
Arab J. Math. Sc. 
Volume 6, Number 2, December 2000 
pp. 41-47 

INTEGRAL INEQUALITY OF GRONWALL-BELLMAN TYPE 

JAMES ADEDAYO OGUNTUASE 

ABSTRACT. In this paper, we establish some new Gronwall-Bellman type 

integral inequalities. These inequalities generalize in some cases the existing 

ones which have a wide range of applications in the study of the properties of 

solutions of differential and integral equations. 

1. INTRODUCTION 

The inequalities obtained in this paper originated from the celebrated 
Gronwall-Beilman inequality which plays a vital role in the study of differen
tial and integral equations. On the basis of various motivations, the Gronwall
Beilman inequality has been generalized and used in various contexts (see for 

example [1] and the references cited therein). In this note, we establish some 
new Gronwall-Beilman type integral inequalities which in some special cases 
reduce to certain generalizations of the well-known Gronwall-Beilman inequal
ities given in [1, 2, 3, 6]. 

2. MAIN RESULTS 

The main results of this paper are given in Theorems 2.1 and 2.2. There 
appear to be no results of this kind for Gronwall-type inequalities. We shall 
need the following Lemma in the proof of our main results. 
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Lemma 2.1 [1]. Let f(t) and g(t) be nonnegative continuous functions for 

t ~a, let v(t) be a differentiable function fort~ a and suppose 

v'(t) ~ g(t)v(t) + f(t), t ~a, v(a) = vo. 

Then, fort~ a, we have 

v(t) ~ vo exp (it g(s)ds) +it f(s) exp (1t g(T)dT) ds. 

Theorem 2.1 Let u(t) and g(t) be nonnegative, nondecreasing continuous 

functions in the real interval I = [a,b]. Suppose that k{t,s) and its partial 

derivative kt ( t, s) are nonnegative continuous functions for t, s E I and as

sume further that k{t,s) is nondecreasing in its first variable. If for 1 ~ p < oo 

and for every t,s E I, a~ s ~ t ~ b, 

(1) u(t) ~ g(t) + lt k(t, s)uP(s)ds 

then 

u(t) ~ g(t)[1- (p- 1) it gP-1 (s)(k(s, s) +is k8 (s, T)dT)dsJ1f(l-p) 

where 

{3p = Sup{t E I: (p -1) lt k(t, s)gP-1(s)ds < 1}; a~ s ~ t ~ T < {3p. 

Proof Let v(t) = J: k(t, s)uP(s)ds. Then (1) becomes 

(2) u(t) ~ g(t) + v(t) 

Differentiating v(t) with respect tot we have 

v'(t) k(t, t)uP(t) +it kt(t, s)uP(s)ds 

< [k(t, t) + i\t(t, s)ds]uP(t) 

< [k(t,t) +it kt(t,s)ds][g(t) +v(t)JP 

= [k(t, t) + lt kt(t, s)ds][g(t) + v(t)JP-1[g(t) + v(t)] 

< [k(t, t) +it kt(t, s)ds][g(t) + v(t)JP-1 [g(T) + v(t)], 
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where we have used the non-decreasing property of u and g. 

Therefore 

(3) v'(t) ::; A(t)[g(T) + v(t)] 

where 

(4) A(t) = [k(t, t) + 1t kt(t, s)ds][g(t) + v(t)]P-1 

Comparing (3) with Lemma 2.1 and noting that 

we have 

If t = T then 

(5) 

Therefore 

A(t) = g(t), v(t) + g(T) = v(t) and f(t) = 0, 

v(t) + g(T) ::; g(T) exp(1t A(s)ds); a::; t::; T. 

v(t) + g(t) ::; g(t) exp(1t A(s)ds). 

[v(t) + g(t)]p-l ::; [g(t) exp(1t A(s)ds)]P-1 . 

(6) [v(t) + g(t)]P-1 ::; gP-1(t) exp(1t (p- 1)A(s)ds). 

Substitute (6) into (4), to obtain 

(7) A(t) ::; [k(t, t) + 1t kt(t, s)ds]gP- 1(t) exp(1t (p- 1)A(s)ds). 

Multiplying through by (p- 1) and denoting (p- 1)A(t) by B(t) we have, 

B(t) ::; (p- 1)[k(t, t) + 1t kt(t, s)ds]gP-1(t) exp(1t B(s)ds). 

Hence 

B(t) exp( -1t B(s)ds) ::; (p- 1)[k(t, t) + 1t kt(t, s)ds]gP-1(t). 

That is, 

a lt lt at[-exp(- a B(s)ds)]::; (p-1)[k(t,t) + a kt(t,s)ds]gP-1(t). 
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Integrating from a to t we obtain 

This gives 

1- exp( -1t B(s)ds) :::; 1\p- 1)[k(s, s) + 1 8 k8 (s, T)dT]gP-1(s)ds. 

Replacing B(t) by (p- 1)A(t) we have 

1- exp( -1t (p -1)A(s)ds) :::; 1t (p- 1)[k(s, s) + 1 8 k8 (s, T)dT]gP- 1(s)ds. 

Hence 

(8) 
exp(J: A(s)ds):::; {1- (p- 1) J:[k(s, s) 

+ J: ks(s, r)dT]gP-1(s)ds p/(1-p) 

From (8), (5) and (2) we have 

u(t) :::; g(t){1- (p- 1) 1t[k(s, s) + 1 8 k8 (s, T)dT]gP- 1(s)ds }1/(1-P). 

This completes the proof of the theorem. 

Remark 2.1 If the kernel k(t, s) is separable, that is k(t, s) = h(t)f(s), 
then theorem 2.1 yields a result which is more general than Theorem 1.1 
of Stachurska [ 6]. 

Corollary 2.1 Under the assumptions of Theorem 2.1, if k(t, s) = h(t) and 
h(t) is nondecreasing, then theorem 2.1 becomes: If 

u(t):::; g(t) + h(t) 1t uP(s)ds, t,s E I, a:::; s:::; t:::; b. 

Then 

u(t) :::; g(t)[1- (p- 1) 1t gP-1(s)h(s)dsp1( 1-P); a:::; t:::; T < {3p. 

where 

{3p = Sup{t, s E I: (p- 1) 1t h(s)gP-1(s)ds < 1}; a:::; t:::; T < {3p. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



INTEGRAL INEQUALITY ... 45 

Lemma 2.2 [1]. Let A, B ~ 0, then the following inequality holds 

p { AP + BP' 0 < p < 1 
(A+ B) :S; 2P-1 (AP + BP), 1 :S; p -::_ oo. 

Theorem 2.2 Let u(t) and g(t) be nonnegative, nondecreasing continuous 

functions fort ~ a in real interval I = [a, b]. Suppose that k(t,s) and its partial 

derivatives kt ( t, s) are nonnegative continuous functions for a ::; s ::; t E I and 

that k(t,s) is nondecreasing in its first variable. Let p > 0 be a constant and 

suppose that for t, s E I, the following inequality holds 

( 
t ) 1/p 

u(t) ::; g(t) + 1 k(t, s)uP(s)ds . 

Then 

where 

R(t) = k(t, t) + 1t kt(t, s)ds, 

and 

{ 1 if 0 < p::; 1 
Cp = 2P-l if 1 :S; p :S; 00. 

Proof. Let v(t) = J! k(t, s)uP(s)ds, 

Hence 

(9) u(t) ::; g(t) + v 11P(t) 

Differentiate v(t) with respect tot we have 

v'(t) k(t, t)uP(t) + 1t kt(t, s)uP(s)ds 

< [k(t,t) + 1t kt(t,s)ds] uP(t) 

Since v(t) is nondecreasing, we obtain 

v'(t) < [k(t,t) + 1t kt(t,s)ds] uP(t) 

< R(t) [g(t) + v 11P(t)r 

< epR(t) [gP(t) + v(t)] by Lemma 2.2 
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where Cp is equal to 1 (respectively, 2P-l) for 0 < p ::; 1 (respectively, p 2 1). 

Hence Lemma 2.1 gives 

v(t)::; Cp 1t R(s)gP(s) exp (cp 1t R(T)dT) ds. 

Hence by (9) we have 

This completes the proof of the theorem. 

We now give the following specific cases of our result. 

Remark 2.2 If we set p = 1, then our result yields Theorem 1.8 obtained in 

[1]. 

Remark 2.3 Unlike Theorem 2.1 in [3] which is only valid for p > 1, our 

estimate in Theorem 2.2 is valid for all p > 0. 

Remark 2.4 If we set p = 1 and k(t, s) = f(t), we obtain the original in

equality of Gronwall-Beilman in [1]. 

Acknowledgement. I wish to thank the referee for his comments and helpful 

suggestions which have improved the final version of this paper. 
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