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A(oo)-SIMULTANEOUS RATIONAL APPROXIMATION 

MANSOUR ASIRY 

ABSTRACT. We consider the simultaneous approximation of finite num

ber of functions by a rational function using a mixture of Chebyshev 
norms. Existence and uniqueness results are obtained, and a particular 
characterization of the best simultaneous approximation from a set of. 

rational functions is given. 

1. INTRODUCTION 

The simultaneous approximation problem of finite number of func
tions using a mixture of Chebyshev norms is equivalent to that of two 
functions (see Remark 2). Therefore we consider here the problem of 
approximating two functions by a rational function, whose setting is as 
follows. Let C[a, b] be the space of all real-valued continuous functions 
defined on [a, b]. For f E C[a, b], let II/II = max{lf(x)l : x E [a, b]}, 
W = C[a, b] x C[a, b], and for F = (Fb F2) E W, consider the following 
norm: 

IIFIIA(oo) =max {IIF1II, IIF2II} · 
Let S be a set of rational functions defined as follows: 

S = {pfq : p E Pn, q E Qm,pfq is irreducible, and q > 0 on [a, b]} 
where Pn denotes the set of algebraic polynomials of degree~ n, Qm is 
the set of algebraic polynomials of degree~ m, and U = {(s, s) : s E S}. 
Assume that for each F E W, there exists u* = (s*, s*) with s* E S such 
that 
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IIF- u*IIA(oo) - !rft IIF- uiiA(oo) 

- infmax{IIF1- sll, IIF2- sll} 
sES 

IIFk- s*ll, k E A*, 

where A* C {1, 2}. 

Such an s* is called a best A( oo )-simultaneous approximation to F1 
and F2 from S. The set of best A( oo )-simultaneous approximations will 

be denoted by Ps(F, oo). In addition we will let Ps(Fk) denote the usual 
best £ 00 approximation to Fk from S, k = 1, 2. the problem of minimizing 

IIFIIA(oo) was considered by Dunham [5], who obtained a particular char
acterization of solutions for the case when S is a Haar subspace, which 

was extended by Asiry and Watson [2] to a weak Haar subspace. In this 
paper these results are extended to a set of rational functions. We also 

obtain an existence and a uniqueness result. 

In recent work of Li and Watson [7] they characterized the best ap
proximation from a general sunset, and our characterization result can 

be viewed as an application of that result provided we know that S is a 

sunset. However to show that S is a sunset we need the characterization 

result. As by product of our analysis we show that S is a stmset for 
simultaneous approximation. 

2. EXISTENCE, CHARACTERIZATION, AND UNIQUENESS 

We first present an existence result 

Theorem 1. For each F E W, there exists at least one best A( oo)
siultaneous approximation to F from S. 

Proof Let d = dist(F,U) =in£ IIF-uiiA(oo)' and let {sk} C S be a 
uEU 

minimizing sequence, that is IIF- ukiiA(oo) --+ d, where uk = (sk, sk)· 
Then there exists a subsequence of { sk} (which we will not rename) such 

that IIF1- skll 2: IIF2- skll or IIF2- ski! 2: IIF1- ski! for all k. 
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Without loss of generality let us assume that IIF1 - skll ;:::: IIF2- skll 
for all k. We may write sk = Pk/ qk with llqk II = 1. Going to a subsequence 
if necessary we may assume that IIF1 - skll ~ d+ 1 for all k. Consequently 

llskll ~ IIF1- 8kll + IIF1II ~ d + 1 + IIF1II = "f· 
Since 

IPk(x)l = lqk(x)ll8k(x)l ::;; llqk(x)llll8k(x)ll ::;; "f, 
the sequence {(pk, qk)} lies in a compact set defined by the inequalities 
IIPII ~ "f and llqll = 1. Going to a subsequence if necessary we may 
assume that Pk ~ p E Pn and qk ~ q E Qn. Clearly llqll = 1 and q 
can be have at most m zeros at points xi E [a, b]. Thus p(x)/q(x) is 
well defined and Pk/qk ~ pfq on Y = [a, b]- U{xi}· This implies that 
lp(x)l ~ "flq(x)l for all x in Y, and by continuity this inequality is valid 
for all x in [a, b]. Thus any zero of q in [a, b] is also a zero of p, and 
the linear factor corresponding to it may be canceled from p and q. The 
removal of such a linear factor does not affect the previous inequality, and 
so we may repeat this cancellation process 1mtil q is free of zeros on [a, b]. 
Let 8* E S be the resulting element. Thus 8k ~ 8* and IIF1 - 8*11 =d. 
Clearly IIF1- 8*11 ;:::: IIF2- 8*11, which implies that 8* E Ps(F, oo). 

For the characterization we need more definitions, so for F = (F1, F2) E 
W and 8 E S, define the sets 

or 

E1 = {x E [a, b] : IF1(x)- 8(x)l = IIF1- sll}, 

E2 = {x E [a, b] : IF2(x)- 8(x)l = IIF2- 811}, 

E = {x E [a,b]: IF1(x)- s(x)l = IIF- uiiA(oo) 

IF2(x)- 8(x)l = IIF- uiiA(oo)}, 

where u = (8, 8). Clearly, E = E 1, E = E2 orE= E 1 UE2. Also for each 
8 E S, let 

Hs = {p + 8q; p E Pn and q E Qm} . 
Replacing 8 by 8* in the above definitions the corresponding sets will be 
denoted by E*, E;, E~, and H 8 •• Furthermore, let 

a1(x) - 8ign(F1 - 8*)(x) 
a2(x) = 8ign(F2 - 8*)(x) 
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Theorem 2. Let F = (F1 , F2) E W\U. Then s* E S is a best A(oo) 

approximation to F if and only if one of the following conditions is sat

isfied: 

(a) If E* = E;, then Min 0"1 (x)cp(x):::; 0, for all <p E Hs• 
xEEr 

(b) If E* = E2, then Min a2 (x)cp(x) :::; 0, for all <p E Hs• 
xEE2 

(c) If E* = E; U E2, then 

Min{a1(x)cp(x): x E E;} U {a2(x)cp(x): x E E;}:::; 0, 

for all <p E Hs• 

Proof. If s* E S is not a best A( oo) approximation to F , then there 

exists an s0 E S such that: 

IIF- uoiiA(oo) < IIF- u*iiA(oo) 

where, u0 = (s0 , s0 ) and u* = (s*, s*). Let <p = qo(so-s*). Then <p E Hs•. 

With out loss of generality, assume IIF- uoiiA(oo) = IIF1 -soli-

If IIF- u*IIA(oo) = IIF1- s*ll > IIF2- s*ll, that is E* = E;, then for 
each x E E; we have; 

a1(x)(F1- so)(x) :::; IIF1- soil 
< IIF1- s*ll = a1(x)(F1- s*)(x). 

Thus a1(x)(s0 - s*)(x) > 0, and 

(1) a1 (x)cp(x) > 0, for all x E E;, 

which implies that (a) is not satisfied. 

If IIF- u*iiA(oo) = IIF2- s*il > IIF1- s*ll, that is E* = Ei, then for 

each x E E; we have; 

a2(x)(F1- so)(x) < IIF2- soil :::; IIF1- soil 
< IIF2- s*ll = a2(x)(F2- s*)(x). 
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Thus a2(x)(so- s*)(x) > 0, and 

(2) a2(x)cp(x) > 0, for all x E E;, 

which implies that (b) is not satisfied. 

And, if IIF- u*IIA(oo) = IIF1- s*ll = IIF2- s*ll, that is E* = E;UE2, 
then inequalities (1) and (2) hold simultaneously, which implies that (c) 
is not satisfied. 

For the converse, assume first that IIF- u*IIA(oo) = IIF1- s*ll > 
IIF2- s*ll, that is E* = E;, and let cpo E Hs* such that ai(x)cpo(x) > 0 
for all x E E;. 

Write cpo =Po+ s*qo, s* = p* jq*, and 

p* + >..po 
S>..= ' q*- >.qo 

where>.> 0 is chosen so that q*- >.q0 > 0 on [a, b]. Define 

6 = inf ai(x)cpo(x). 
xEEi 

By continuity and compactness 6 > 0. Let e1 = F1 - s*, and define sets 

Y - {x E [a,b]: a1(x)cp(x) > ~6 and le1(x)l > ~ lle1ll}, 
Z - [a,b]\Y 

It is clear that Y contains E;, and Z is a compact set. Hence there is a 
number 'Y such that for each x E Z we have; 

IF1(x)- s>..(x)l < IF1(x)- s*(x)l + is*(x)- S>..(x)l 
< 'Y +lis*- S>..ll-

Since lis* - s>..ll --+ 0 as >. --+ 0, the last term is less than lle111 for suffi
ciently small >.. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



72 MANSOUR ASIRY 

Now taking A small enough so that F1 - s .x has the same sign as F1 - s* 
on Y, then for x E Y we have 

IF1(x)- s.x(x)l a(x) (F1- s*) (x) + a(x) (s*- s.x) (x) 

< lle111- Aa1(x)<p(x) 
(q- Aqo)(x) 

A8 
< lied - 2llq- AQoll < lletll. 

If IIF2- s.xll 2 lle1ll, then taking the limit as A -t 0 implies that 
IIF2- s*ll 2 IIF1- s*ll which is a contradiction, thus 

IIF- u.xiiA(=) < IIF- u*IIA(=), 

If IIF- u*IIA(=) = IIF2- s*ll > IIF1- s*ll, that is E* = E2, and there 
exists a <poE Hs• such that a2(x)<p0(x) > 0 for all x E E2. Then proceed
ing exactly the same as the first case where e1 is replaced by e2 = F2 - s*, 
and 8 = inf a2 (x)<p0 (x) > 0, we get 

xEE2 

IIF- u.xiiA(=) < IIF- u*IIA(=), 
for small A. 

Finally, if IIF- u*IIA(=) = IIF1- s*ll = IIF2- s*ll, that is E* = E; U 
E2, and there exists a <p0 E H8 • such that a1(x)<p0 (x) > 0 for all x E E; 
and a2 (x)<p0 (x) > 0, for all x E E2. Then from the above arguments, if 
A is small enough, we have 

and 

Thus IIF- u.xiiA(=) < IIF- u*IIA(=)' and this completes the proof. 

It is well known (for example [4] page 162) that H 8 is a Haar subspace 
in C[a, b] of dimension r = 1 + max{n + oq, m + op}, where a stands for 
degree of Thus Theorem 2 can be stated in the following form: 
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Theorem 3. Let F = (F17 F2) E W\U. Then s* E S is a best A(oo) 
approximation to F if and only if there exist point sets X 1 = {xi, i E 

!1} C Ei, X2 = {xi,i E h} C E2 and non-negative numbers >.i, i E 

117 J.li, i E !2 such that 

(a) if E* = Ei: 

0, for all cp E Hs*, 
iEh 

(b) if E* = E2: 

O,Jor all cp E Hs*, 
iEh 

(c) if E* = Ei U E2 : 

L >.ial(xi)cp(xi) + L J.lil72(xi)cp(xi) O,for all cp E Hs*, 
iEh 

L Ai + L J.li 1. 
iEh iEh 

Definition 1. A point t E [a, b] is called a straddle point for two functions 
f and g in C[a, b], if there exists a= ±1 such that llfll =a f(t), IIYII = 

-ag(t). 

Definition 2. The flmctions f and gin C[a, b] are said to have d alter
nations on [a, b) if there exist d + 1 distinct points x1 < ... < xd+l in [a, b] 
such that for some a= ±1, 

(j llfll, 
-(j IIYII, 

if i is odd, 
if i is even, 
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or 
g(xi) = 
f(xi) = 

(J IIYII' 
- allfll, 

if i is odd, 
if i is even, 

MANSOUR ASIRY 

Remark 1. IfiiF1- s*ll = IIF2- s*ll =! IIF1- F2ll, thens* E Ps(F,oo). 
Note that we can not do better than this, so in this case we say that 
s* is optimal. Now if F1 - s* and F2 - s* have a straddle point with 

IIF1 - s*ll = IIF2- s*ll , then s* is optimal. 

As noted by Dunham [5] the problem of simultaneous approximation 
to a finite number of nmctions from S with respect to the A(oo, oo) 
norm is equivalent to the approximation of two flmctions F1 and F2 
from S with F1 ~ F2. Therefore the case when we have F1 ~ F2 has 
particular significance. this condition also permits some stronger results 
to be obtained, and therefore we will make the following assumption. 

Assumption. In the rest of this paper, it will be assumed that 

F = (F1, F2) E W with F1 ~ F2 on [a, b]. 

Lemma 1. If s* E Ps(F, oo), then IIF1- s*ll = IIF2- s*ll . 

Proof. Assume s* E Ps(F, oo), but IIF1- s*ll > IIF2- s*ll· Theorem 
3(a) and the usual Loo approximation theory implies that, S* E Ps(F1). 

Because Hs• is a Haar subspace, there exists a point tin [a, b] such that 

s*(t)- F1(t) = IIF1- s*ll· 

s*(t)- F1(t) ~ s*(t)- F2(t), 

which is a contradiction. A similar argument when F1 and F2 are ex
changed completes the proof. 

Theorem 4. Let F = (Fb F2) E W\U. Then s* E S is a best A(oo) 
approximation if and only if F1 - s* and F2 - s* have a straddle point, 
or haver alternations in [a, b], with IIF1- s*ll = IIF2- s*ll , where r = 

l+max{n+8q*,m+8p*}, s* =p*fq*. 

Proof. Let s* E S be a best A(oo) approximation, then IIF1 - s*ll = 

IIF2- s*ll . Assume F1 - s* and F2- s* do not have a straddle point. 
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By Theorem 3(c), and since Hs* is a Haar subspace, there exist points 
x1 < ... < Xr+l in [a, b] such that 

r+l 

L Aiaicp(xi) - 0, for all <p E Hs*, 
i=l 

r+l 

LAi = 1, 
i=l 

where Ai ~ 0, and ai is (}i or J.Li, i = 1, ... , r + 1. Furthermore ai 
-ai+l, i = 1, ... , r. And since F1 ~ F2~ then 

(F1 - s*)(xi) - IIF1- s*ll if i is odd, 

(s* - F2)(xi) - IIF2- s*ll if i is even 

or 

(F1- s*)(xi) - IIF1- s*ll if i is even, 

(s* - F2)(xi) - IIF2- s*ll if i is odd 

For the other direction, if F1 - s* and F2 - s* have a straddle point, 
the result follows from the remark after theorem 3. Assume F1 - s* and 
F2 - s* haver alternations at the points x 1 < ... < Xr+l in [a, b]. Because 
Hs* is a Haar subspace, then there exist numbers, Ai ~ 0, i = 1, ... , r + 1, 
such that 

r+l 

L Aiaicp(xi) - 0, for all <p E Hs*, 
i=l 

r+l 

LAi - 1, 
i=l 

where, 

O"i = { 
sign(F1 - s*)(xi) i even, 
sign(F2 - s*)(xi) i odd 

or 

O"i = { 
sign(F1 - s*)(xi) i odd, 
sign(F2- s*)(xi) 't even. 

Thus by Theorem 3, s* E Ps(F, oo). 
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Definition 3. A set Sis a sunset for simultaneous approximation if for 
any F = ( F1, F2) E W, there exists at least one best simultaneous ap

proximation s* E S. Furthermore s*is a best simultaneous approximation 
to pt = u * + t ( F - u) for each t > 1. 

Clearly the set S = {pjq : p E Pn, q E Qm pjq is irreducible, and 
q > o on [a, b]} is a sunset for the A( oo) approximati~;m. 

If F1 - s*and F2 - s* have a straddle point, then we may not have 
uniqueness, as the following example shows. 

Example. Let g(x) = x2,F2(x) = -x2,[a,b] = [0,1], and S = {pjq: 

p E P1, q E Qm, pjq is irreducible, and q > o on [0, 1]}. Then for each 
a E [-1, 1], sa= -ax+ a E Ps(f, oo). 

But if F1 - s* and F2 - s* have r alternations in [a, b], we have the 
following uniqueness result. 

Theorem 5. Lets* E P8 (F, oo) be such that F1 - s* and F2 - s* have 

r alternations in [a, b], with r = 1 + max{n + 8q*, m + 8p*}, s* = p* / q*. 

Then s* is unique. 

Proof. Let s* E Ps(F, oo) be such that F1 - s* and F2 - s* have r 

alternations at the points x1 < ... < Xr+l in [a, b]. Without loss of 
gener.ality, assume; 

(F1- s*)(xi) 

(s*- F2)(xi) 

IIF1- s*il if i is odd, 

IIF2- s*ll if i is even. 

If s = pjq is another approximation, then r.p = q(s- s*) E H 8•, and 

(F1- s)(xi) < IIF1- s*ll (xi) if i is odd, 

(s- F2)(xi) < lis*- F2ll (xi) if i is even. 

which implies that 

( -1)i(s*- s)(xi) > 0, i = 1, ... , r + 1. 

Thus r.p has at least r zeros in [a, b], which implies that s = s*. 
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The following remark is contained in [5], we state it here for com
pleteness. 

Remark 2. Let G(G1, .... Gt), Gi E C[a, b] for all i = 1, ... , l. And let 

For x E [a, b], define 

Max Gi(x), 
l:Si:S! 

Min Gi(x), 
l:Si:S! 

then F1 , F2 E C[a, b] with F1 ~ F2 . Let F = (FI. F2 ), S nonempty subset 
of C[a, b], u = (s, s), and v = (s, s, ... , s) l copies of s, where s E S. 
Clearly 

IIG- viiA(oo) = IIF- uiiA(oo) for all s E S 

Therefore 

s* E Ps(F,oo) if and only if s* E Ps(G,oo). 
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