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BLOW UP IN THE SOLUTIONS OF AN EQUATION 
DESCRIBING A TRANSVERSE MOTION OF A 

NONHOMOGENEOUS STRING 

SALIM A. MESSAOUDI 

ABSTRACT. We prove a blow up result for the equation Wtt =a( Wt)<p( Wx)Wxx, 
which can be taken as a model for a transverse motion of a string with a density 

depending on the velocity. 

1. INTRODUCTION 

The aim of this paper is to study the existence and nonexistence of classical 
solutions to the one-dimensional nonlinear equation of the form 

(1.1) wu(x, t) = a(wt(x, t))b(wx(x, t))wxx(x, t), 

where x E I ( bounded or unbounded interval), t 2: 0. This equation can be 
regarded as a model for a transverse motion of a nonhomogeneous vibrating 
string, where the density is depending on the velocity Wt. By assuming that 

(1.2) b(~) > 0, \f ~ E IR, 

the equation (1.1) is strictly hyperbolic. 

Generally, classical solutions of problems associated with (1.1) develop 
singularities in finite time, if the elastic response functions a and b satisfy 
some 'genuine' nonlinearity conditions. For a= 1, Lax [5] and MacCamy and 
Mizel [9] studied the problem and showed that classical solutions break down 
in finite time even for smooth and small initial data.In his work, Lax assumed 
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that b' does not change sign, whereas MacCamy and Mizel allowed b' to change 
sign. They also showed, under appropriate conditions on b, that intervals of x 
can exist, in which the solution must exist for all timet even though it breaks 
down for values x outside these intervals. For a depending on x, Messaoudi 
[11] discussed the Cauchy problem and established a blow up result for smooth 
initial data. 

In the dissipative case, the situation is different. For initial data small and 
smooth enough, the effect of the damping term dominates the nonlinear elastic 
response and global solutions can be obtained (see [12]). However, for large 
initial data the nonlinearity in the elastic response takes over and classical 
solutions may develop singularities in finite time. These results have been 
established by several authors (see [4], [10], [14]). 

It is interesting to mention that nonlinear hyperbolic systems, of which 
equation {1.1) with a = 1 is a special case, have attracted the attention of 
many authors and several results concerning global existence and blow up 
have been established (see [6], [7], [8], [13]). 

This work will be divided into two parts. In the first part we state, without 
proof, a local existence result. In the second part, we state and prove our main 
blow up result. 

2. LOCAL EXISTENCE 

In this section we state a local existence theorem. The proof is omitted 
since it can be easily established by either using a classical energy argument 
[1], or applying the nonlinear semigroup theory presented in [2]. We set 

u(x, t) := Wt(x, t), v(x, t) := wx(x, t) 

and substitute in {1.1) to obtain the system 

(2.1) 

Ut(X, t) 

Vt(X, t) 

a(u(x, t)) b(v(x, t))vx(x, t) 

ux(x, t), X E ffi., t ~ 0. 

We consider (2.1) together with the initial data 

(2.2) u(x,O) = uo(x), v(x,O) = vo(x), X E ffi.. 
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In order to state the local existence result, we make the following hypotheses 

(H1) a and b E C 2 (1R) 

(H2) a(~) 2: a, b(~) 2: a, ~ E lR, a > 0. 

Proposition. Assume that (H1}, (H2) hold and let uo, vo in H 2 (1R) be given. 
Then the initial value problem (2.1}, (2.2) has a unique local solution (u,v) 
defined on a maximal time interval [O,T),T depends on (uo,vo), such that 

(2.3) u,v E C((O,T);H2 (1R)) nC1((0,T);H1 (R)). 

Remark 2.1. The Sobolev embedding theorem implies that u, v are C 1 func
tions on 1R x [O,T). Hence (u,v) is a classical solution. 

Remark 2.2. If a and b are Ck+1 functions and u0 , v0 E Hk(JR), then 
u(·, t), v(·, t) E Hk(JR), k 2: 1. 

Remark 2.3. A similar result can be obtained, if (H1) and (H2) hold only 
in a neighbourhood of zero. In this case, we have to be careful with the choice 
of the initial data. 

3. FORMATION OF SINGULARITIES 

In this section, we state and prove our main result. We first start with 
establishing uniform bounds on the solution ( u, v) in terms of the initial data. 

Lemma. Assume (H1), (H2) hold. Then for any c > 0, there exists 8 > 0 
such that given any uo, vo in H 2 (1R) satisfying 

(3.1) luo(x)l < 8, lvo(x)l < 8, V x E lR, 

the solution (2.3) obeys 

(3.2) Ju(x, t)J < c, Jv(x,t)J < c, Vx E lR, t E [O,T). 

Proof We define the quantities 

(3.3) 

r(x, t) := 

s(x, t) := 

A(u(x, t)) + B(v(x, t)) 

A(u(x, t))- B(v(x, t)) 
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where 

(3.4) 

and the differential operators 

(3.5) 

where 

(3.6) 

a;== 

a+._ 
t .-

a a 
at - p(x, t) ax 

a a 
at + p(x, t) ax' 

p(x, t) = Ja(u(x, t))b(v(x, t)). 

Straightforward computations yield 

(3.7) a;r = ats = 0. 

SALIM A. MESSAOUD! 

Therefore as long as a smooth solution continues to exist, r and s remain 

constant along backward and forward characteristics respectively; hence 

(3.8) II r(.,t) lloo =II ro lloo, II s(.,t) lloo =II so lloo, 'it E [O,T), 

where 

II() lloo = Sup{l()(x)l, X E ffi}. 

By using (3.3), (Hl), and (H2), the lemma is established. 

Now we proceed to prove the blow up result. To do this we assume that 

the solution continues to exist for ever (T = oo) and then show that this leads 
to a contradition by the fact that, at least one of the derivatives of the solution 

becomes infinite in the 1 00 norm in finite time. 

Theorem. Assume, in addition to (Hl} and (H2), that a and b satisfy 

(3.9) 
a'(O) b'(O) > 0 
y'a(O) + b( 0) Jbn)) . 

Then there exist initial data uo, vo satisfying (2.3), for which the solution of 

the problem (2.1}, (2.2} blows up in finite time. 
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Proof We take an x-partial derivative of (3. 7) to get 

(3.10) (8t"r)x = rxt- fYT"xx- rxPx = 0 

which implies 

(3 11) a-(r ) = r = [a(u)b(v)]x r = a'(u)b(v)ux + a(u)b'(v)vx 
· t x xPx 2Ja(u)b(v) x 2Ja(u)b(v) rx. 

By using 

(3.12) 

and substituting in (3.11) we obtain, by direct calculations, 

(3.13) 8t"rx = ~Jab ( 5a + b~) r; +~Jab ( 5a -b~) rxSx. 

To handle the last term in (3.13), we set 

(3.14) W :=a (u) {3(v)rx, 

for a and {3 to be chosen suitably; thus we have 

1 (a' b') 8t"W = 4a (u) {3(v)Vab Va + bVb r; 

1 ( a' b' ) +4a (u) {3(v)Vab Va- bVb rxsx 
I I '-l_ I '-l_ I 

+rx(a f3ut + a{3 Vt- yaba f3ux- yaba{3 vx)· 

(3.15) 

At this point, we choose a and {3 so that 

1 ( a' b' ) 4a{3Vab Va- bVb rxsx + rx (a'f3ut + a{3'vt) 

(3.16) -r x ( Vaba' f3ux - Vaba{3' Vx) = 0. 

79 

By using (3.12) to substitute for Sx and (2.1), (2.2) to substitute for Ut and Vt 
we arrive, by simple computations, at 

(3.17) +(a{3'- a' {3Vab)ux) r:1; = 0, 

which yields 
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-af3Vah - - - ~ - Vb Vx 1 ( a' b' ) ( u ) 

(3.18) 4 Va bVb Va 
+va ( (af3'- a' f3Vah)) ( Ja- Vb vx) = 0 

hence 

(3.19) 

By using the fact that a and a depend on u only and that b and f3 depend on 
v only, we get 

(3.20) 
1 a' a' 1 b' {3' 
4a a 4b {3. 

Direct integration then yields 

Consequently (3.13) is reduced to 

(3.21) 

Up to this point we choose initial data small enough in £ 00 norm with deriv-
atives satisfying 

I 

~+~v~>O 
so that the coefficient of the quadratic term in (3.21) remains bounded away 
from zero; i.e 

hence (3.21) yields 

(3.22) 

-al/4bl/4 _ + _ >A.> 0· 1 ( a' b' ) 
4 Va bVb - ' 

Therefore (3.22) shows that W (hence rx) blows up in finite time Tw < oo. 

Remark 3.1.The blow up of rx implies that either Ux or Vx (hence Vt or Ut) 

blows up in finite time, however the solution ( u, v) remains bounded in the 
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VX) norm. Therefore it is possible for the solution to be continued , beyond 
the blow up, by shocks or any other type of weak solutions. 

Remark 3.2. Similar result can be established for a'/ yla + b' /bv'b < 0. In 
this case we consider the evolution of Sx on the forward characteristics. 

Acknowledgements : The author would like to thank KFUPM for its sup
port. 

REFERENCES 

1. Dafermos, C. M. and W. J. Hrusa, Energy methods for quasilinear hyper
bolic initial boundary value problems. Applications to Elastodymamics, 
Arch. Rational Mech. Anal. 87 (1985), 267-292. 

2. Hughes, T. J. R. and Kato, T., and Maarsden, J. E., Well-posed qua
silinear second order hyperbolic systems with applications to nonlinear 
elastodynamic and general relativity, Arch. Rational Mech. Anal. 63 
(1977)' 273-294. 

3. Keyfitz, B. L. and H. C. Kranzer, A system ofnonstrictly hyperbolic con
servation laws arising in elasticity theory, Arch. Rational Mech. Anal. 
72 (1980), 219-241. 

4. Kosinsky, W., Gradient catastrophe in the solutions of nonconservative 
hyperbolic systems, J. Math. Anal. 61 (1977), 672-688. 

5. Lax, P. D., Development of singularities in solutions of nonlinear hyper
bolic partial differential equations, J. Math. Physics 5 (1964), 611-613. 

6. Li Ta-Tsien, Zhou Yi, and Kong De-Xing, Global classical solutions for 
general quasilinear hyperbolic systems with decay initial data, Nonlinear 
Analysis, 28 # 1 (1997), 1299-1332. 

7. Liu Fagui and Yiang Zejiang, Formation of singularities of singularities 
of solutions for Cauchy problem of quasilinear hyperbolic systems with 
dissipative terms, J. Partial Diff. Eqns .. 5 # 1 (1992), 79-89. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



82 SALIM A. MESSAOUD! 

8. Liu Tai Ping, Development of singularities in nonlinear waves for qua

silinear hyperbolic partial differential equations, J. Diff. Eqns. 33 
(19979), 92-111. 

9. MacCamy, R.C. and Mizel, V. J., Existence and nonexistence in the large 
solutions of quasilinear wave equations, Arch. Rational Mech. Anal. 25 

(1967), 299-320. 

10. Messaoudi, S. A., Formation of singularities in heat propagation guided 

by second sound, J. Diff. Eqns., 130 (1996), 92-99. 

11. Messaoudi, S. A., Formation of singularities in solutions of a wave equa

tion, Applied Math. Letters 12 (1999), 23- 28. 

12. Nishida, T., Global smooth solutions for the second order quasilinear 
wave equations with first order dissipation . Unpublished note, 1975. 

13. Nishida, T., Nonlinear hyperbolic systems and related topics in fluid 

dynamics, Publications Mathematiques D 'orsay 78-Q2, Department de 
Mathematicques, Paris Sud 1978. 

14. Slemrod, M., Instability of steady shearing flows in nonlinear viscoelastic 

fluid, Arch. Rational Mech. Anal. 68 (1978), 211-225. 

MATHEMATICAL SCIENCES DEPARTMENT, KFUPM, DHAHRAN 31261, SAUDI ARABIA. 

email: messaoud@kfupm.edu.sa 

Date received December 21, 1998. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh




