we need only to prove that HI(/)k) is in
A’ ® A? for some 1 # 0 in H4+1=2=2k The result then follows from Schur’s
lemma. Taking ¢ = 1 we have

(v +k)m . (v +k)n
m)! n!

HP (z,w) = (1 - (zw)F >

m,n=0

/ (z,8)™(s,w)"do(s).
JS
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The integral can be calculated directly (see e.g. [21], p. 18):

m! m
./S(z, s)™(s,w)"do(s) = m(z,w) Omn

where 6, 5, is the Kronecker symbol. Thus

HP (z,0) = (1 - (,u)* S v+ ’2;*&(1’)’ +E)m s wym,
m=0 m

Now (1 — (z,w))* = Z;;O(——l)j (’;) (z,w)? and therefore

® 0w = S C)itewy S EERE B
Bz ) ;(])< (e 3

with

ey i (B @ B (v + B
C’"“g('” (y) (m =) dm-j

Let us rewrite the coefficient C,, in terms of the hypergeometric function.

Notice that
A WY Gl SR S () S
(5) =l @n = e

for any u. Thus we have

_ U+ Rm + E)m = (—R); (—m);(~d —m + 1);
Cm = (d)mm! j;o ' (~v—k-m+1);(—v—k-m+1),;
V+E)m(V+k)m
(d)mm!

x3Fp(=k,—m,—-d—m+1;,—v—k—m+1,—v—k—-—m+1;1).

To get the right approximation formula of C,, for large m we use Thomae’s
transformation formula (see (7], p. 59),
(d—=b)n
(d)n

3F2(*naa'ab;cad; ]-) = 3F2(—n,c—a,b;c,1 +b_d_n’ 1)7
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to obtain

(V+E)m(V+ E)m(—v —k +d)i y
(d)mm!(—v —k —m + 1)
><3F2(—k,—1/—k'+1,—d—m+1;—1/—k—m+1,1+1/—d;1).

Cm

The sum 3Fp(=k,~v—k+1,-d-m+1;,-v—-k-m+11+v —d;1) is
bounded for large m. Moreover, we have

W+ E)m(V+ k)m(—v — k +d)i
(d)ym!(—v —k —m+ 1)

W+ k)m(V+ E)m(v —d+ 1)
(d)mm!(v + m)g

1
mat1—2v—k’

whence

1
(14) |Cm| = O (W) :

We calculate now the Hilbert-Schmidt norm of ch). From the binomial
expansion (13) we see that the expression - (v)m(z, w)™ there corresponds to
the orthogonal projection from A" into the subspace of homogeneous polyno-

mials of degree m, whose dimension is ( m(—;—_dl— 1 ) Thus

(V)m

2
m (m+d-1\ _ (@m
. (2W) -_< d—1 )_m!’
A Q@AY
that is,
)™ e =

The elements (z,w)™ are pairwise orthogonal. Thus prk) is in the tensor
product space if and only if the series

oo} (e 0]
k m d),,m!
(1) NP Pogr = 3 CaIE0) g = 3 Cot ()V)Q
m=0 m=0 m

is convergent. Now (d),m!/(v)2, ~ m?+1=2 so using (14) we see that the
above series (15) is approximately

oo

1
Z ma+1—2v—2k’

m=1
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which again is a convergent series if and only if 2v + 2k < d. This completes
the proof. O

Remark 6.1. The condition on the parameters can also be written v < %d—k,
so if let formally d = 1 and take k = 0 then it reduces to the previous condition
v < % (see Section 4; remember that we have assumed that £ > 0). O

Remark 6.2. The coefficients C,, appearing in the proof of Theorem 6.1 form
a system of orthogonal polynomials. More precisely, let us write

m) — (d)mm!
Pr( )__(V)?n Crn.

It follows from Thomae’s transformation formulas that
pe(m) = sFa(—k,—m,2v + k —d;v,v; 1),
which shows that pg(m) is a polynomial in m of degree k.

To deduce an orthogonality relation, choose two integers k, [ in the range
0 <k, < 3d—v. It then follows from Schur’s lemma (with ) = 1) that

© 2
U m
D <fz>,,)1mg pe(m)pi(m) = | HP |2 g 200

m=0

(this reduces to (15) when k =[). Clearly, the py do not form a complete sys-
tem, since their orthogonality measure has only finitely many finite moments.
Therefore, they are not in the Askey Scheme of hypergeometric orthogonal
polynomials [12]. They may, however, be viewed as a limit case of the Racah
polynomials, and also as dual to (a special case of) the continuous dual Hahn
polynomials. More precisely, the equation gx(z(2v + x — d)) = ps(k) defines a
polynomial qi of degree k which is essentially a continuous dual Hahn polyno-
mial. The finitely many points 0 <z < %d — v, z integer, then correspond to
the discrete part of the orthogonality measure for gx. From a group-theoretic
point of view, the polynomials p; and gx have an interpretation as a rather
special kind of Clebsch—-Gordan coefficients.

The constant appearing in (15) can be obtained formally as a limit from
the norm constant for Racah polynomials, or by mimicking the corresponding
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computation in [AW]. It is given by

IHO R, - = (_1)kl“(d)1“(d —2) 2w-d (1+v—d)3ik!
¥ gl = N(d-v)? 2v—d+2k (v)i(2v—d);

Denoting this constant by C we have that (\/5)“11(:(’“) is an isometric operator
from H* into the tensor product.

Remark 6.3. Identifying the function Hfbk)(z, w) with an operator on 4"
as in Sections 3 and 4, it is now a combination of Toeplitz and differential
operators. Indeed the operator ch) on fe A" is

W s [ P(e)(1 ~ (- 2)*
1010 = (1 | g e )

Taking f to be a polynomial and replacing the integral on S by S, with
0 < e < 1, in the above inner product and, finally, pulling out the integral

sign we obtain the expression

() (1 — (2
-/eS (1 —(z,s8))ktv <f’ (1= (-, s))k+v >A.,d0(3)'

Observe that

(L= w,2)f (L= (w,s) + (w,s = 2))*
(1= (w,s)k+ (1= (w,s))k+
S ( k ) _(ws—2)
2\ 3 ) T
2’“:( ) Z jt wﬂ )ﬁ
§=0 g Pt (L= (w0, 8D
where 3 = (81, -+, 84) are multi-indices with nonnegative integer components

with the usual convention that sf = 3’8 ! gd and B! = (1!... 034!, and where
the sum is over all § with 81 + ... + ,Bn = j. Therefore, taking w as the
independent variable in AY, we obtain

(i) (6 ) R o i)

j=0 Bl=j
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To find the inner product we differentiate the reproducing property

f(s) = (f(w), (1 = (w,s))™") ar

to get
8 f(s) = W)j{f(w),wP (1~ (w, )™ ) av.

Putting the formulas together we get that
' ¥(s) < (1= (w,2))* >
./Es (1= (s,2)*+ 5 (1 (w,s))F+ Audg(s)

k

Z( k ) (V)J 1B1= B / e —z)‘;)ffi( )da(s)'

§=0

is equal to

Now for polynomial f this integral is absolutely convergent when € — 1, for
fixed z € B. We thus get

k s—zﬁ B
Hl(bk)f(z) = Z( k ) D, wl / ¥ ) aquJ:c( )do(s).D

=0 \ 7

Remark 6.4. We can also perform the polarization operator on the spher-
ical function for G = SU(d,1) to prove Theorem 6.1. Furthermore, we can
consider, more generally, the tensor product of A** ® A*? with two different
parameters v; and vs. Its decomposition is done in [9]. O

7. A SESQUILINEAR TRANSVECTANT.

In [10], in the case of D, higher order bilinear Hankel forms were con-
structed with the help of certain bilinear differential operators termed transvec-
tants, a notion borrowed from classical invariant theory and presumably first
used by Clebsch. (The extension to the multilinear situation was performed
in [20].) Now we show, in the case of B, that the operators H,, (k) introduced in
Section 6 in a similar way are generated by corresponding sesqulhnear differen-
tial operators. If d = 1 (B = D) and k = 0 this has already been indicated in
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Remark 4.1, in which case the transvectant is nothing but the multiplication
operator f ® g — fg.

So let us place ourselves in the d-dimensional situation of Section 6. If K(¥)
denotes the map v — H fpk), then its adjoint J*) admits the factorization

J® = U)IR®,

where U® is the same potential transform as in Section 6, a = 2v + 2k, and
R®*) is given by

ol fes (1~ {z,w))*
'R(k)(f,g)(s) = <f®g, (1= (z,8))v+*(1 — (s, w))"+* >AV®A,,'

In order to formulate our result let us introduce the radial derivative,
d
Rf(s) = s;0;f(s)
i=1
and the sesquilinear Beltrami differential parameter !

@®d)(f Za fg.

Theorem 7.1. R®*) is a local operator and we have the following explicit
formula:

k
RO(£,9) =—)2Z 7 (5 ) ooy s e @),
k j=0

It is remarkable that this sesquilinear differential operator gives a formal
intertwining operator from the tensor product to the complementary series.

Proof. That R(*) is a local operator means simply that it is, at each point
s € B, a finite linear combination of products of derivatives. If s = 0 then

! Historical note. Classicaly, Eugenio Beltrami defined two “differential parameters”; the
first one A; is the corresponding gadget in the real case, while the second one Ag is just the
Laplace operator.
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this is obvious, as only finitely many Taylor coefficients intervene. The general
case follows then by the covariance.

To establish the explicit presentation we note first that expanding (1 —
(z,w))* according to the binomial theorem (see the proof of Theorem 6.1) it
suffices to deal with the expressions

_ (z,w)? L
( 16) <f®g7 (1= (z,8))" (1 = (s, w))"+F >AV®AV (7=0,1,...,k).

Furthermore, we need also some preparations involving the operator R.
Differentiating the reproducing property

1= (50,197 ).

Rf(s) = v{ 10, (—1-_<<—>>);—>A

yields

Next, writing 2

(2, s) _ 1-(1-{(zy9)) _ 1 B 1
L= (zs)* (L= (z,9) 1= (z)"* (1= (29))"
we find

Rf(s) = —vf + u<f<->, (1_—<1))—+>A

or
1

1
(17) <f(')7(1—_W>Au =;(R+V)f(3)-
Using formula (17) recursively we have

1 1
<f(')’ (L= (8 + ) >Au = g Bl )

and consequently

1

(V)12c—j

2Here we are using one of the perhaps most conspicuous identities in mathematics: 12 =
1
-1+ i—a"

(18) (R+1)k—; ® (R+1)k—;)(f9)(s)
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_ 1
= {10800 FaTT) v
Letting the operator  ® 8 act on (18), we see that
1 a\J D _
W(a ® ) (R + v)e—j ® (R+1)i—;)(f7)(s)
k—j
is equal to
(z,w)? >
v+k— < z)g(w), ;
VR I EI) TG S — o ) g
that is, _
_ (2, w)? >
f(2)g(w), '
(1), ol
equals

(71);{(3 ® 8) (R+ ks ® (R + 1)i_;) (£9)(s);

this clearly implies the sought formula. O

Remark 7.1. (a different approach) Instead of using d ® 9, R, R one can
simply write R(*) with the aid of the Wirtinger operators 9; and 6 (G =

1,...

,d) with respect to the coordinates.

This time we expand the kernel of R(*) as

(1 - (2 w))’c (z,w)?
(1= (z,8))+5(1 = (s, w))»+* — Z( ) ( )(1 = (2,8))HR(1 = (s, w))+*

i ik (z,w)7
2t () et

O R

i ki( v e
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Expanding the three numerator factors by the multinomial theorem gives the
sum over all multi-indices 7, p, ¢ with || + |p|, || + |g| <k of

K'(k — |4])! 5Ps92i TP te
(k= 1] = [pD'(k = 151 = gD plg! (1 = (2, 5))HI+PI(1 = (s, w))++al”

Since, in general,

(_1)le

& f(s) = (V)|j|<f(')’ rf);)u’—ﬂn%

we obtain the explicit formula

®(fea(s) =S (—1)l k(k — 15])!
REG @D = 2V G~ bl - a5
spgqa:i“’f(s)m

(V) 1j+1 (V)44
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