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EXISTENCE OF TRAVELLING WAVES FOR A MODEL FROM 
EPIDEMIOLOGY 

SMAIL DJEBALI 

ABSTRACT. This work is concerned with the existence of travelling wave so

lutions to a system of reaction-diffusion issued from epidemiology. The model 

considered describes the propagation of an epidemic within a population con

sisting of infectives and susceptibles. Via a topological argument, we obtain 

existence of travelling waves for any removal rate and any positive wave speed. 

The proof involves a new technique for computing the Leray-Schauder topolog

ical degree. When the removal rate is zero, we then prove an existence result 

by use of a shooting method. We consider a general class of interaction term 

extending the classical Kermack-McKendric model. 

1. INTRODUCTION 

We consider the propagation of an infectious disease within a population 

consisting only of two interacting classes, one of infectives and the other of 

susceptibles. Let I(x, t) and S(x, t) denote respectively the spatial densities 

of infectives and susceptibles in the position x and at the time t. They are 

solutions of the following reaction-diffusion system for (x, t) E JRx]O, +oo[: 

(1.1) 
~{-a~+ )..J = ISh(S) 

~~- bf!#; = -ISh(S) 
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with the initial conditions 

(1.2) I(x, 0) = Io(x); S(x, 0) = So(x). 

The constants a and b refer to the diffusion coefficients (see e.g. [3] and [12] 
for the biological background). 

In this work, we are seeking propagating fronts moving with a speed c, viz. 
particular solutions of the form 

(1.3) I(x, t) = u(x + ct) and S(x, t) = v(x + ct). 

Choosing c > 0 amounts to assuming a wave moving from right to left. For 
a survey of more general properties of travelling waves, we refer the reader 

to Aronson and Weinberger (see [1], [2]). Here, we will assume a = 0 and 
b > 0; the other extreme case b = 0 and a > 0 has been studied by Kallen 
in [9]. Substituting (1.3) into (1.1), we obtain, for the unknowns u and v, 
the following system of differential equations with respect to the new variable 

~=x+ctEIR: 

(1.4a) cu' +Au = uvh(v) 

(1.4b) bv" - cv' = uvh( v) 

The constant A stands for the removal rate; it is related to the mortality 
rate of infectives; the reproduction rate of the infection ± is the number of 
secondary infections produced by one primary infective in a susceptible pop
ulation (see [3], [12]). The particular case h = ho > 0 corresponds to the 
Kermack-McKendric model (see [10]); here the transmissibility coefficient ho 
represents the average area of infection swept out by an infective per unit time 
while hov is the number of new infectives produced per unit time, per infec
tive (see [13]). Sedentary infectives mean that no member can be removed by 
recovery, death, immunization or by any other means; as an example, consider 
the spatial spread of an epidemic wave, such as plague or rabies, into a uniform 
population whose members are sensitive to catch the disease. 
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Although A = 0 is of minor epidemiological interest, for the sake of com

pleteness, we shall study the cases A > 0 and A = 0 separately. 

The case where ho = 1 and A > 0 has been investigated by Hosono and 

Ilyas in [HI]. For any b > 0, and 0 < A < 1, they showed the exh;tence of a 

solution (u,v) E [C1 (1R)] 2 satisfying the boundary conditions (2.1), (2.3). 

One can notice that, from Eq. (1.4a), u may be expressed in terms of v; 

inserting into (1.4b) leads to a nonlinear differential equation for the unknown 

v. Studying directly the resulting equation is not easier at all; so, throughout 

this paper, we confine ourselves to the whole system (1.4). 

In this work, we suppose the nonlinear function h: lR 3 s <--+ h(s) E JR+ to 

be continuous, locally Lipschitz on lR and strictly positive. Another hypothesis 

will be assumed to prove existence result for the case A = 0. The paper is 

organized in the following way. After mentioning, in Section 2, some remarks 

on the boundary conditions, we give, in Section 3, two nonexistence results. In 

Section 4, using an argument of Leray and Schauder degree type, we prove a 

general existence theorem when A > 0. The case A = 0 is discussed in Section 

5. A method of shooting type is used to get another existence theorem. For 

both cases, the wave speed is assumed to be an arbitrary positive constant. 

2. REMARKS ON THE B.V.P. 

In the sequel, by travelling wave solutions to the evolution problem (1.1)

(1.2) are meant classical solutions to the system of differential equations (1.4); 

more precisely, we seek a couple of functions ( u, v) lying in the positive cone 

2.1. The case A > 0 

Let (u,v) E c+ be a solution to system (1.4). 

(a) Ahead of the wave, the wave is moving into a state where there are no in

fectives and after the wave passes, we expect that again there are no infectives; 

so we should have the boundary conditions: 

(2.1) lim u(x) = 0; lim u(x) = 0. 
x-+-oo x-++oo 
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u is then a pulse; rigorously, if we put B(x): = ( -cu + bv' - cv)(x), then 
subtracting the two equations in (1.4) and integrating from 0 to x yields 

(2.2) A fox u(t) dt = B(x)- 0(0). 

Now, u is a positive function and B is bounded; hence, the integral in (2.2) con
verges to a finite limit. From a classical argument, we infer that lim u(x) 

lxl--->+oo 
exists and is equal to zero. Turning to Eq. (1.4a), we easily conclude that 

lim u'(x) = 0. 
lxl--->+oo 

(b) At +oo, it is not possible to know the number of susceptibles, if any, after 
the passage of the epidemic wave. Therefore, we have to assume v' ( +oo) = 0 
or 

(2.3) lim v(x) = {3; lim v(x) =a 
x--->-oo x--->+oo 

for some positive constants a < {3. In fact, let us write Eq. (1.4b) as 

(2.4) ( '( ) _fx)' uvh( ) _fx vxeb =- veb. 
b 

Then, noting that v 2: 0 and v' E L00 (JR), we integrate Eq. (2.4) from x 
to +oo to get v'(x) ::; 0, V x E JR. Moreover, v'(x) < 0, V x E JR; if not, 
v'(xo) = 0 for some xo E JR. Then, integrating (2.4) again from xo to +oo 
yields uvh(v)(x) = 0, for any x E [xo, +oo[. Since h(v)(x) > 0 and v'(x) ::; 
0, we then conclude that either u = 0 or v = 0 on an interval (x1, +oo) 
with some x1 2: xo, leading to a contradiction. Then lim v(x) exists and 

lxl--->+oo 
lim v'(x) = lim v"(x) = 0 follow from Eq. (1.4b) itself. 

lxl--->+oo lxl--->+oo 

2.2. The case A = 0 

Here, we can check that u' 2: 0, v' ::; 0 whenever ( u, v) E c+ is a couple of 
non-negative solutions. Furthermore, all derivatives of u and v are vanishing 
at infinity. Therefore, instead of conditions (2.1)-(2.3), we will consider the 
following ones 

(2.5) lim u(x) = {3; 
x--->+oo 

lim v(x) = 0.(2.6) 
x--->+oo 
lim u(x) = 0; lim v(x) = {3. 

x----+-oo x----+-oo 
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Here (3 is some positive con~tant. In fact, subtracting the two equations in 

system (1.4) and integrating over lR yields (u+v)(+oo) = (u+v)(-oo). Since 

u( -oo) = v( +oo) = 0 is a consequence of the monotonicity of the solutions, 

we infer that u( +oo) = v( -oo), whence (2.5)-(2.6). 

3. NONEXISTENCE RESULTS 

Let 0 ::; a < (3 be two positive constants. An interesting question is to 

know, in the case>.> 0, whether there exists a solution (u,v) E c+ to system 

(1.4) which satisfies the boundary conditions (2.1), (2.3); equivalently, are 

there any nontrivial heteroclinic orbits ( u, v ~ 0, V ::; 0) for the following first 

order differential system 

u' ~(uvh(v)- >.u) 

v' i(V + cv) 
V' uvh(v) 

which connect the critical points (0, (3, -c(3) and (0, a, -ca) in the JR3 phase 

space? We aim to prove that, in general, the answer is negative. Setting 

~ = inf (sh(s)) and :X= sup (sh(s)), 
a~s~~ a~s~~ 

we first have 

Proposition 3.1. Let c, >. > 0 and (u, v) E c+ be a solution to problem (1.4), 

(2.1), (2.3). Then 

(3.1) ). E ]~,:X[. 

Proof. An integration of Eq. (1.4a) over IR, using (2.1), yields 

l +oo 
-oo u(x)[v(x)h(v(x))- >.] dx = 0. 

Since u is positive, there is some xo E lR such that v(xo)h(v(xo)) =>.;it follows 

that >. E [~, ~]0 If >. = ~' Eq. (1.4a) implies u' ~ 0 on lR which contradicts 

u( +oo) = 0; the same holds for the case >. = ~' which proves the proposition. 

The following result is less obvious. 
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Proposition 3.2. Problem (1.4), (2.1), (2.3) has no solution (u,v) inc+ 
whenever 

(3.2) sup sh(s) = ah(a). 
a:5,s:5,{3 

Proof. Let (u,v) E c+ be a nontrivial solution to problem (1.4), (2.1), (2.3) 
and set 

e(x): = ah(a)- v(x)h(v(x)) and A:= ah(a)- A. 
c c 

Assume (3.2); then, in view of (3.1), we have A > 0 and e(x) ~ 0 for any 
X E JR.. 

Moreover, Eq. (1.4a) reads 

(3.3) u' = Au - £U for x E JR.. 

Since lim e(x) = 0, we have x-++oo 

(3.4) V eo> 0, :3 x > 0: (x ~ x => 0 < e(x) ~ Aeo). 

It is easily seen that the function U(x) = eAx fx+oo u(t)e(t)e-At dt also satisfies 

(3.5) U' = AU - £U, X E R 

Subtracting (3.5) from (3.3) and integrating over (O,x), one gets 

(3.6) u(x) = U(x) + [u(O)- U(O)]eAx. 

In addition, the following upper bound is straightforward 

(3.7) 
1 

0 ~ U(x) ~ A supu(t). supe(t); 
t2:x t2:x 

hence U E L 00 (lR.). (3.6) then shows that u and U are identical because A is 
positive. Back to (3.7), using (3.4), we deduce finally that 

0 ~ supu(x) ~ £osupu(x). 
x2:x x2:x 
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Choosing 0 < c:o < 1 leads to a contradiction unless u = 0 over R 

Remark 3.3 

(a) It is easy to see that if c = 0, then ( u, v) = (0, k) is the sole solution to 

system (1.4). In addition, Proposition 3.1 shows that the case X 2:: X does 

not lead to the existence of any travelling wave solution. Indeed, if either 

the infectives die too rapidly or if the transmissibility factor is too small, the 

disease can neither spread nor be transmitted. This phenomenon is well known 

in the biological context (see [3], [12] and [13]). 

(b) Proposition 3.2 eliminates the case in which the functions'--+ sh(s) de

creases. Now, assume for instance that there exists some (o E R. such that this 

function is only decreasing over ( (o, +oo) and let ( u, v) E c+ be a solution to 

system (1.4), then Proposition 3.2 implies that a:= v( +oo) < (o, yielding an 

estimate of the final density of susceptibles. The following result shows the 

existence of a unique maximal density of infectives: 

Proposition 3.4. For any.\> 0, there is a unique Xm E R. satisfying u'(x) 2:: 
0, Vx :S Xm 8Jld u'(x) :S 0, Vx 2:: Xm. 

Proof. The function x '--+ v(x)h(v(x)) is decreasing; then, owing to Propo

sition 3.1, for any .\ E ]~,"X[, there exists some unique Xm E R. such that 

v(xm)h(v(xm))= .\, v(x)h(v(x))> .\, V x < Xm and v(x)h(v(x))< .\, V x > Xm. 
From Eq. (1.4a), we infer that 

1 [ h( ) '] { > 0, Vx E]- oo,xm[ 
CU =UV V-A 

< 0, Vx E]xm, +oo 

By continuity, u'(xm) = 0 and the proposition follows. 

4. EXISTENCE RESULT FOR THE CASE ..\ > 0 

The main result of this section is 

Theorem 4.1. For any c, .\ > 0, there are some {3 > a 2:: 0 such that system 

(1.4) has a solution (u,v) satisfying (2.1), (2.3). 
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Before starting the proof, it may be useful to outline the method which is 
involved. Given a > 0, we primarily study system (1.4) on the open interval 
Ia =] -a, +a[ under suitable boundary conditions. Using a topological de
gree argument, we prove the existence of a solution ( Ua, va) provided a is large 
enough. To this end, we deal with a family of problems involving some parame
ter t E [0, 1]; afterwards, we define and compute a Leray-Schauder topological 
degree; this is the crucial point of our analysis. Appropriate apriori estimates 
upon the solutions will allow us to pass to the limit when a ~ oo to obtain 
the sought solution. For the general setting, we refer to [4] where a system 
from combustion theory is studied; as for definitions and general properties of 
the topological degree, there is an extensive literature (see, for instance, [11]). 

4.1. The general framework 

Let c, 1, a > 0 be fixed and take t as a parameter moving in [0, 1]. Now, 
consider the Banach space E = C0(la) x C1(la) x JR. endowed with the norm 

Let us introduce two new positive constants 1 and {3' satisfying 

(4.1) 

then set 

(4.2) 

{3' 
0 <I< 2; 

h* = sup h(s). 
05_s5_(3' 

Finally, define a mapping Kt: E--+ E which maps each element (u, v, J.L) E 
E onto the element (U, V, u( -a)) where (U, V) is the unique solution to the 
following linear problem 

(4.3) 

(4.4) 

cU' = tuvh(v) + (1- t)sgn(u)sgn(v)f- .Au 
bV"- cV' = tuvh(v) + (1- t)sgn(u)sgn(v)f. 

bV' (-a)- cV( -a) = c(J.L- {3') 
V(a) = 0. 
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(4.5) U(O) = --y. 

Here sgn denotes the sign function 

sgnu(x) ~ { 

while the function f is defined by 

+1, 
0, 

-1, 

(4.6) { Pe8x 
f(x) = _ pe 8x 

u(x) > 0 
u(x) = 0 
u(x) < 0 

if X E lR

if X E JR+ 

with some constants p, 8 > 0 to be selected later on. Our aim is to find 

solutions u, v lying in the strip {-a < x < +a, 0 < y < ,8'}; in particular 

0 < J-L < ,81 • So, in the sequel, the problem of seeking fixed points to the 

mapping Kt with 0 ~ J-L ~ ,8' will be referred to simply as (Pt)· 

Remark 4.2 

(a) It is meaningful to note that, with the first order differential equation 

in u, two conditions have been prescribed for problem (Pt). The fact that J-L 
is seen as an unknown to be determined as part of the solution justifies this 

procedure. 

(b) The existence and the uniqueness of a triplet (u,v,J-L) (0 < J-L < ,8') to the 
mapping Ko implies the existence of a non-vanishing topological degree (see 

[L]); consequently, at least one fixed point for K1 will be inferred. 

(c) The parameterizations introduced to define the mapping Kt together with 

the auxiliary function f will have to play a key role in the computation of the 

degree. In particular, the trick which consists in inserting the sign function is 

aimed mainly to insure the positivity of the sought solutions. 

(d) It should be emphasized that problem (Pt) does not give rise to trivial 
solutions on (-a,+a). In fact, (u,v) = (o,,B' (1- ec(x-a))) is ruled out since 

A ~ --y > 0. However, v = 0 implies u(x) = --ye-~x; now, if a is greater than~ ln( 1 ), 

condition J-L = u( -a) = ,8' is violated too. Moreover, boundary conditions ( 4.4) 
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and ( 4.5) are prescribed so as not to obtain trivial solutions when the limit 
a = +oo is achieved. 

4.2. Apriori estimates 

Lemma 4.3. Let (u,v,p) be a solution to problem (Pt)· Then, the following 
estimates which are independent oft and a hold true on the interval I a : 

(a) u > 0. (b) v > 0 and - f- < v' < 0. 
(c) 0 < u + v < {3', in particular 0 < u < {3' and fL E]O, {3'[. 
(d) - ~ < u' < (3'2h*+p and f3'c2 " (3'2h*+p c c -v<v < b ' 

h* being defined by (4.2). 

Proof. (a) Assume u(xo) = 0 for some xo E I a. By virtue of the uniqueness to 
the Cauchy problem, u is identically zero contradicting ( 4.5); since u(O) > 0, 
u > 0 on Ia. 

(b) From the boundary conditions ( 4.4) both with 0 ~ fL ~ {3', we have 
bv'( -a) ~ cv( -a); if v takes some negative value, there would exist xo E Ia 
such that v(xo) < 0, v'(xo) = 0 and v"(xo) 2: 0. A contradiction is then 
immediately reached from the equation in v. Hence, v'(a) < 0 and integrating 
the inequality (v'(x)efx)' > 0 from x to a implies v'(x) < 0, for any x E Ia. 
Likewise, the function bv' - cv is monotone increasing so that bv' - cv > 
c (p - {3') > -c{J'. The second part of the lemma is proved. 

(c) Subtracting equation in v from equation in u and making use of (4.4), we 
get, after integration, bv' - c( u + v) > -c{J'; whence, with (b), u + v < {3'. 

(d) The desirable estimates are read off from problem (Pt) both with parts 
(a)-(c) above. 

Corollary 4.4. For any c, >. > 0 and any t E [0, 1], there exists an open set 
n c E such that the Leray-Schauder topological degree deg(I- Kt, n, 0) is well 
defined; here I stands for the identity operator on E. 

Proof. Let (u,v,p) be a solution to problem (Pt). From the previous lemma 
together with the continuous embedding wr,=(Ia) '----* cr-l(Ja) (r = 1, 2), 
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there exists some constant M > 0 such that 

ll(u,v)llco(fa)xCl(la) ~ M. 

Now, consider the open subset 

0 = { (u,v,J.L) E E;O < u < {3', 0 < v < {3',- c:' < v' < 0,0 < J.L < f3'}. 
Then, for any (c,A,t) E (JR.t) 2 x [0,1], (u,v,J.L) E 0. In addition, by the 

compactness of the embedding cr(Ja) "--+ cr-l(ia) (r = 1, 2), the restriction 

of the mapping Kt to 0 is compact and uniformly continuous in terms of the 

parameter t; the proof of Corollary 4.4 follows. 

4.3. Computation of the degree 

For the particular case t = 0, Problem (Po) is read: 

Find a unique triplet (u,v,J.L) E 0 solution to the problem 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

cu' = sgn( u )sgn( v) f - AU 
bv"- cv' = sgn(u)sgn(v)f. 

u(O) = 'Y· 

u( -a) = J.L. 

bv'( -a)- cv( -a)= c(J.L- {31); v(a) = 0. 

For this purpose, it is equivalent to seek a couple of positive solutions u, v 

satisfying, for x E Ia, 

(4.11a) cu' +AU= f 

(4.1lb) bv"- cv' = f 

with the required boundary conditions (4.8), (4.10). Uniqueness of such a 

solution is obvious. It remains to choose a convenient function J, that is 

positive constants p, 8 in ( 4.6) ensuring the positivity of u and v; to this end, 

we have 
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Proposition 4.5. There exists (p,8) E (JRt) 2 such that problem (4.8)-(4.11) 
admits a unique solution ( u, v, /-l) E E, with u, v positive. 

Proof. A straightforward computation in (4.11a), using (4.6), yields 

u(x) = { 

whenever 

( 4.12) 
). 

8 I=-· 
c 

if X E (-a, 0) 
if x E (O,+a) 

Note that u never traverses the half-positive axis; otherwise, u'(xo) < 0 and 
u(xo) = 0 for some xo > 0. But, cu'(xo) = f(xo) > 0. Our supposition is thus 
ruled out. Therefore, taking 1 = ~ , that is 

(4.13) p = 1(>. + c8) 

makes the solution u positive on the interval Ia. 

To deal with the solution v, let us notice that the latter is the required 
solution if and only if v'(a) < 0 (note that, since v(a) = 0, v > 0 on Ia {:} 
v'(a) < 0). Meanwhile, integrating (4.11b) from -a to a, we get, in the light 
of ( 4.6) and ( 4.10) 

bv'(a) = c (1-l- {3') + ~ ( 1- e-ao), 

that is, after computing /-l = u(-a) and using (4.13), 

b '( ) = (2p _ {3') _ p(c8 + 2>.) -oa 
v a 8 c 8( c8 + >.) e . 

The needed condition v' (a) < 0 is thus obtained if 

( 4.14) cf3' 8 
p<-· 

2 

Given (4.1), the set S of admissible values (8,p), such that both (4.13) and 
( 4.14) are fulfilled, is as depicted in Figure 1. If if < 1 < If, this set identifies 
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the hatched half-line; when 0,< 'Y:::; if, one must exclude the value 8o: = ~ so 
that ( 4.12) is, in both cases, accomplished. 

L-----------------------.8 

Fig. 1. Admissible set of values ( 8, p) 
which guarantee the positivity of u and v. 

At last, note that 0 < f...l = u( -a) = ~e-ao = "(e-a8 < 'Y < {3'. The proof of 

the proposition is by now complete. 

4.4 The limit case a = +oo 

From Proposition 4.5 both with Remark 4.2, (b), a fixed point (ua,Va,f...la) 

for the mapping K1 is obtained. One can extend Ua and Va to the full real line 
by setting 

Ua(x) = { 
ua(a), 

Ua( -a), 
x~a 

x:::; -a 
and Va(x) = { (- O), 

Va a, 
x~a 

x :::; a. 

Lemma 4.3 provides estimates for ( Ua, va) which are independent of the para

meter a > 0 in the space Hz~c(JR) x H1~J~) which is compactly embedded in 

X:= Cloc(~) X c~c(~); then, there exists an increasing sequence { an}~=l' such 
that ( Uan, Van) converges strongly in X, as n -+ oo, to a solution ( u, v) to prob
lem (1.4), (2.1); furtheron, (2.3) is satisfied for some a, f3 with 0:::; a< f3:::; {3'. 

This proves the claim of Theorem 4.1. 
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5. EXISTENCE RESULT FOR THE CASE .A = 0 

5.1. Setting of the problem and outline of the proof 

Even if, in the biological context, >.is known to be positive, the case>.= 0 
is, from a mathematical point of view, interesting to be investigated. In this 
case, system (1.4) reads 

(5.1) 
cu' = uvh(v) 
bv"- cv' = uvh(v) 

Further to the hypotheses given in Section 1, the nonlinear function h will be 
assumed of C1 (~) class satisfying 

(5.2) lim jsjh(s) = f±oo > 0 or + oo. s-+±oo 

When investigating problem (5.1), (2.5), (2.6), the positivity of the solutions 
u and v is not a priori known; so the function h need to be defined on the 
whole real line; assumption (5.2) is then required for technical purpose; recall 
that the model case corresponds to the case h(s) = ho > 0. Now, we aim to 

prove 

Theorem 5.1. There exists some f3 > 0, such that for any c > 0, problem 
(5.1), (2.5), (2.6) has at least one solution (u,v) E c+. 

Let us sketch the proof. We start by dividing the real line into two semi
infinite intervals~+ and~-. On [0, +oo[, we define an initial value problem by 
introducing three shooting parameters as initial conditions. Then, we prove 
that the solution obtained satisfies the boundary condition (2.6) whenever 
these parameters are suitably restricted. Subsequently, we show that the solu
tions can be extended to x = -oo and verify the required boundary conditions 
(2.5). This method, known as the shooting method, is by now classical and 
turns out to be effective for solving a wide class of systems of differential equa
tions especially here because u is increasing and v is decreasing (see [14], [7] 
and the references therein). The following lemma from classical analysis will 
be useful for our subsequent reasoning: 
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Preliminary lemma 

(a) Let f E C1 (JR+) be such that lim f(x) exists. Then, either f' has no 
x-++oo 

limit as x ---+ +oo, or lim f' ( x) = 0. 
x-++oo 

(b) Let f E C2 (JR+) be such that f,J' and f" are nonnegative, then lim f(x) = 
x-++oo 

+oo. 

5.2. The boundary value problem in (0, oo) 

Let 1, rJ and rJ1 be three positive constants. Consider the solution ( u, v) 
to system (5.1) corresponding to the following initial conditions: 

(5.3) u(O) = 1, v(O) = rJ and v'(O) = -CrJ1• 

Since h is Lipschitz-continuous, this solution can be continued to the whole 
real line. 

Remark 5.2 

(a) The first quadrant is a trap area for the trajectory of u; it means that such' 
a trajectory can never leave this region once it has entered it. Indeed, assume 
u(xo) = 0 for some xo > 0. Then, owing to the uniqueness of solutions of initial 
value problems u = 0 on (0, +oo) which discards the condition u(O) = 1 > 0. 

(b) The following conservation statement is straightforwardly derived 

(5.4) bv'- c(u + v) = -c(r + rJ + brJ'), on lR 

in which 1 + rJ + brJ' will play the role of (3. Next, let us define the following 
sets 

r+={(r,rJ,rJ1)ElR3 : :lxo>O with u(xo)>l+rJ+brJ'}. 
r- = {(l,rJ,rJ1) E JR3 : :3 io > 0 with u(xo) <I}. 
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r+"l+br/ 
u 

u 

v v 

Fig. 2. (/,"1,"1') E r+. Fig. 3. (r, "7, "1') E r-. 

In what follows, we investigate some properties of r+ and r-. Our goal 
is to find a triplet of switching parameters ( ')', "7, "1') lying neither in r- nor in 
r+. 

Lemma 5.3. r+ and r- are disjoint open sets. 

Proof. These sets are open since the solution u of the Cauchy problem depends 
continuously upon the initial conditions (see [H]); in addition, they are disjoint; 
otherwise there are some 0 ::; x1 < xo < x2 such that one of the following 
occurs: 

• u'(xo) = 0, u(x) > r + "1 + b"l' for x E (x1,x2) and u is increasing on 
(xi,xo), decreasing on (xo,x2)· 

• u'(xo) = 0, 0 < u(x) <')'for x E (x1,x2) and u is decreasing on (xi,xo), 
increasing on (xo,x2)· 

Assume the former; therefore bv'(x) - cv(x) = c(u(x) - (r + "1 + b"l')) is 
positive on (x1,x2). Since v(xo) = 0, we infer that v'(xo) > 0. Now v ::; 0 
on (xo, x2) implies v' (xo) ::; 0 leading to a contradiction. The second case is 
treated in an analogous manner. In order to describe the behaviour of u near 

the origin, we consider the representation 
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with limx--+O+ c(x) = 0. The following two lemmas are crucial for the sequel. 

Lemma 5.4. r+ is a nonempty set. 

Proof. For x > 0, the relation (5.5) implies 

(5.6) 
u(x)-' -1]- brJ' r1Jh2(1J) rh(1J) 1 'I/J(1J1) c(x) 
----'----'-----'---=---'---'- = + -- - - + -- + --

1]X2 2c2 ex x2 x2 1J 

where 

'1/J(r/): = - ~ (b + 1;
2 

( h(1J) + 1Jh1(1J))) . 

Let 1], co and 8o be some fixed positive constants. Then, there exists~> 0 
such that (0 < x ~ ~ :::} c(x) > -co); likewise, there is some !1' > 0 such that 
(0 < 1]1 ~ !1' :::} 'I/J(1J') > -8o). Now, consider 0 < x1 < ~' 0 < 1]~ ~ !1' and 
select 

then (5.6) implies 

u(x1) - 1 -17- b1J~ > (r1Jh2(1J) _co) + rh(1J)x1- c- c8o > 0 
1]X12 - 2c2 1J ex~ 

which in turn yields some xo not necessarily equal to x 1, which can be associ
ated with the triplet ( 1 , 17, 17D in r+. 

Lemma 5.5. r- is a nonempty set. 

?roof. Following the proof of Lemma 5.4, we start from (5.5) by writing 

(5.7) u(x)- 1 = -~1]1x2 (h(1J) + 1Jh1(1J)) + <p(1J) + x2c(x)· 

In order to prove that (u(x)- r) may be negative, we observe that limx--+O+ 
h( ) 2h2( )' 

c(x) = 0 while tn(17)·- x'Y'TJ1J + x2'Y'TJ'TJ has limit zero too as 1J-+ o+ 
r .- C 2C2 ' ' 

x > 0 being fixed. The remaining of the proof mimics that of Lemma 5.4; 
taking some positive constants co, 8o, one gets two new positive constants 
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;r, !1 such that (0 < x :S ;r =? c(x) < co) and (0 < "1 :S !1 =? <p(ry) < 8o). 
Considering some constants 0 < XI :S ;r and 0 < "li :S !1_, we infer, by (5.7), 
the following upper bound 

( ) 2 ( I 'h( )) (J: l'rJ1Xt'rJih1('rJI)) u XI - 1 :S x 1 co - 2"' "li + uo - 2 · 

Now, we distinguish between two cases: 

(i) h'('rJI) =f. 0: Choosing ry' >max ( ~(0 ), 2 20~'( )) makes (u(xi)-
I "li xi l"li "li 

1) negative. 

(ii) h'('rJI) = 0: Is is sufficient to select ry' > 2 ~( )(8o+xtco). Therefore, 
'")'Xl 'T/1 

( 1, 'rJI, ry') E r-, ending the proof of the lemma. We are now ready to prove 

Theorem 5.6. There exists some j3 > 0 such that problem (5.1), (2.6) has at 
least a solution. 

Proof. It will be carried out in three steps. 

Step 1. Actually, there is some ( 1o, ryo, "lb) ¢ r+ U r-. On the contrary, 
CJR3(r+ u r-) = 0, that is CIR3(r+) n CIR3(r-:-) = 0 whence CJR3(r+) c r-. 
However, in view of Lemma 5.3, r+ c CIR3(r-) therefore CJR3(r+) = r
and JR3 = r+ U r-; making use of Lemmas 5.3-5.5, we get a violation of the 
connexity of the JR3 space. From definitions of r+ and r-, there corresponds, 
to the triplet (!o,'rJo,'rJb), a solution u which remains in the strip {x > 0; lo < 
u(x) < lo + 'f]o + bryb}. 

Step 2. We claim that v > 0 on (0, +oo); otherwise, there are some 0 < 
XI < x2 satisfying v(xi) = 0, v'(xi) < 0 and v(x) < 0 on (xi,x2)· Eq. 
(5.1b) then shows that bv'- cv is monotone decreasing over (xi,x2); hence 
bv'(x) - cv(x) < bv'(xi) < 0 for any x E (x~, x2) which in turn implies that 
v' < 0 on this interval. Thrning back to Eq. (5.1b), we can see that v" 
is negative too. In addition, the fourth quadrant is now a trap area for v; 

on the contrary, there is some X3 > x2 such that v(x3) < 0, v'(x3) = 0 
and v"(x3) ~ 0; a contradiction is then achieved from Eq. (5.1b) itself. We 
have just shown that v as well as its derivatives still remain negative for any 
x ~ XI. In view of part (b) of the preliminary lemma, we conclude that 
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limx->+oo v(x) = -oo. Therefore, u is monotone decreasing for x ~ x1 so that 

there exists P = limx->+oo u(x); from Eq. (5.1a) both with (5.2), we infer that 
limx->+oo u'(x) < 0 contradicting part (a) of the preliminary lemma. 

Step 3. To check that v' < 0 on (0, +oo ), we argue by contradiction and 

assume that v'(xo) = 0, v(xo) > 0 for some xo > 0 while necessarily v'(x) > 0 

for any x > xo; therefore v" > 0 for x > xo and limx->+oo v(x) = +oo is a 
consequence of part (b) of the preliminary lemma. Then u is bounded, positive 

and increasing on ( xo, +oo); hence limx->+oo u(x) exists and is strictly positive; 
turning back to Eq. (5.1a) together with (5.2) and part (a) of the preliminary 
lemma, we find that limx->+oo u'(x) = 0 and we reach a contradiction. Then, 
u is increasing to some limit l while v decreases to another limit l'. From 

system (5.1), we infer that u', v' and v" vanish at +oo so that l' = 0 and 

l > 0. Conservation statement (5.4) yields l = 'YO+ r]o + brJo which plays the 
role of (3, ending the proof of Theorem 5.6. 

5.3. The extension to JR.-

In extending the solution ( u, v) obtained in the previous section to ( -oo, 0), 

we note that if u remains positive, so must do v and -v'; otherwise v'(xo) = 0 

and v(xo) > 0 for some xo < 0 with 0 ~ bv"(xo) = u(xo)v(xo)h(v(xo)) > 0 
leading to a contradiction. In other words, if u and v become negative, u does 
so first. Nevertheless, u can never cross the x axis; on the contrary, u and u' 
must change sign at the same point which is impossible. Therefore, u and u' 

are positive so that there exists P = limx->-oo u(x). Relation (5.4) then shows 
that v and -v' are bounded; hence, we have got some P' = limx->-oo v(x); 
finally, P = 0 and again P' ='Yo+ rJo + brJo follows from (5.4). 

Theorem 5.1 is now proved with (3 ='Yo+ TJo + br]0. The graphs of u and 
v are as depicted in Figure 4. 
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Fig. 4. Schematic sketch of u and v. 

5.4. A lower bound of the wave speed 

In the sequel, (u, v) stands for the solution to problem (5.1), (2.5), (2.6), 
(5.3). We have 

Proposition 5. 7. The following estimate of the parameter c holds true 

(5.8) 1 loT/ c > brJ' 2br sh( s) ds· 
'T]+ 0 

Proof. Multiply Eq. (5.1b) respectively by v and v' and then integrate over 
(0, +oo). We get two identities 

(5.9) 
c · r)O r>O 

bc7]7]1 + 27]2 - b Jo lv'(x)l2dx = Jo uvh(v)(x) dx. 

(5.10) -c27]'2 + c lv'(x)i 2dx = uv( -v')h(v)(x) dx. b ~o= ~o= 
2 0 0 

Combining (5.9) and (5.10) and noting that u 2 1 on (0, +oo), we infer 

fTI roo C2 
br Jo sh(s) ds < b Jo uv( -v')h(v)(x) dx < 2 ("7 + b7]') 2, 
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whence the required inequality (5.8). 

Remark 5.8. In fact, Proposition 5.7 provides a global estimate of the shoot

ing parameters/, 'T"J, r/ for which a solution to system (5.1) has been obtained. 

For the particular case h = 1, (5.8) reads 0 < ~ffj < c which also tells us 

that limx-++oo u(x) = limx-+-oo v(x) > 1 + ~../lYY· 

5.5. Asymptotic behaviour of the solutions 

Now set 
(3:=r+'T"J+b'T"J', h.=infh(s), h=suph(s) 

sEIR sElR 

and denote 

c- Jc2 + 4b(3h c- y'c2 + 4bfl1 c+ Jc2 + 4bfh 
T! = 2b ' 81 = 2 't2 = 2b . 

From simple comparison principles, the asymptotic behaviour at infinity 

of u and v are readily checked. More precisely, we can prove 

Proposition 5.9. We have 

( ) Mx ( ) !!'IX V 0 a re c ~ U X ~ re 7 , X ~ . 

(b) 'T"Jet2x ~ v(x) ~ (3 + ('T"J- (3)e~x, \fx ~ 0. 

(c) 'T/er1 x ~ v(x) ~ 'T"Je81 x, \fx ~ 0. 
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