
Arab J. Math. Sc. 
Volume 10, Number 1, June 2004 
pp. 43-48 

NOTES ON 4-DIMENSIONAL HYPER-PARA-KAHLER MANIFOLDS 

TERUMASA NIHONYANAGI 

ABSTRACT. In this paper, we prove that a 4-dimensional hyper-para

Kahler structure is locally 80(3)-deformable to a hyper Kahler structure. 

1. INTRODUCTION 

An almost hypercomplex manifold is a quadruple M = (M; I, J, K), where 

I, J and K are almost complex structures on a smooth manifold 1\1 satisfy

ing K = I J = -J I. It is well-known that an almost hypercomplex man

ifold is 4m-dimensional and orientable. An almost hypercomplex manifold 

M = (M, I, J, K) equipped with a Riemannian metric g is called an almost 

hyperhermitian manifold if (I, g), (J,g) and (K,g) are simultaneously almost 

Hermitian structures on M, especially, if (I, g), (J, g) and (K, g) are simulta

neously Kahler structures on M, then M = (M; I, J, K, g) is called a hyper 

-Kahler manifold. Concerning the integrability of almost hyperhermitian man

ifolds, the following results have been obtained ([2]). 

Theorem 1.1. Any hyper-quasi-Kahler manifold is a hyper-Kahler manifold. 

Theorem 1.2. Any 4m (m 2: 2)-dimensional hyper-generalized locally confor

mal almost Kahler manifold is a locally conformal hyper-Kiihler manifold. 

The above Theorem 1.1 is a generalization of the result by Hitchin ([1]). 

Any 4-dimensional almost hypermitian manifold is regarded as a hyper-generali 

-zed locally conformal almost Kahler manifold. Recently, we have proved 

Theorem 1.3. ([3]) Let (M;I,J,K,g) be a 4-dimensional compact almost 

hyperhermitian Einstein manifold. Then (M, I, J, K, g) is a Ricci-fiat and 
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*-Ricci-flat hyper-para-Kiihler manifold. Furthermore, (M, g) is either flat 
or its universal covering is a hyper-Kiihler K3 surface. 

Theorem 1.4. ([3]) Let M = (M;I, J, K, g) be a 4-dimensional compact hy
perhermitian manifold with non-positive scalar curvature.. Then M is a hyper
Kiihler manifold. 

In the present paper, we shall show that a 4-dimensional hyper-para-Kahler 
structure is locally SO (3)-deformable to a hyper Kahler structure. Namely, 
we shall prove the following. 

Theorem 1.5. Let M = (M; I, J, K, g) be a 4-dimensional hyper-para-Kiihler 
manifold. Then, for each point p E M, there exists a local smooth SO (3)
valued function 8 such that the almost hyperhermitian structure (l, ], K, g) 
given by 

is a hyper -Kahler structure near the point p. 

Taking account of the above Theorem 1.5 and Theorem 1.3, we have also 
the following. 

Corollary 1. Let M = (M;I, J,K,g) be a 4-dimensional compact simply
connected almost hyperhermitian Einstein manifold. Then, M is a hyper
Kiihler manifold and, furthermore, isometric to a K3-surface with Ricci-flat 
metric, and (I, J, K, g) is globally SO (3)-deformable to a hyper-Kiihler struc
ture on a K3-surface in the sense of Theorem 1.5. 
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The author would like to express his sincere gratitude to professor K.Sekigawa 

for his valuable suggestions and comments. 

2. PRELIMINARIES 

We prepare some fundamental terminologies of a 4-dimensional almost hy

perhermitian manifold. Let(M; I, J, K, g) be a 4-dimensional almost hyper

hermitian manifold with almost Hermitian structures (I, g), ( J, g) and (Kg) 
and we define D-1, D,J and D,K Kahler forms of M by D-1 (X, Y) = g (IX, Y), 
D,J (X, Y) = g (JX, Y) and D,K (X, Y) = g (KX, Y), for X, Y E X (M), re
spectively (X (M)denotes the Lie algebra of all smooth vector fields on M). We 

assume that M is oriented by the val ume form dM = ~ n J2 (or ~ n J2 ' ~ n K2) . 

We denote by \7 and R the Riemannian connection and the curvature tensor 

of M. The curvature tensor R is defined by 

R(X, Y) Z = \7x (\7yZ)- \7y (\7xZ)- Y'[x,YJZ 

for X, Y, Z E X (M). Now, for X, Y E X (M), we define V'~y by 'V~y = 
\7 x (\7 y) - \7 'V x y. We see easily that R (X, Y) = \7~y - \7~ x. For any local 
unit vector field e, we see that { e1 = e, e2 = I e, e3 = J e, e4 = K e} is a local 
orthonormal frame field compatible with the orientation on M. We denote by 

ei the dual basis of ei. Then, we may easily observe that the Kahler forms 

D,I, D,J and D,K are given respectively by 

nl el (\ e2 + e3 (\ e4 

(2.1) 

D,K e1 1\ e4 + e2 (\ e3 

By (2.1) we see that vector bundle A~M is spanned by {D-1, nJ, D,K }. We 
denote by A2 M the vector bundle of real 2-forms over M. Then it is known 
that the vector bundle A 2M is decomposed in the following forms: 

A2 M RD-1 + A6'} (M) + LM1 

(2.2) A 2M = RD.J + A6] (M) + LMJ 

A 2M = RD.K + A6k (M) + LMK 

where A6'} (M), A6] (M) and A6k (M) denote the vector bundles of real 
primitive !-invariant, ]-invariant and K-invariant 2-forms, LM1, LMJ and 
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LMK the vector bundles of real primitive !-skew invariant, J-skew invari
ant and K-skew invariant 2-forms over M, respectively. The bundle LM1 

(resp. LMJ, LMK) is endowed with a natural complex structure ( also de

noted by I (resp. J,K)) which is defined by (I<I>I)(X,Y) = -<I>I(IX,Y) 
(resp. (J<I>J) (X, Y) = -<I>J (JX, Y) and (K<I>K) (X, Y) = -<I>K (KX, Y)), for 
any section <I> I (resp. <I> J, <I> K) of M and X, Y E x (M). 

In the above decompositions (2.2) of A2 M, we see easily that LM1 = 

span{OJ,nK}, LMJ = span{nK,ni} and LMK = span{S11 ,S1J}. A 4-
dimensional almost hyperhermitian manifold M = (M; I, J, K, g) is called a 

4-dimensional hyper-para-Kahler manifold if M satisfies the conditions: 

(2.3) 

for X, Y E x ( M). 

R(X,Y).I 

R(X, Y) .J 

0 

0 

R(X, Y) .K 0 

3. PROOF OF THEOREM 1.5 

We shall prove the theorem 1.5. 

Proof. Let (M; I, J, K, g) be a 4-dimensional hyper-para-Kahler Einstein man

ifold. Let { e1 = e, e2 =I e, e3 = Je, e4 = K e} (jjejj = 1) be a local orthonormal 
frame field compatible with the orientation on M. Let { ei} be the dual basis 

of { ei}· we define the fiber metric h of A~M by 

(3.1) h (a, /3) = L aabf3cd {g (ea, ec) g (eb, ed) - g (ea, ed) g ( eb, ec)}, 

where a = 'L:: aabea 1\ eb, f3 = 'L:: f3cdec 1\ ed E A~M, a, b, c, d = 1, ... , 4. From 

(2.1) and (3.1), by direct calculation, we see that {OJ/J2,0J/J2,QK/J2} 
is an orthonormal frame field with respect to the fiber metric h. 

We denote by '\7 and V' the connection of A~M and the Levi-Cevita con
nection of M. Taking into account of (3.1), we get 

(3.2) 
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We denote by R the curvature tensor with respect to V. Since M is a hy
perhermitian manifold, we see easily that (2.3) are equivalent to the following 
equations, respectively. 

(3.3) 

R(X, Y) .fh = 0 

R(X, Y) .OJ = 0 

R(X, Y) .OK 0 

for X, Y EX (M). Taking into account of (3.2), from (3.3), we get easily 

(3.4) 

il(x, Y) .nJ = o 
il(x, Y) .nJ = o 
il(x, Y) .nK = o 

for X, Y E X (M), and hence R = 0 on M. Thus, for the point p E M, there ex
ists a V-parallel orthonormal frame field near the point p. Let OI/.../2, 02/.../2, 
03/.../2 be a V-parallel orthonormal frame field near the point p. From (3.2), 
we get easily 

(3.5) 

near the point p. Thus, we see that 0 1, 02 and 03 are relatively orthogonal and 
are \!-parallel self dual2-form near the point p. Since {OJ/ ..j2,0J j.../2, OK j.../2} 
is an orthonormal frame field with respect to the fiber metric h, we can put 
nl' n2 and n3 as follows near the point p: 

f21 = a1f21 + a2f2J + a3f2K 

(3.6) n2 b1n1 + b2nJ + b30K 

f23 = c1f21 + c2f2J + C3f2K 

where a~, a2, a3, b1, b2, b3, c1, c2 and c3 are smooth functions near the point p. 
From (3.1) and (3.6), we see that 

e: = ( ~: ~: ~: ) E so (3) 
Cl C2 C3 

(3.7) 

near the point p. From (3.6), for X, Y E TpM, we get 

01 (X, Y) = g ((a1l + a2J + a3K) X, Y) 

02 (X, Y) = g ((b1I + b2J + b3K) X, Y) 

n3 (X, Y) = g ((ell+ c2J + C3K) X, Y) 
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Now, we put 1, J and K as follows: 

(3.8) 

near the point p. Then, from (3.7) and (3.8), by direct calculation, we get 
-2 -2 -2 - - - -- -I = J = K = -E, K =I J = -JI. Thus, I, J and K are almost complex 
structures near the point p respectively. By (3.5), we see that (I,J,K,g) is 
hyper-Kahler structure near the point p. 0 
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