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EIGENVALUES OF THE LAPLACE OPERATOR ON
COMPACT RIEMANNIAN MANIFOLDS

SHARIEF DESHMUKH

ABSTRACT. In this survey article we are interested in reporting recent
advances on the estimates of the eigenvalues of the Laplace operator on
compact Riemannian manifolds of constant scalar curvature and compact

Einstein-like manifolds.

1. INTRODUCTION

The geometry of the Laplace operator has been a subject of interest from
different aspects for the last four decades, and some of the developments are
recorded in [2], [3], and [11]. One of the interesting aspects of this study is
reading the spectrum of the Laplace operator using the geometric data of the
Riemannian manifold. In particular, obtaining lower bounds for the eigenval-
ues of the Laplace operator on a Riemannian manifold, using its curvature
information, was first initiated by Lichnerowricz (cf. Thm 4.70, p. 210 in [9]).
This result states that if M is an n-dimensional compact Riemannian mani-
fold where the Ricci curvature satisfies Ric > (n — 1)k for a constant k, then
the first nonzero eigenvalue A1 of the Laplace operator satisfies A\; > nk; and
later Obata [12] has shown that equality holds if and only if M is isometric
to the sphere S™ (k). If we denote by C the class of Riemannian manifolds of
constant scalar curvature, by £ the class of Einstein manifolds, and by A the
class of Einstein-like manifolds (Riemannian manifolds in which the Ricci cur-
vature satisfies (VxRic) (X, X) =0, X € X(M) and X(M) is the Lie-algebra
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of smooth vector fields on M), then it is known that
ECACC,

and the inclusion is strict (cf. [10]). These classes of Riemannian manifolds are
of significant importance from the viewpoint of geometry as well as physics (cf.
[1]), and therefore studying the spectrum of the Laplace operator on manifolds
in these classes is also interesting and important. For a Riemannian manifold
in £ that is, for a compact Einstein manifold M, Simon [14] has shown that ei-
ther it is isometric to a sphere or else each non-zero eigenvalue \ of the Laplace
operator satisfies A > 2nkg, ko being the infimum of the sectional curvature
of M and n = dim M. However there was no mechanism to estimate the non-
zero eigenvalues, like Simon’s estimate of the Laplace operator on the product
S™(c1) x 8™ (c2), (€1 # c2), which is in class C. Similarly there are compact
Riemannian manifolds which are not in £ but in A (for instance the nearly
Kaehler 3-symmetric space U (4) /U (2) x U(1) x U(1)). Although Lichnerow-
icz’s estimate applies to these Riemannian manifolds, yet, Simon’s result on
compact Einstein manifolds (compact Riemannian manifold with additional
restriction) gives more information on eigenvalues than Lichnerowicz’s result.
Similarly the manifolds in .4 and C are Riemannian manifolds with additional
restrictions, so one expects of get results on the estimates on eigenvalues of
the Laplace operator on the manifolds in classes A and C and, as £ C A C C,
Simon’s result should follow from these results. This question is considered in
(6], [7], [8].

2. PRELIMINARIES

Let (M,g) be an n-dimensional compact Riemannian manifold without
boundary and with Riemannian connection V. We denote by X(M) the Lie-
algebra of smooth vector fields on M. The Riemannian curvature tensor field
R is defined as

R(X,Y)Z =VxVyZ ~VyVxZ —VixyZ, X,Y,Z,WeX(M) (21)

and R(X,Y;Z,W) =g(R(X,Y)Z,W), X,Y,Z,W € X(M). For a local ortho-
normal fame {ej, ..., e,} on M, the Ricci tensor field Ric and scalar curvature
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S of M are defined by

Ric(X,Y) =) R(e;, X;Y,e;), S= 3 Ric(ei,e;), X,Y €X(M). (2.2)
i=1 i=1

The Ricci operator @) is a symmetric tensor field of type (1,1) defined by
Ric(X,Y) =g(Q(X),Y), X,Y € X(M). (2.3)
The Bianchi identities for a Riemannian manifold (M, g) are
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0, X,Y,Z € X(M), (2.4)
(VxR)(Y,Z)W + (VyR)(Z, X)W + (VzR)(X, Y)W =0, X,Y,Z € X(M).

(2.5)
For a tensor field A of type (1,1) on (M, g) the Ricci identity is

(V2A) (X,Y,Z) — (V?A) (Y, X,Z) = R(X,Y)AZ — AR(X,Y)Z,  (2.6)
X,Y,Z € X(M), where the covariant derivatives (VA)(X,Y), (V2A)(X,Y, Z)
are defined by

(VA)(X,Y) = VxAY — AVxY
(V2A)(X,Y,Z) = Vx(VAY,Z) - (VA)(VxY,Z) - (VA)Y,Vx2).

For a smooth function f on a Riemannian manifold (M, g) it’s gradient V f is
defined by

9(Vf, X) = X(f), X € X(M), (2.7)
and for a smooth vector field X € X(M) it’s divergence divX is defined by
divX =5 g(Ve, X, &), (2.8)
where {e1,...,e,} is a local orthonormal frame on M. For a smooth function
f on (M,g) the Laplacian of f is defined as
Af =—div(Vf), (2.9)
which satisfies
A(fh) = fAR+hAf —29(Vf,Vh) (2.10)

Let L2 (M) be the space of measurable functions on M which satisfy

f|f|2dv<oo,
M
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where dv is the volume element of the Riemannian manifold (M, g). On L?(M)
we have the inner product and norm defined by

(f,h) = Af4fh dv, fIP=1(f.f). f.heL*M), (2.11)

and with this inner product L?(M) is a Hilbert space. The Laplace operator
A satisfies

(Af,h) = (f,Ah),
for all smooth smooth functions in L?(M), that is, A is a self-adjoint operator.

A smooth function f on a compact Riemannian manifold (M, g) is said to
be an eigenfunction of the Laplace operator A on M if

Af =Af,
where A is a constant, called an eigenvalue of A corresponding to the eigen-
funtion f. The space V), of eigenfunctions of A corresponding to an eigenvalue
A is a finite dimensional vector space. Indeed we have the following theorem.

Theorem 2.1 ([3]). Let (M, g) be a compact Riemannian manifold. Then the
set of eigenvalues of A consists of a sequence

O<Mi<h< <

and each eigenspace is finite dimensional. Figenspaces corresponding to dis-
tinct eigenvalues are orthogonal in L?>(M) and L*(M) is the direct sum of all
the eigenspaces.

A Riemannian manifold (M, g) is said to have constant scalar curvature if
the scalar curvature S is a constant function. Moreover (M, g) is said to be
an Einstein manifold if

Ric=cg
for a constant ¢, called the Einstein constant. If C denotes the class of Rie-
mannian manifolds of constant scalar curvature and £ that of the Einstein
manifolds, then £ C C and the inclusion is strict. There is an intermediate
class A of Riemannian manifolds whose Ricci tensor salsifies

(VxRic)(X,X)=0, X,Y € X(M),
called Einstein-like manifolds, and we have

ECACC.
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Again the inclusion in strict (cf. [10]).

Regarding the first nonzero eigenvalue \; of the Laplace operator on a com-
pact Riemannian manifold (M, g) we have the following result due to Lich-
nerowicz (cf. [9] p.210).

Theorem 2.2. Let (M,g) be an n-dimensional compact Riemannian mani-
fold. Suppose that the Ricci curvature of M satsfies

Ric > (n—1)k,

for some constant k > 0. Then the first nonzero eigenvalue A1 of the Laplace
operator on M salsifies

A1 > nk.
Moreover the equality holds if and only if M is isometric to a standard sphere

Sn (k).

the last part of the above theorem, when the bound is achieved, is due to
Obata [13].

Also for the eigenvalue Aj, Li and Yau [12] have established a relationship
between A\; and the diameter of the compact Riemannian manifolds (M, g).

Theorem 2.3 ([12]). Let (M,g) be an n-dimensional compact Riemannian
manifold whose Ricci curvature is nonnegative. Then the first nonzero eigen-

value A1 of the Laplace operator on M satisfies

2

(a+1)d?
where d is the diameter of M and the constant a + 1 = sup,, ¢, ¢ being an
eigenfunction corresponding to the eigenvalue \y.

A1 >

Furthermore, these authors conjectured that \; > %_2; and this conjecture
was finally proved in [15]. Regarding the eigenvalues of the Laplace operator
on an Einstein manifold, Simon [14] has proved the following.

Theorem 2.4 ([14]). Let (M, g) be an n-dimensional compact Einstein man-
ifold with n > 3, whose sectional curvatures are bounded below by a constant
ko. Then either M is isometric to a sphere or else each nonzero eigenvalue A
of the Laplace operator on M satisfies A > 2nky.
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3. INTEGRAL FORMULAS

In this section, we prepare the tools needed to estimate the eigenvalues
of the Laplace operator on Riemannian manifolds in classes A and C. For
a smooth function f on a Riemannian manifold (M, g) there is a symmetric
operator A : X(M) — X(M) defined by

A(X) = vaf’ X € x(M)v

which satisfies

trA = —-Af, g(AX,Y) = g(X,AY), X,Y € X(M) (3.1)
(VA)(X,Y) = (VA)(Y,X) = R(X,Y)Vf, X,Y € X(M) (3.2)
(V2A) (X, X,Y) — (V2A)(Y, X, X) = 2R(X,Y)AX (3.3)

—AR(X,Y)X + (VxR)(X,Y)V/.

The tensor field Hy defined by H¢(X,Y) = g(AX,Y) is called the Hessian of
the smooth function f. Using equations (3.1) and (3.2) we immediately get
the following;:

Lemma 3.1 ([7]). For a local orthonormal frame {ey,..,en} on M,

22 (VA) (ei,e:) = =VAF + Q(V)

)

holds.

Lemma 3.2 ([7]). Let (M,g) be a compact Riemannian manifold and f a
smooth function on M. Then

Ai{(Af)2 — g(V£,V(Af)}dv =0

Proof. Using Af = —dv(V f) and equation (2.10), we get
A(fAf) = FA f+(Af)? = 29(V,V(AS)).

Integrating this equation, and using the fact that A is self adjoint, together
with Stokes theorem, we get the desired result. O

Lemma 3.3 ([7]). Let A be the operator corresponding to a smooth function
f on a compact Riemannian manifold (M, g). Then

A£~{||AII2 — (Af)? + Rice(V £,V )} dv =0
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Proof. For a local orthonormal fame {ey,...,e,} on M, we compute

div(A(V) = g(Vf, S(VA)(ese:)) + | A]2.

(2

Integrating this last equation and using Lemma 3.1, we get the result. O

Suppose f is an eigenfunction of the Laplace operator corresponding to the
eigenvalue Ay, that is, Af = A1 f on a compact Riemannian manifold (M, g).
Then Lemma 3.2 gives

Ag {(Af? = XMIVfIP}dv =0 (3.4)

Using the Schwartz inequality ||A[* > 1(Af)? and equation (3.4) in Lemma
3.3, we arrive at

TS 1P + Ricl9 5,9 ) <0 (35)

with the equality holding if and only if A = —% fI. If the Ricci curvature

satisfies. Ric > (n — 1)k for a constant k > 0, then, by the inequality (3.5),

we get <k — %) i ]|Vf||2 < 0. Thus A\; > nk and the equality holds if and
M

only if A= —21fI, that is, VxVf = —2LfX X € X(M), that is, if and only
if M is isometric to a sphere S™(c) by Obata’s theorem [13]. This gives a short
proof of Lichnerowicz's theorem 2 as stated in section 2.

Lemma 3.4 ([7]). Let f be a smooth function on a Riemannian manifold
(M,g). Then the Hessian Hay of the smooth function Af satisfies

HAf (X7 Y) = _Zg((V2A)(Xa eiaei)ay)7 X’Y € %<M)a

where {e1,...,e,} is a local orthonormal frame on M.

Proof. Lemma 3.1, gives
—9(Y,VAf) = Zi:g(Y, (VA)(ei, &) — 9(Q(Vf),Y), Y € X(M),
which together with the definition of the Hessian Ha gives
— Haf(X,Y) = XY(Af) - VxY(Af) = Zi:g(Y, (V2A)(X, e e:)

—9(VxQ(V[),Y

and this proves the lemma. Il
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On a Riemannian manifold (M, g), for a X € X(M), we define

IRxI? = X g(R(es, )X, Rles,e;)X), (3.6)
ij
where {e1,...,e,} is a local orthonormal frame on M, called the square of

the length of the curvature operator in the direction of the vector field X.
It is easy to check that for an n-dimensional Riemannian manifold (M, g) of
constant curvature ¢, we have ||[Rx|> = 2(n — 1)c® | X||*, X € X(M).

Lemma 3.5 ([7]). Let (M, g) be an n-dimensional compact Riemannian man-
ifold. Then, for a smooth function f on M, we have

/ (IVAJ® ~ [VAFI? + 2Ric(Vf, VAS) = [QVAI = 3 | Ry
M

+ Z(/\z - )\j)2K¢j}d’U =0

i<j
where A1, ..., A\n are eigenvalues of the operator A with respect to a local or-
thonormal frame {e1,...,en}, and K;; is the sectional curvature of the plane

section spanned by {e;, e;}.

Proof. Consider a vector field X = Y (VA)(e;, e;), where {e1,...,e,} is alocal
orthonormal frame. Then a straightiforward computation shows.
div(A(VAN) = ~Ric(VF, VAN HIQVHI +3 9(Ve AQ(VS), Aei) (37)
div(A(VAS)) = — |[VAF|® + Ric(V f, VAFf) + 2 9(Ve,VAF, Ae;)  (3.8)
div X = S g((VA)(e5,€0), (TA)exre)) + T older, (T2A)(es enes)). (39
Using Ricci’js identity (2.6) and lemma 3.5, wje arrive at
%Q(Aez" (V2A)(ejreiref) = — Zi:HAf(ei, Ae;)
+ ZZ: 9(Ve,Q(Vf), Aei) + %: R(ej, ei, Aej, Ae;)

— ZR(ej,ei,ej,AQei) (3.10)
tj
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Using a local orthonormal frame {e1,...,en} that diagonalizes A, that is,
A(e;) = Ajei, we have
Z R(ej, €;, Aej, Ae,-) — Z R(ej, €i, €5, A26i) = - Z /\j/\iKij + Z /\?K”
ij ij ij ij
= Y- X)’Ky
1<)

where K;; is the sectional curvature of the plane section spanned by {e;, e}
Thus the equation (3.10) takes the form

> 9(Aei, (V2A)(ej ei,¢5)) = Y 9(Ve,Q(VS), Aey) (3.11)
] 7
—29(Ve, VAL, Aei) + 37 (A — Aj)2K;;

where we used the definition of the Hessian H Af-

Using equation (3.2), we get
IRvs 1 = 2 9(R(ei, )V £, R(ei,e)Vf) =2 |V A|
~2Yg(VA)(ei,e5), (VA)(ej, e0)).
Consequently, ’
S (VA esse3), (VA)es,e0)) = [VAI = 5 | Ry

Using this equation and equation (3.11) in (3.9), we arrive at

. 1
divX = |VA|?- 3 IRv¢lI* = 3 9(Ve, VS, Aey) (3.12)
+229(Ve,QV), Aei) + 3 (A = Aj)? Ky
7 1<J

Finally we use equations (3.7), (3.8) and (3.12) to arrive at
div X +div(A(VA[))~div(A(Q(V f))) = |IVAI*~ VA f|>+2Ric(V f, VA )
~ 1A = 5 ol + D=,
Integrating this equation and using Stoke’s theorem we get the result. 0
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Lemma 3.6 ([7]). Let f be a smooth function on a compact Riemannian
manifold (M, g). Then

(S o(VeR) ey eV, Ao = [ (=5 11 +32 Ricises Acy, ).
M “

Proof. Let {e1,...,en} be a local orthonormal frame on M.
Define X =} R(Vf, Ae;)e;, and for this vector field we have
divX = ’ Zg(VeiR(Vf, Ae;)e;,e5) = — Z(Ve].R)(ej,ei, Vf, Ae;)
jz R(e;, ej, Aej, Ae;) + 3 R(e]i, e;, Vf,(VA)(ej,e:)),
which, together wit}z equation (3.2), gives J
divX = - Z 9((Ve, R)(ej, €)V f, Aei) + 3 Rei, ej; Aej, Aey)
ij
+Zg((VA)(€z,6g) (VA)(ei,e5)) — VA

Finally using 2||Rw|| = VAP = 3 g((VA) et ), (TA) ey, e0), which i

an outcome of equation (3.2), in the above equation and integrating over M,
we get the result. O

Lemma 3.7 ([7]). Let f be a smooth function on are n-dimensional Riemann-
ian manifold (M, g). Then

IVAI? >~ VAP
and for positively curved M the equality holds if and only if A(X) = —%(Af)X
X € X(M).
Proof. Define a symmetric tensor field B by
B(X,Y)=g(AX,Y)+ %(Af)g(X,Y), X, Y € X(M).
Then
(VB)(X.Y,2) = g(VA)(X,Y), 2) + ~ X(Af)g(Y, Z), X.Y,Z & X(M)
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and consequently, for a local orthonormal frame {es,...,e,} on M, we have
IVBI? = VAL + 5 IVAFI + 2 Sg(PA)er ). eo(V o)
Using equation (3.2) and lemma (3.1) in the above equation we arrive at
IVBI? = IVAI + ~ IVAFI? ~ 2 [VAFI? = [VAI? - L IVAfI?,

which proves the inequality |[VA|* > Lyvaf 2. If the equality holds, we
should have VB = 0 for a symmetric tensor field B and, as M is irreducible
(being positively curved), we get B(X,Y) = cg(X,Y) for some constant c.
This, together with the definition of B, gives A(X) = (c — LAf)(X), and, as
trA = —Af, we get ¢ = 0. Therefore A(X) = —1(Af)X, X € X(M). O

Lemma 3.8 ([7]). Let f be a smooth function on an n-dimensional compact
Riemannian manifold and {e1,... ey} be a local orthonormal frame that di-
agonalizes A with Ae; = A\je;. Then

/ {Z()\i — Aj)Q} dv = (n— 1)/(Af)2dv — n/Ric(Vf, Vf)dv
M M

1<j
M

holds.

Proof. We have
SO—A)? = DAY 2T AN = 20 AR -2 (-ANN
1] 1] 1] J

ij
= 24" - 2(Af)
and SO(A — A)? = 253 (M — Aj)2 Thus we have ST(\ — \)? = [|A]* -
ij i<j i<j
(Af)2. Integrating this equation, and in view of lemma (3.3), we arrive at the
result. U

Finally as a last tool,‘we define the a tensor field F of type (1,2) by

. n

F(X,Y)=>Y (Ve,R)(X,Y)e;, X,Y € X(M),
i=1

called the divergence of the curvature tensor field, where {es, ..., e,} is a local
orthonormal frame on M. Using equations (2.4) and (2.5) it is easy to verify
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that the tensor field f satisfies.
FIX,)Y)=~-F(Y,X), F(X,fY)=fF(X,Y)=F(fX,Y) (3.13)
and
gF(X,Y), Z2)+9(F(Y,Z2),X)+g(F(Z,X),Y) =0, X,Y,Z € X(M) (3.14)

and f a smooth function on M. Using the definition of the Ricci curvature
and scalar curvature in equation (2.2) and equation (2.5), we obtain

(VQ)(X,Y) ~ (VQ)(Y, X) = —F (X, ¥), X,Y € X(M) (3.15)
and 1
§VS = Z(VQ)(e%ej)‘a (316)
J
for a local orthonormal frame {es,...,e,} on M. Also, using equation (3.16),

we see that the Hessian of the scalar curvature function S is given by

SHS(XY) = S((V2Q)(X, e1,0), Y), X,V € X(M) (3.17)

4. EIGENVALUES OF MANIFOLDS IN CLASS A

In this section, we are interested in the eigenvalues of the Laplace operator
on an Einstein-like manifold, which is a manifold in class A characterized by
the following condition on it’s Ricci tensor

(VxRic)(X,X) =0, X € X(M). (4.1)

Naturally Einstein manifolds are Einstein-like manifolds, but there are Einstein-
like manifolds which are not Einstein manifolds (cf. [10]).

First, we have the following result.

Theorem 4.1 ([6]). Let (M, g) be an n-dimensional compact and connected
FEinstein-like manifold. If all the sectional curvatures of M are bounded below
by a constant ko and the square of the length of the curvature tensor field
|Rx|? in the direction of X € X(M) satisfies |Rx||* < 2kZ(n — 1) || X2 L
for some constant L, then either M is isometric to an n-sphere or else each
eigenvalue A of the Laplace operator satisfies one of the following inequalities

() A> 232 i) A <nkoL, (i) 2222 kg < X < nkyL
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Proof. Note that the defining condition in equation (4.1) for Einstein-like man-
ifolds is equivalent to

(VxRic)(Y,Z) + (VyRic)(X,Z)+ (VzRic)(X,Y) =0, XY, Z € X(M).
' (4.2)
Using properties of the curvature tensor and equation (2.5), we get

> 9((Ve,R)(ej,€:)V f, Aei) = — >_(VvsRic)(Ae; ) + > (Vae,Ric)(Vf, i)
iJ % %
where A is an operator corresponding to a smooth function f on M.

Now, using (4.2) in the above equation, we arrive at
> 9((Ve,R)(ej, €)V f, Aei) = 23 °(Vae, Ric)(V f, €i) + 3 (Ve Ric)(V f, Aei).
ij 7 7

(4.3)
Since (VxRic)(Y,Z) = g(VQ)(X,Y), Z), we get

(Ve Rie)(VS.e) = TolAenen)a(VQ)(ew, V), )
= %g((VQ)(ek, V), Aex) = Zk:(VEkRiC)(Vf, Aeg).
Using this in equation (4.3), we conclude that
52T e e)VhAe) = Tg(VQ)(en V), Ae)
= Xi:g(VeiQ(Vf), Ae;) — Ric(Ae;, Ae;)

Integrating this equation and using lemma (3.7), we get

/{;g(veiQ(vf)aAei>} dv = 313—/ {% R(ei,ej;Aej,Aei)} dv
M M

—%/HvaHQdU—F/{ZRic(Aei,Aei)}dv. (4.4)
ij
M M :

Now define a smooth function ¥ : M — Rby ¥ = 3 |A||?, where A is an
operator corresponding to smooth function f on M. Then a straightforward
computation leads to

—AT = [VAI? + 2 9(V2A) (es, €1, ¢5), Aey)- (4.5)
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We use equation (3.2) and (3.3) to compute.
(VQA) (ei,ei,€5) = (V2A)(ej, €1, ) + 2R(ej,ei)Ae; — AR(ej, e;)e;
+ (veiR)(eia ej)vf
Using this equation and the following outcome of Lemma (3.1)

S(V2A)(ej,eie:) = =Ve, VA + Ve, Q(Vf)

(2

in equation (4.5) we arrive at
— AU = VAP + ;[—g<vejmf, Ae;) + 9(Ve,Q(Vf), Aej)]
+ 2 [2R(ei, 5, Aey, Aej) — R(es, e5; €, AZej)
]
+izjg«ve.,R)(ei,ej)Vf,Ae» (4.6)

Substituting the value of } 9(Ve, VA, Aej) from equation (3.8) in the above
; :
equation, integrating the resulting equation, and using lemma 3.7 and equation

(4.4), we arrive at
[{Iv Al - 198517 + Rietw 1, vap)+
M

1
5 SR e Aes, Acy) = 2| Rog|*) + 5 Ric(Acs, Acy)
1 %

+ > [2R(ei, €55 Aey, Aej) — Re;, e e, Aer)]} dv =0
ij

Taking Ae; = A\je; in the above integral and noting that

ZRiC(Aei,Aei) - Z R(ej, €, Aei,Aej) = Z()‘l - )\j)QKij,

i ij i<j
where K;; = R(e;,ej;e;j,€;) is the sectional curvature of the plane section
spanned by {e;,e;}, we arrive at

/ { VA2 = VAL + Rie(V £, V1) + 2 (0 = \)2K,

1<J
M

A :
+§ > Ric(Ae;, Ae;) — % ||va||2} dv = 0. (4.7)
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Since all the sectional curvatures are bounded below by kg, using Lemmas
(3.3), (3.9) we get

J{X Ric(Ae;, Aei)ydv > ko(n — 1) [ || Al|* dv
M M

— k=Y r(af)2an 4 Fon =l ’“O(” D o = )2 hdv. (48)
M M i<j
Now suppose Af = Af, A > 0, then using lemma 3.9, we compute
I Ric(V VAR = 2 [ (AP0 =2 (S 0= AP (49)
M n M 1<j

Substituting from (4.8) and (4.9) into Equation (4.7) and using ||Ry;||*> <
2k3(n—1)L||Vf]|* and [(Af)? = A [ IV £]?, an outcome of Lemma (3.2), we
M M

conclude that

JATAR = L IVAAR) + 2 (n =2k = 5 ) [ 0=
/ ‘

M 1<j

T ékom -~ - Lhol [ 1941 dv < 0

If both % — Lk > 0 and (3n — 2)ko — 2} > 0, then we must have, by Lemma
(3.8), |[VA|* = 1 IVAF|? and \ = nLko > 0 (as f is a non-constant function
with Af = Af A > 0), which again by Lemma (3.8) implies that A(X) =
—);l—fX, that is VxVJf = —%X, X € X(M), for a non-constant function f
on M. By Obata’s theorem this implies M is isometric to a sphere (cf. [13]).
Otherwise we have one of the following possibilities from equation (4.10) ()
(3n—2)ko— 3} <0, (ii) 2 —Lko < 0, (iii) (3n—2)ko—% < 0and 2 — Lky < 0,
and this proves the theorem. O

Theorem 4.1 is improved in (8] as follows:

Theorem 4.2 ([8]). Let (M,g) be an n-dimensional compact Einstein-like
manifold and let ky be the infimum of its sectional curvatures. If the Ricci
curvature of M satisfies Ric < (n—1)kod for a constant § > 1, then either M
is 1sometric to the n-sphere S™(ko) or else each nonzero eigenvalue X of the
Laplace operator on M satisfies

M —nko (T—48) A+ 2nk26 (n — (n—1) (1 = 6)) > 0
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Note that sectional curvatures of a compact manifold lie in a closed interval
of R and so do the Ricci curvatures. Thus there are real numbers m; and
mg such that (n — 1)my; < Ric < (n — 1)mg. But ko is the infimum of the
sectional curvatures of M, m1 = kg and we choose % =0 > 1. consequently
the constraint on the Ricci curvature in the statement of the above theorem
is not an additional condition but the outcome of the compactness of M.
We also note that if the Riemannian manifold (M, g) is an Einstein manifold
then kg = kod, that is § = 1,and consequently the inequality satisfied by the
eigenvalue A in the above theorem takes the form.

A2 — 3nkoA + 2n%ky > 0,

that is, (A — nko)(A — 2nkp) > 0. The Lichnerowicz theorem gives A\ > nky
(for (M, g) not isometric to S™(ko)), and consequently the above inequality
gives A > 2nkg. Thus Simon’s Theorem 4 in section 2 is a particular case of
Theorem 4.2 .

Finally are shall use the length [[Rx|| of the curvature tensor field in the
direction of X € X(M) to obtain a characterization of spheres. Note that
for a sphere S™ (ko) we have ||Rx|®> = 2(n — 1)k2 | X||* and the first nonzero
eigenvalue \;of the Laplace operator on S™(kg) is given by A = nkg. Thus

n

n—1 -1 )
IRl = s ko) 1617 = L [3m+ 4yko — 3] X

This raises a question: "Is a compact and connected positively curved n-
dimensional Riemannian manifold (M, g) in which
n—1 )
1Rl = P a4+ ko — 331X,
where kq is the infimum of the sectional curvatures of M, isometric to S™(kg)?”.
We show that the answer to this question is in the affirmative for Riemannian
manifolds in class A, that is, for Einstein-like manifolds.

Theorem 4.3 ([6]). Let (M, g) be a compact and connected Einstein-like man-
ifold with ko > 0 the infimum of the sectional curvatures of M. If the first
nonzero eigenvalue A1 of the Laplace operator on M satisfies.
(TL — 1))\1
Rx|? < —22
IRx]? <

then M is isometric to S™ (ko).

[(3n + 4)ko — 3M] || X ||,
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Proof. Let Af = A1 f, where f is a non-constant smooth function on M. Then
equation (4.7) takes the form

n— 1))\% 4 (n — 1)k0)\1) [|Vf”2

n

JUITAR ~ L [VAF o+ [ {(~(
M M
— % | Ry f||*}do + gf{z Ric(Ae;, Ae;) }dv
M 1
+ ko [{X 00— AP <0
M

1<j
and equation (4.8) takes the form

J{> Ric(ei, e;) }dv > kg (n—1)
M i

Bl = 1) p 15 (0= A .

A S IVENP do+
M M i<j

The two inequalities above combine to imply that

(n—1)

5 [(8n+ 4)ko = 3)] — || Ry|*}dv

[{IVAIR = IVASIP o+ 2 [ (A
M M

L 2B S O = )2 < 0. (411

3. n M i<j
If the given condition holds, then as the integrand in the first integral in (4.11)
is nonnegative, we have form the last integral A = puI. This gives u = —%i
and consequently VxV f = —%fX, X € X(M), which is Obata’s differential
equation. Hence M is isometric to the sphere S™(c) where || Ry f||2, according

to equation (4.11), is given by

n—1
A1 = " efan + 4o - snel v
as A\ = nc. However for S"(c), ||va[[2 = 2(n —1)c?||V£||?, using this in the

above equation we get ¢ = kg and consequently M is isometric to S" (ko). O

5. EIGENVALUES OF MANIFOLDS IN CLASS C

In this section we shall generalize Simon’s theorem for manifolds in class
C, that is , for Riemannian manifolds of constant scalar curvature. First we
prove the following:
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Theorem 5.1 ([7]). Let (M,g) be an n-dimensional compact Riemannian
manifold of constant scalar curvature. Then for a smooth function f on M

J{2Rie(V S, VAL =IQ(VHIP-33 Ric(Aei, Ae))—3 R(es, V5V £, Q(er)

£ X0 = 0Ky + g | ReglPhdo = 0

1<j
where A1,. .., \n are the eigenvalues of A with respect to a local orthonormal
frame {e1,...,en} on M, and K;j is the sectional curvature of the plane section

spanned by {e;,e;}.

Proof. Using Equations (3.15), (3.17) and the Ricci’s identity for @,
div((VQ)(Vf, V) Zq (VQ)VL, VL)), e ZQ(A%(VQ)(%VJ’)
—F(Vfe)) + Zg(Vﬁ (V2Q)(es, Vf,ei) + (VQ)(Aez',ez’) =
229((V65)(€¢,A6i),vf) - ZQ(F(Vﬁ ei), Ae;)
—Zi:g( (Aeiye), V) + 1Q(V )] —ZR( VEVEQ(e)), (5.1)

where we used g((VQ)(X,Y),Z) = g( ,(VQ)(X, 2)), X,Y,Z € X(M). This
follows from the symmetry of the operator ), and Hg = 0 for constant scalar
curvature. Furthermore,

Zg (VQ)(ei, Ae;), V f) = ZQ(VQ)(ez,Vf) Ae;) = Zg(velQ(Vf) Ae;)
- Zg(vf‘lv.ﬂ Q(Ael)) = Zg(velQ(vf) Aei) - RZC(AGZ’ Aez) (5‘2)

Choosing a local orthonormal frame {e1,...,e,} on M that diagonalizes A,
with Ae; = \je;, we get

> g(F (Aei,ei), V) =0 (5.3)
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and
Zg (V£ ei), Aei) = =3 Xig(F (e, V), €i)
S Mg(Ve, B)en Ve )
_ Zzi(vejR)(ej, e V1, e1)
_ zg« R)(es, )V, Acy) (5.4)
Thus, using Equations (3.7), (5.2), (5.3) and (5.4) in Equation (5.1), we get

div((VQ)(V £, V) — 2div(AQ(Vf)) = 2Ric(V f, VAS) — |Q(V f)|?
— 23 Ric(Aei, Ae;) — Y R(e, V5V £,Q(e:) — 32 9((Ve, R) (e, €) V £, Aey)
2 2 1)

Integrating this equation and using Lemma (3.7), we get
J{2Ric(Vf,VAS) = [|Q(V)|* = 23 Ric(Ae;, Ae;)
M i

=2 R(ei, Vf; V[, Q(e:))

~ 5 Rley e Aei, Aey) + 3 IR} = 0. (5.)

We have
Z Rz‘c(Aei, Aez) - E R(ej, €45 Aei, Aej) = Z (/\z - )\j)2Kij,
i ij i<j
using this in Equation (5.5), we get the result. d

Next using Lemma (3.6) and Theorem (5.1), we have the following:

Theorem 5.2 ([7]). Let (M,g) be an n-dimensional compact Riemannian
manifold of constant scalar curvature. Then, for a smooth function f on M,

) {IVA[?> = [VAF|® + 4Ric(V £, VAS) = 2| Q(VF)|* = 33 Ric(Aes, Ae;)

~ 2 R(ei, ViV, Q(ed) +2 10 (A — ) Kijhdv = 0

1<j
where {e1,...,en} is a local orthonormal frame on M, X\; are eigenvalues of
A, and Kjj is the sectional curvature of the plane section spanned by {e;,e;}.
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As a consequence of the above theorem we get the following corollary, which
is essentially Simon’s result [14].

Corollary 1. Let (M,g) be an n-dimensional compact Einstein manifold,
n > 3, whose sectional curvatures are bounded below by a constant ko. Then
either M is isometric to a sphere or else each nonzero eigenvalue \ of the
Laplace operator on M satisfies X > 2nky.

Proof. Since M is an Einstein manifold of dimension > 3, its scalar curvature
S is a constant and Ric(X,Y) = 2¢(X,Y), X,Y € X(M). For Af = Af, A\ >
0, we have 3 Ric(Ae;, Ae;) = S ||A|*, Y R(e;, V, VS, Qer) = 55 [V £,

3
1QIVAI? = % [V £]|?, consequently theorem (5.2) gives

(n—1) 4\S 352 3S | 2
- A+ (T——)HWII —;HAH

+ 2 Z()\@ - /\J) Kij}dv =0
1<j
where we have used Lemma (3.2). Now, using Lemmas (3.3) and (3.9) in the
above equation, we get

f{HVAII - - HVAfII dv + (2ko — — f{Z Xi = Xj)% v < 0.
n M i<y
If 2kg — % > 0, that is kg > 2 3> > 0, then the above inequality, together with
Lemma (3.8), implies A(X) = —%X, X € X(M). By Obata’s result this
implies that M is isometric to a sphere, otherwise A > 2nky. O

[UIVAP= VAP f (-
M M

Now we prove the following theorem which generalizes Simon’s result to the
manifolds in class C.

Theorem 5.3 ([7]). Let (M,g) be an n-dimensional compact Riemannian
manifold of constant scalar curvature. If the sectional curvatures of M are
bounded below by a constant ko > 0 and the Ricci curvature satisfies Ric <
(n — 1)kod, 6 > 1, then either M is isometric to S™(kq) or else each nonzero
eigenvalue X of the Laplace operator on M satisfies

A2 — 3nko(2 — )\ + 2nk26(1 + (n — 1)8) > 0.
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Proof. Let f be an eigenfunction corresponding to the eigenvalue A of the
Laplace operator on M. Then, by theorem (5.2), we have

JUVAR = L IVAF Yo+ (-7 + 4ARic(95,95)-
2|QIVAHII* — 3% Ric(Ae;, Ae;) — ZR(% V£V Q(e))
l +2 5 (A — A\)2Ki o = 0. (5.6)
Since (n — 1)kg < Ric < (n — 1)kod, we ch(;;s]e a local orthonormal frame

{e1,...,en} that diagonalizes Q. With Q(e;) = u,e;, we have u; = Ric(e;, €;),
that is, (n — 1)ko < p; < (n — 1)kod and consequently

> R(e,, ViV f,Q(ei) < (n—1)kod 3 R(ei, VI VS, ).

Thus

2. R(e, Vf;Vf,Q(e)) < (n — DkodRic(Vf, V). (5.7)
Now, using Lemma (3.3), we estimate
{3 Ric(Ae;, Aei)}dv < (n — 1)kod [ (Af)2dv — (n — 1)kod [ Ric(V £,V f)dv.
M i M M

(5.8)
In order to estimate the term |[|Q(V f)||>, we have, with Q(e;) = pe; and
= Ric(ei, ei)a

IQIVAHI? = 2 9(QVS), e;)? Zuz (Vf,e)?

and as 0 < (n — 1)ko < p; < (n — 1)kod, the above equation takes the form of
the inequality

IQVAI? < (n—1)*k58% |V £ (5.9)
Now, using Lemma (3.9) and the lower bound kg on the sectional curvatures,
we see that

f{z (N = \j)do > (n — 1)k0A£(Af)2 — nkoﬂgRic(Vf, Vf)dv.  (5.10)

1<j
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Using inequalities (5.7), (5.8), (5.9) and (5.10) in Equation (5.6), together with
the bounds on the Ricci curvature, we get

JUVA ~ VA7) do
M

w1 (2

+ [{4X(n — Dko — 2(n — 1)%k36% — 2(n — )k25} |V £||> dv < 0.
M

) A —=3(n — )kod + 2(n — DkoHAf)%dv

Finally, using Lemma (3.2) in the above inequality, we arrive at
1

TUTAP L1985 = P B ko) 197 as <0, )

M
where the constant E(\, kg, d) is E = /\2——3nk0(2—5)/\+2nk05(1+(n-—1)6). If
E <0, then the inequality (5.11), together with Lemma (3.8), gives A = —Anil
(as ko > 0). Thus VxVf = —~2X X € %(M) holds, which is Obata’s
differential equation and it implies that M is isometric to an n-sphere S™(c),
where ko < ¢ < kod and § = 1. Thus if E <0, M is isometric to S"(kg), and
the other option is E > 0. O

As a particular case of the above theorem we get Simon’s theorem [14]. As
for an Einstein manifold, § = 1 and in which case Theorem 5.3 implies that
either M is isometric to S™ (ko) or else

A2 — 3nkoX + 2n%ky > 0,

which implies that A > 2nky (as for M not isometric to a sphere, the Lich-
nerowicz theorem implies A\ > nky).

Finally we have the following two characterizations for spheres as a by-
product of the study of eigenvalues of the Laplace operator on compact man-
ifolds in class C.

Theorem 5.4 ([7]). Let (M,g) by an n-dimensional compact Riemannian
manifold of constant scalar curvature whose Ricci curvature satisfies Ric >
(n —1)ko for a constant kg > 0. If there exists a nonzero eigenvalue X of the
Laplace operator on M satisfying

IRxl? < =D 0o +2) — 2IIP, X € X(0),
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then M is isometric to S™ (ko).

Proof. Let f be the eigenfunction corresponding to the nonzero eigenvalue \.
We subtract the integral in Theorem (5.1) from that in Lemma (3.6) to arrive
at

JUVAIP = IVATI + 35 Ric(Aes, Aci) + 3 Rles, V15 V£, Q(e)
— |Rys|*}dv = 0. (5.12)
The bound on the Ricci curvature together with Lemma (3.3) gives
{53 Ric(des, Aeq)}dv > (n = 1o [ ((Af)? = Rie(V £,V )} (5.13)
Sim]i\farly we have for Q(e;) = p;ei, p; = Ric(e;,e;) > (n — 1)kg that
Ag{; R(ei, VF;VF,Qe)}dv > (n — 1)kOA£R¢c(Vf, Vf)dv. (5.14)
Thus using inequalities (5.13) and (5.14) in (5.12), we arrive at
JUVAR = 198712+ [P 3k skon) (A7
2(n — 1)koRiC(Vf, V)~ |IRyyl*}dv < 0.
Next we use Lemma (3.9) in the above inequality to get

JUVAL = 198710 +f{ D xt o+ ko)A

+2(n— 1)

ko Y- (X — Aj)? — | Ryy|*}dv <0

1<j
which, together with Lemma (3.2) in the form [(Af)2dv = A [ ||V £ dv,
M M

gives

JHvAl?
M

ko<<n+2>—i> IV FI2 | R |} do

2(

Y ko f{Z)\ —\)2}dv < 0.

1<j
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This inequality, together with the hypothesis of the theorem and Lemma (3.8),
gives Ay = --- = A\, = p, say, and
(n—1)
n

Na((n+2) — )1 = 1o (5.15)

Thus A = —inil , which by Obata’s theorem implies M is isometric to a sphere
S™(c). Since for S™(c), ||va||2 = 2(n — 1)c2||Vf||* holds, we have from
equation (5.15) that

—A2 4 (n + 2)koX = 2)1c,
where )\ is the first nonzero eigenvalue of the Laplace operator on S™(c) and
A1 = nc. This gives

(’nko — )\) = 2[%6 — k?()] < 2(6 — ko)

Since A > nkg, we get ¢ < ko. However, for S™(c), Ric = (n — 1)c and thus
the statement of the Theorem implies ¢ > kg. This shows that ¢ = kg and
completes the proof. O

In [16, p.676] Yau has suggested a problem "to find constants o and 3 so
that, if the Ricci curvature of a compact manifold satisfies a < Ric < 3, then
the manifold admits an Einstein metric". We have the following Theorem
which can be considered a result in this direction.

Theorem 5.5 ([7]). Let (M,g) be an n-dimensional compact Riemannian
manifold of constant scalar curvature whose sectional curvatures are bounded
below by a constant kg > 0. If there exists a nonzero eigenvalue X of the Laplace
operator on M satisfying %koé(n —1)(6 = 1) < A < 2nky for a constant § > 1
and the Ricci curvature satisfies
3(n — 1)kodA

3X —2kp(n —1)(6 — 1)

then M is isometric to S™ (ko).

< Ric < (n — 1)kod,

Proof. Let f be the eigenfunction corresponding to the eigenvalue A of the
Laplace operator on M given in the statement. Then Equation (5.6) together
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with Lemma (3.9) gives
JUVAR = LIVAFPydo -+ [ (3ARie(V 1,V 1) = 2| QV )|

3" Ric(Aes, Ae)—S" Rles, Vf:V f, Q(ei))+z()\i—)\j)2(2ko—%)}dv ~0.
1 1 1<J

Since (n — 1)kg < Ric < (n — 1)kod, § > 1, using equations (5.7), (5.9) and
the estimate ||Q(Vf)||> < (n—1)k26%|[Vf||? < (n—1)kod>Ric(V £,V f) in the
above equation, we arrive at

1
JUVAP =~ IVAfIPYdv+ [ {(3A~2(n~1)ko6> +2(n—1)kod) Ric(V £, V f)
M M
—3(n — Dkod(Af)? + (2kg — %) S (A — Aj)*}dv <0,
i<j
Using Lemma (3.2) in the above inequality, it takes the form

JUVAP = LIVASI) + (33 = 2(n — 1kod(3 = 1) [ {Rie(V1, V)

n— oA Y
— Sty V1P + 2k = ) [{Z (3 - Ao < 0.

i<j

The inequality above together with the hypothesis of the theorem imply (as
in the proof of Theorem 5.4) that M is isometric to S™(c) and that

, 3(n — 1)kodA 2

R Vi) = .

(V5.9 = 5r 5= |7/

This equation and Ric(Vf,Vf) = (n— 1)c||Vf||? for S™(c) imply
3¢ — 2(n — 1)ckod(8 — 1) = 3kodA. (5.16)

Since Ric < (n—1)kod, for S™(c) we get (n—1)c < (n— 1)kod that is ¢ < kod.
Using ¢ < kod in (5.16) we get 6 = 1 and consequently equation (5.16) gives
¢ = ko and hence M is isometric to S™ (ko). O

6. REMARKS

We observe that, due to the lack of tools on Riemannian manifolds in the
classes A and C, it is a difficult task to obtain sharp lower bounds on the
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eigenvalues of Laplace’s operator, like Simon’s result for the compact mani-
folds in class €. Theorems (4.2) and (5.3), though they generalize the result of
Simon to compact manifolds in .4 and C (as Simon’s result is a particular case
of Theorems 4.2 and 5.3), they are by no means the best possible results on
the bounds of eigenvalues of Laplace’s operator on compact manifolds in the
classes A and C. It will be an interesting problem to get simple inequalities ex-
pressing lower bounds on the eigenvalues of the Laplace operator on compact
manifolds in A and C which improve the quadratic inequalities in Theorems
(4.2) and (5.3). Apart from the class A of Riemannian manifolds between the
classes £ and C, there are other important intermediate classes of Riemann-
ian manifolds, denoted by P and B, which consist of Riemannian manifolds
with parallel Ricci tensor and the Ricci tensor being a Codazzi tensor, re-
spectively, satisfying £ C P C C and £ C B C C with P = AN B (cf.[10]), and
these inclusions are strict. Naturally if will be an interesting subject to obtain
results for compact Riemannian manifolds in classes P and B which generalize
Simon’s result. However it is worth noting that a compact Riemannian mani-
fold M € P or M € B having positive sectional curvature implies that M € &.
Consequently, Simon’s result holds for positively curved compact Riemannian
manifolds in P and B. The special classes of Riemannian manifolds considered
in [10] involve different constraints on the Ricci tensor. There are other two
important classes of Riemannian manifolds, namely conformaly flat Riemann-
ian manifolds and locally symmetric Riemannian manifolds. We cannot expect
to generalize Simon’s result to compact manifolds in these two classes, though
we can expect to get lower bounds on the eigenvalues of Laplace’s operator
on compact conformaly flat Riemannian manifolds as well as compact locally
symmetric Riemannian manifolds.

I would like to thank professor M. A. Al-Gwaiz for encouraging me to write
this survey article.
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