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SOME REDUNDANCY RESULTS FOR CONTINUUM
STRUCTURE FUNCTIONS

WILLIAM S. GRIFFITH

ABSTRACT. It has been well known among reliability engineers and
theorists that redundancy at the component level is preferable to re-
dundancy at the system level when only two states of performance are
distinguished - functioning and failed. Further, the parallel system is
the only system for which these two types of redundancy are equiva-
lent. The extensions of this to the finite state case has been made in
other papers. More recent attention has been on continuum structure
functions. In this paper, it is shown that such results do not hold, in
general, for continuum structure functions. However, various conditions
are developed under which such results hold.

A standard way of improving the reliability of a complex system of
components is by adding redundancy. Redundancy may be active or
standby. We shall focus on active redundancy in this paper, meaning that
the redundant components are simultaneously active and therefore each
is subject to failure. A principle well-known to design engineers is that
redundancy at the component level is at least as good as redundancy at
the system level when performance is distinguished as either functioning
or failed. Further, the only situation in which they are equally good is the
case of a parallel system meaning that the system will work if and only
if at least one component works. Extensions to the multistate case have
been made when the state space is finite. Extensions to the continuum
structure function case are obtained in this paper. The methods in this
case are not the same as in the multistate case and the multistate results
do not directly carry over.

1991 Mathematics Subject Classification. 62N05.
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We begin by reviewing the binary case using the approach of Barlow
and Proschan (1981). We denote the state of component 7 by z;. That is,
z; = 1 if component z is functioning while z; = 0 if component 7 is failed.
Then the system state is given by ¢(x) = ¢(z;,...,z,) where ¢(z) = 1
if the system is functioning and ¢(x) = 0 if the system is failed. The
two natural conditions to be imposed on ¢ are that ¢ be nondecreasing
in each coordinate and that each coordinate (component) be relevant in
the sense that there is some assignment of states to the other coordinates
(components) so that it matters whether component 7 is a 1 or a 0. So
we have

Definition 1. A function ¢: {0,1}" — {0,1} satisfying

(1) if & < y, then ¢(x) < #(y), where € < y means z; < y;,1 =
1,2,...,n and

2) for any component i, there exist a vector (-;, @) so that ¢(1;,x) = 1
p

while ¢(0;, @) = 0

is called a binary coherent system (where (1;,2) or (0;,2) = 0 are the
vectors with a 1 or 0 in the i** position, but otherwise agreeing with x).

n n
Let us write \/ r; = max z; and /\ z; = min z; for any vector
im1 1<i<n i=1 1<i<n
x = (z1,z2,...,2,). Further for vectors « and y,  V y is the vector

whose ¢th coordinate is z;Vy; and & Ay is the vector whose 7th coordinate
is z; A y;. We can formalize the engineering principle that redundancy
at the component level is preferred to redundancy at the system level in
the following theorem.

Theorem 1 (Barlow and Proschan). Let ¢(x) be a (binary) coherent
system. Then

(1) ¢(xVy) > ¢(x)V ¢(y), for all x and y. Furthermore, equality

holds for all  and y if and only if ¢(x) = max z;.
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(2) ¢(x Ny) < d(x) A $(y), for all * and y. Furthermore, equality
holds for all x and y if and only if $(x) = 11211<n z;.

The extension to the multistate case has been done by El-Neweihi,
Proschan, and Sethuraman (1978), Griffith (1980), Block and Savits
(1982), and Natvig (1982) when the state space is finite. We adopt
the approach of Griffith.

Definition 2. A function ¢ : {0,1,...,M}" — {0,1,..., M} is called

a multistate coherent system if it satisfies

(1) if & < y, then ¢(x) < ¢(y)

(2) for every component 7 and for every state ; > 1, there exists a
vector (-, ) such that ¢((j — 1);, ) < ¢(J;, ).

L _
(3) Jin & < d(x) < max «; for all .

A redundancy result can be obtained

Theorem 2 (Griffith). Let ¢(z) be a multistate coherent system. Then

(1) ¢(xVy)>d(x)V ¢(y) for all ® and y. Further equality will hold
for all ® and y if and only if ¢(x) = nax z;

(2) d(xeAy) < d(x)A¢(y) for all ¢ and y. Further equality will hold
for all © and y if and only if $(x) = 1I£11<n ;.

In this paper, we are interested in extensions to the case where the
state space 1s an interval. This represents the case where component or
system degradation occurs continuously rather than in discrete jumps.
These extensions are more complicated than in the case of finitely many
states. Block and Savits (1984) have used the interval [0, co) while Bax-
ter (1987) has used a finite interval. Within a stochastic framework,
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components will assume values outside a finite interval with arbitrarily
small probabilities so a finite interval is not unduly restrictive. The finite
interval can be rescaled to [0,1]. We have

Definition 3. A function ¢ : [0,1]* — [0,1] is called a continuum
structure function if it satisfies

(1) if @ <y, then ¢(x) < ¢(y)
(2) $(0) = 0 and ¢(1) = 1.

We note that by this definition ¢(x) = ax z; is a continuum struc-

ture function and in this case, ¢(x V y) = ¢(x) V ¢(y) for all  and
y. That is, redundancy at the component level and at the system level
are equivalent for this particular continuum structure function. In fact,

within one subclass of continuum structure functions ¢(z) = Tax ; 1s
\n

the only one in which redundancy at the system level is equivalent to
redundancy at the component level. This subclass consists of the Barlow
and Wu continuum structure functions. A structure function is of the

subclass if and only if ¢(z) = max minz; where P, P,,..., P, are the
y 1<5<r 1€P,
SIST el

minimal path sets of a binary coherent structure function. For binary
theory, this subclass is the entire class of coherent structure functions. It
was introduced by Barlow and Wu (1978) as a definition of a multistate
coherent structure function in the finite state space case and is a proper
subclass of those studied by other authors. Block and Savits (1984) have
extended this definition to continuum structure functions and studied
some aspects of this subclass.

To verify that the the only Barlow-Wu continuum structure function
for which redundancy at the system and component level are equivalent
is ¢(x¢) = max z;, we suppose that ¢(x V y) = ¢(x) V ¢(y) for all

1<:<
and y and that some minimal path set P, contains at least two elements.

Let 2 and j be the designation of two of these components. Then define
zxbyzr, =0ifm¢g P, 2z, =1ifm € P\{¢,7}, z; =1 and z; = 0.
Define y by y = 0if m & Pr, y = L it m € P\{4,5}, v; = 0 and
y; = 1. It is easy to verify that for m € Py, z,, Vv, = 1. Hence
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#(x V y) = 1. However, ¢(x) V ¢(y) = 0 since  and y were set up so
that ¢(z) = d(y) = 0.

But there are other continuum structure functions outside the Barlow-
Wau class in which ¢(x) is not max z; and for which the redundancies are

equivalent. For example, ¢(x) = 103X \/7; is a continuum structure func-

tion and max (\/:1:, Vy,) = max \/m—,V Vi) = max Vi V max \/E A
more general example is ¢(z )_— max g( i) Where gis nondecreasmg and

g(0) =0 and ¢g(1) = 1. Thus, the bmary and finite space results do not

carry over to continuum structure functions. This leads to the question

of under what circumstances is the parallel system (i.e., nax z;) the only
<ikn

one in which redundancies at the system and component levels are equiv-
alent. The question is more complex than it was in the finite state space
and the methods and results do not carry over to the continuum struc-
ture functions case. In the finite state space, the proof just exhausted
the state space. This is not possible when the state space is a continuum.
We will now investigate the question of when ¢(x V y) = ¢(z) V ¢(y)
implies that ¢(x) = max z; in this case of general continuum structure

functions. That is, we shall examine under what conditions the parallel
system is the only one for which redundancy at the component level and
redundancy at the system level are equivalent.

We begin with some lemmas.

Lemma 1. Let ¢(x) be a continuum structure function. Then

(1) ¢(zVy) =

1H<1a{x ¢(( 1)'7
(2) d@ Ny) = 4(=z) A (), for all 2,y if and only if P(x) =
min qS(( :)i, 1) for all @

1<i<n

¢(x) V $(y), for all x,y if and only if ¢(x) =
0) for all
¢

Proof. First let us suppose that ¢(x) = Toax #((z:):,0) for all .

Then $xVy) = max ¢((z: Vy:);,0)
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= max (¢((:);,0) V é((:):,0))

= (max(¢((x),0)) V (max 4((4:):,0))
= ¢(z)V é(y).

Conversely, now let us suppose that ¢(z V y) = é(x) V ¢(y), for all
z, y. Note that () = ¢(V™~,((z:)i,0)). It is not difficult to show
by induction that the desired result ¢(\Vi=((z:)i,0)) = max #((z:),0))

holds. A dual argument can be used to prove 2.

Lemma 2. Let ¢(x) be a continuum structure function. If ¢(x) satisfies

(1) ¢((a);,0) is independent of 1 € {1,2,...,n} for all a € [0,1].
(2) ¢((az);,0) = ad((z);,0) for all a,z € [0,1]

(3) ¢(xVy)=d(x)Vé(y), foradlz andy,

then ¢(x) = fpax z;.
Proof. By an inductive generalizations of (3), one can show that ¢(1) =
max $(1;,0). However, by (1), ¢(1;,0) is independent of z. Thus ¢(1;,0) =

1<i<n

1 since ¢(1) = 1. Now applying (2), it follows directly that ¢((a);,0) =
a¢(1;,0) = a for all ¢ and for all « € [0,1]. We now observe, in light of
lemma 1, that ¢(x) = max é((z:)i,0) = max ;.

Lemma 3. Let ¢(x) be a continuum structure function. If #(x) satisfies

(1) ¢((az);,1) = ad(zi, 1) for all a,z € [0,1]

(2) ¢(x Ay) = ¢(x) A d(y), for al z,y,

then ¢(x) = Jin o
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Proof. From (1), we may conclude that ¢(c;,1) = o« for all ¢ and
for all a € [0,1] since ¢(1) = 1. By lemma 1 we know that ¢(x) =
1%11'i<nn #((z;)i, 1). Tt then follows immediately that ¢(z) = 1rglii<n71 ;.

We now prove a theorem which tells us that provided that the system
performance lies between the extremes of component performances and
that the components are relevant in a certain sense at every level, the only
continuum structure function for which redundancy at the system and
component levels are equivalent is the parallel system. This provides a
definitive answer to the questions about the class of continuum structure
functions for which the multistate redundancy results extend since these
conditions can also be shown to be necessary.

Theorem 3. Let ¢(x) be a continuum structure function with

o < < :
oin 7 < d(x) < max z; for all ®. If

(1) for all i, ¢((c);, ) > a for all &, with a € [0,1) and o' > «

(2) $(xVy)=d(x)V ¢(y), for al z,y,

then ¢(x) = 112%)2 x;.

Proof. We will first prove that ¢(a;,0) = « for any o € [0,1] and any

component 7. It is obvious for @ = 0. Let us now focus our attention on
€ (0,1). Suppose that o € (0,1) is arbitrary but fixed and let : be any

component. Since 1121.i<n z; < ¢(x) < max z;, for all 2,0 < ¢(a;,0)) < .

Assume ¢(a;,0) = B < a. We now investigate ¢(cy, 3). By an induc-

tive generalization of (2), ¢(a;,3) = max {qﬁ(ai, 0), m;mx (55, 0)} =BV

J#e
m;x_x #(B;,0). However, 0 < ¢(;,0) < 8 for all j and thus ¢(as,3) = 8.
e

This violates (1). Consequently, ¢(¢;,0) = a.

Next consider ¢(1;,0). By monotonicity ¢(1;,0) > ¢(cs,0), for all
a € [0,1]. If ¢(1;,0) < 1, we need only take a = ﬂgﬂl to derive
a contradiction since ¢(a;,0) = . Therefore, we have now established
that ¢(a;,0) = « for all @ € [0,1] and all components :. Therefore
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#((az);,0) = az = ad((z);,0) for all @,z € [0,1] and all ;. We now
apply lemma 2 to obtain the result.

We next obtain a dual proposition characterizing 1ré1.i<n z; as a contin-
AN

uum structure function.

Theorem 4. Let ¢(x) be a continuum structure function, with

in z; < < : _
1?1"1311” Ti > ¢("’) = 112%751 z; for all If

(1) for all i,¢((a')i, ) < a for all & and « with o’ < a and a € (0, 1]

(2) ¢z Ny) =) A d(y), for all z,y,

then ¢(x) = 1r£ilgnn z;.

Proof. We shall prove that ¢(c;,1) = a for all @ € [0,1]. From this,
condition (1) of lemma 3 and the fact that ¢(x) = 1r£11<n z; will follow

immediately.

For @ = 1, the result is trivial. Now assume a € (0,1) and let
¢ be any component. We note that @ < ¢(a;,1) < 1. Suppose that
¢(ci,1) = B > a. Then ¢(«;, B) = é(a, I)Am;ién #(B;,1) by an inductive

JF
generalization of (2). Since 8 < ¢(8;,1) < 1 for all j # ¢, we must
have ¢(ci, ) = B, a violation of condition (1). Thus ¢(as,1) = a for
a € (0,1). Finally, for a = 0, suppose ¢(0;,1) > 0. Then, let 3 = —(02;—11
By monotonicity 8 = ¢(8;,1) > ¢(0;,1). But, ¢(0;,1) = 28 > 3, a
contradiction.
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