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A CHARACTERIZATION OF EINSTEIN MANIFOLDS

SHARIEF DESHMUKH

ABSTRACT. Let (M,g) be an n-dimensional compact Riemannian mani-

fold, n > 3, with sectional curvatures bounded below by a constant ko > 0.

If Q is the Ricci operator, S the scalar curvature and F' the tensor field of

type (1,2) which is the divergence of the curvature tensor of M, then it is
shown that the inequality

2 2 n—4

nlQIF - 572 3

implies that (M, g) is an Einstein manifold.

2, 1 2
lgrad S| + 5e-|1F|

1. INTRODUCTION

The divergence of the curvature tensor R of an n-dimensional Riemannian
manifold (M, g) is a tensor field F' of type (1,2), defined by
F(X,Y)=) (VeR)(X,Y)e;, X,Y € X(M),

(]

where V is the covariant derivative operator with respect to the Riemannian
connection, X(M) is the Lie algebra of smooth vector fields and {ey,...,e,}
is a local orthonormal frame on M. If F = 0, then the curvature tensor is
said be divergence free. This operator is important in the theory of general
relativity; moreover, it is also important in the characterization of an Ein-
stein manifold. For instance Gray [3] has shown that if M is compact and
all its sectional curvatures are positive, then F' = 0 implies that M is an
Einstein manifold (cf. equation (2.4) and Theorem 1.1 in [3]). The Ricci
operator @ : X(M) — X(M) of a Riemannian manifold (M, g) is defined by
9(Q(X),Y) = Ric(X,Y),X,Y € X(M), where Ric is the Ricci tensor of M.
Ws Subject Classification: 53C20, 53C25
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For any Riemannian manifold (M, g) the Ricci operator @ and the scalar cur-
vature S = trQ are related by the Schwarz’s inequality n||Q||> — S? > 0,
and for dim M > 3 equality holds if and only if (M, g) is an Einstein man-
ifold. For an Einstein manifold (M, g), dimM > 3, the scalar curvature S
is constant and F' = 0, though the converse of this statement is not true
(see example given in §4). However, the converse is true for compact Rie-
mannian manifolds of positive sectional curvature. In this paper we consider
n-dimensional compact Riemannian manifolds, n > 3, with sectional curva-
tures bounded below by a positive constant ky and consider the non-negative
quantity sfn—_k‘;z lgrad S||? + ﬁ |F[|?, the vanishing of which becomes a premise
for the above converse. Therefore a natural question arises: under what con-
dition does the above quantity vanish? In this paper we answer this question
by proving the following:

Theorem 1.1. Let (M,g) be an n-dimensional compact and connected Rie-
mannian manifold, n > 3, with sectional curvatures bounded below by a con-
stant kg > 0. If the Ricci operator Q, the scalar curvature S, and the divergence
F of the curvature tensor field of M satisfy

2 2 n—4 2 1 2
_ > = d -
nQIP = 8 > T lgrad S|P + 5 1P,

then (M, g) is an Finstein manifold.

2. PRELIMINARIES

Let (M, g) be an n-dimensional Riemannian manifold. For a local ortho-
normal frame {ey,...,e,} on M, we have

(2.1) 9(Q(X),Y) = Ric(X,Y) = ZR(ei,x; Y,e) = ZR(X, esiei,Y),

where R(X,Y;Z,W) = g(R(X,Y)Z,W), X,Y,Z,W € X(M), R being the
curvature tensor field of M. Then, from (2.1), we have the following expression
for the Ricci operator

(2.2) Q(X) = ZR(X, eei, X e xX(M).

The divergence F of the curvature tensor field is defined by
(2.3) F(X,Y)=> (VeR)(X,Y)e;, X,Y € X(M),

)
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where V is the covariant derivative operator with respect to the Riemann-
ian connection on M. Using curvature properties and the Bianchi identi-
ties, it is easy to verify that F satisfies F(X,Y) = —F(Y, X), F(fX,Y) =
fF(X,Y), F(X,fY) = fF(X,Y), for a smooth function f : M — R, and
that

(24) 9(F(X,Y), Z)+9(F(Y,2),X)+9(F(Z,X),Y) =0, X,Y,Z e X(M).
Also, using equation (2.2) together with second Bianchi identity, we imme-
diately obtain

Lemma 2.1. The Ricci operator Q) satisfies
(VR)(X,Y) = (VQ)(Y,X) = -F(X,Y), X,YeX(M),
where (VQ)(X,Y) =VxQ(Y) - Q(VxY).

Lemma 2.2. The gradient of the scalar curvature S of an n- dimensional
Riemannian manifold (M, g) satisfies

%gmd S = Z(VQ)(‘?J" €j),
J

where {e1,...,en} s a local orthonormal frame on M.

Proof. We have S = 3. g(Q(e;), e;) and consequently, for X € X(M), using
Lemma 1, we get

X(S) = Zg((VQ)(X’ej)’ej)
= Zg( (VQ)(ej, X), € —Eg( VeiR)(X, ej)ei, €)

(25) = Zg VQ 6],6_7 Zg vel X,Ej)ei,ej),

where we have used g((VQ)(X, Y),Z) = g(Y, (VQ)(X, Z)), which is an out-
come of the symmetry of the operator Q.

Next, for a local orthonarmal frame {ej,...,e,} on a neighborhood of any
point p € M with V.,e; =0 at p, we have at p
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Zg((VeiR)(X, ejei,ej) = Zg VeiR(X, ej)ei, e5)
ij ij

- Zg(R(Ver ej)ei, €;)

tj

= Z eig(R(X, ej)ei, e5)
tj
- Zg(R(VeiX, €;j)e€i, ;)

= ZeiR(X, ej;ei,ej) - ZR(VCiX, ej,ei,ej)
- i

= - Z e;Ric(X,e;) + Z Ric(Ve; X, e;)
= - (VeiRic)(X,e;)

= =) 9(X,(VQ)(ei &)
This last equation, together with (2.5), proves the Lemma. a

Lemma 2.3.
(V2Q)(X,Y,2) - (V*Q)(X,Z,Y) = -(VF)(X,Y,Z), X,Y,Z € (M),
where (V2Q)(X,Y, 2) = Vx(VQ)(Y,2) — (VQ)(VxY, Z) - (VQ)(Y,Vx 2Z).

Proof. The proof is a straightforward calculation using Lemma 1.

Lemma 2.4. Let {e1,...,en} be a local orthonormal frame on a compact
Riemannian manifold M. Then

1
[, (3 o(Vegrad 5. Qeanidv =3 | lgradsI?

Proof. We compute
div(Q(grad S)) Zg (Ve;Q(grad S), e;) Zg (VQ)(ei,grad S), e;)

+9(Veigrad S, Q(e:))
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1

= Zg(grad S, (VQ)(es, ei)) + Zg(Veigmd S,Q(e:))

1
= 3lgrad S|I° +3 9(Ve,grad 5, Q(e:)),

where we have used Lemma 2. Integrating this last equation over M, and
using Stokes theorem, we get the result. O

Lemma 2.5. Let {eq,...,en} be a local orthonormal frame on a neighborhood
of any point of a compact Riemannian manifold (M,g). Then

€; €;))}dv = E 2
[, oV e Qe = 5 e,

where || F|I* = 32;; | F(ei, €)%

Proof. Define a function f : M — R by f = 3||Q|* = 23°:9(Q(es), Qes)),

then, choosing a local orthonormal frame {e1,...,en} on a neighborhood of
any point p € M with Ve; = 0 at p, we have
(26) Af = Zeaeaf = Zeag(veaQ(ei)’ Q(el))

= Z eag((VQ)(eaa ei), Q(ez))
«
at p, where A is the Laplacian operator, and

din((VQ)(Ei,Q(ei))) = Zg(vean)(ei,Q(ei))),ea)
(27) = Zeag(Q(ei)v(vQ)(ei’ea))'

Using Lemma 1, we also have

IFI? = > g((VQ)(eires) — (VQ)(ej, i), (VQ)(eir &5) — (VQ)(ej, €))
ij

(2.8) 2IVQI? - 9((VQ)(ei ), (VQ)(ej €:)]-
ij

Thus
S 9(VF)(ew ear ), Q(e) = D_9(VeuF (ear i), Qles))

= Z eag(F(eas i), Q(ei) — g(F(ea; &), (VQ)(eas &)
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= =2 ead((VQ)(eas i), Q(e:)) + 2 ead((VQ) (e, ea), Q(er))
- Zg(ﬂea, e:), (VQ)(ea, &),

where we have again used Lemma 1. Consequently, using (2.6), (2.7) and
Lemma 1, we get

YOI F)ear e i), Q)

1

-Af+ div(Z(VQ)(ei, Q(e:)))

+ 2 0((VQ)(eare)

—(VQ)(eia ea)> (VQ)(eOM el))
= -Af+ diU(Z((VQ)(eiaQ(ei))) +[VQlP?

= YoV e e0), (V@) ear ).

Finally, we can use equation (2.8) and integrate over M to get the desired
result. O

Lemma 2.6. Let (M, g) be an n-dimensional connected Riemannian manifold,
n > 3. Then

1
IVQIP > < lgrad S|P,
and for a positively curved M the equality hold if and only if (M,g) is an

FEinstein manifold.
Proof. Define B : X(M) — X(M) by B(X) = Q(X) — S X. Then we find
1
(VB)(X,Y) = (VQ)(X,Y) - ~X(5)Y,
from which it follows that

1 2
IVBIF = IVQI* +~llgrad SI* = = 3" g(V@)(es, 5), ¢;)g(grad S, ;)

ij

1
= IVQIP +llgrad 5|

2139V Q)(ey,€0) ~ Flewes),e)glgrad S,e:)
ij
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2 1 2 2
= |[VQ|*+ ;llgmd ] b E g9(ei, (VQ)(ej,€))g(grad S, i)
i

2
+ ZQ(F(% ej),e;)9(grad S, e;)
ij

IVQI? + llgrad S| - Zg(grad 8, 3" (V@)(es.¢))
J

2
+= 3 g(F(grad 5,ej),e;).
J
Using Lemma 2, we get

(29) IVBI2 = [VQI? + = 3 g(Flgrad S,e;),e;)
J

Now we compute

Zg(F grad S,ej),e;) Zg( Ve R)(grad S, ej)eaq, €;)
j

= [9((Veo R(grad 5,¢j)ea, €j) — g(R(Veagrad 5, ej)ea; €;)]

jo

= Z[eaR(grad S,ej; earej) — R(Ve,grad S, ej; €, €5)]

jo

= Z[——eaRic(gmd S, eq) + Ric(Ve,grad S, e5)]
=— Z[Vea Ric)(grad S, eq)
= - ZQ((VQ)(eaQTad S), €a)

— —g(grad 5, Y (VQ)(earea) = —5lgrad S|

Thus (2.9) becomes ||V B||? = [VQ||>— 3 llgrad S||2, which proves the inequal-
ity. If the equality holds with M posmvely curved, then VB = 0 together
with M being irreducible (the curvature of M being positive), so we shall
have B = puI for some constant 4 € R. Thus in this case we have

QX) = (% +u> X,
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or Ric(X,Y) = (£ +p) g(X,Y). Since dim M > 3, we must have S 4=
constant and § = (£ + ) n, which gives y = 0. Hence Ric(X, Y)= (X Y),
that is, M is an Einstein manifold. O

Lemma 2.7. If {e1,...,e,} is a local orthonormal frame on M which diago-
nalizes Q, with Q(e;) = M\e;, then

[0 =2 = [ Qi - s

i<a
Proof. We have
Y (Ai-2a)? = Z)\2+Z)\2 - 22/\ Ao
ann2 +an||2 2Z<ZA
2n)QI* -2) SAs =2 ann2 - %)

[

and Y7, (A — Xa)? = 23, (N — A\o)?. Integrating the resulting equation
over M we get the Lemma. a

3. PROOF OF THE THEOREM

Consider the function f : M — R defined by f = % >-i 9(Q(ei), e;)?, where
{e1,...,en} is alocal orthonormal frame on M. Then it is easy to show that
the Hessian Hy of f is given by

Hi(X,Y) =) g((VQ)(X, &), e)9((VQ)(Y, &), e;)
ij

n Zg((V2Q)(X,Y,€i), Q(es)).

Using Lemma 3, we get
Hp(X,X) =) g(VQ)(X,ei), ) + > g((V2Q)(X, e;, X)
ij B

- (VF)(X, X, e),Q(e)).
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Using the Ricci identity in the above equation we get

Hy(X,X) = D g(VQ)X,e), )"+ 9(V*Q)(er X, X), Qlex))
(31) + ) R(X,e5Q(X), Q(e)) = D R(X, e X, Q*(ex))
=2 9(VF)(X, X, ), Q(e:)):

Using Lemma 2, we have %ngmd S = Zj(V2Q)(X, ej,e;j). This, together
with equation (3.1), gives

A=Y Hyleaea) = IVQIP +5 3 0((Veugrad $,Q(e0)
+Z ea,e,,Q(ea Q(ez)) - R(eoue‘heaa Q (el))]
—Zg((VF )(eas €as €i), Q&)

Integrating this equation over M, and using Lemmas 4 and 5, we arrive at

/M{uvczn? ~ Ligrad S|P — YIFI + CialR(ear €5 Qlea), Qler))

_R(eaa €i; €a, Q2(61))]}d’0 = 0
To evaluate the term Y, [R(eq,ei; Qea), Q(es)) — R(eq, €i; ea, Q%(ei))], we
choose a local orthonormal frame {es, ..., e, } which diagonalizes Q with Q(e;)
= )\;e;, and obtain

3 [R(eas i Q(ea), Q(ei))—Rleas €i; ea, @ (€))]

e

= Z —AiraKia + N Kia

= Y W Kia = Y. PdaKia)
e’ e

= 513 R Kia+ 3 N - PRLERS
i io .

B % D = M) Kio = 3 (N = Aa)* Kia
1o"

<o
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where K, is the sectional curvature of the plane section spanned by {e;, e, }.
Thus (3.2) takes the form

' 1 n—4
[ A09@IE = Zigrad s17) — (%2 fgrad 512

~ SIFIP + 30 = Aa)*Kia}do = 0.
i<a

Now, using Lemma 7 and Kj, > ky > 0 in the above equation, we get

1
/ (IVQI? - Lligrad S)2}dv
M n
n—4

k 2 _ Q2 _
+ho [ (nlQl* - 57— 221
Thus, if n||Q||? — §2 > ﬁ”gmd S|I2 + ﬁIIFII2 holds, then in (3.3) we must

1
llgrad S|1* - 2—,%|lF||2}dv <0.

have
/ {IVQI? - =+ lgrad S|2}dv < o,
M n

which, together with Lemma 6 gives
1
I9QI? = = flgrad S

Since M is positively curved (as kg > 0), this equality, again by Lemma 6,
implies that (M, g) is an Einstein manifold. O

4. REMARK

We note that if, for a Riemannian manifold (M, g), the scalar curvature S is
a constant and F' = 0, then we have the Schwarz’s inequality n/|Q||2 — $2 > 0
which satisfies the inequality required by the theorem. However there are
Riemannian manifolds having constant scalar curvature and F = 0, which are
not Einstein manifolds. Here we give two examples.

(1) Consider R™ with the Euclidean metric and the open set
H" = {(z1,...,2,) € R"/z, > 0}.

On H™ we define the metric § = xh,g, where p = 4/(n—2). Then the curvature
tensor R with respect to g of H™, after a long but simple calculation, can be
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shown to be

RX,V)Z = (X,2)Y —g(Y,2)X

S
(n —2)z2
X (@) Z(@n)Y ¥ (@) Zan) X

49X, 2)Y (an) s~ 9(, Z)X (an) ],

from which we find the Ricci curvatures

_ (0 0 -2 .
. _— = e————— <
(4.1) Ric (am”ax’) CEDIA 1<i<n,
and o 0 2(n—1)
_ _ 2(n-—
Ric (81‘”’ Bzv") ~ (n—2)z2’

which gives that the scalar curvature S = 0. After another long but easy
calculation, we arrive at

p(0 O\_pn=9-47 (8 6\0 (0 0\ 0} _,
0z’ 8z7 ) (n —2)zhT I\ 8z 9z ) 021 ~ I\ 029’027 ) 92|~

as p(n — 2) = 4. Thus for (H", g) both grad S =0 and |F| =0, yet it is not
an Einstein manifold as shown by (4.1).

(2) Consider the standard metric on 52(c), the 2-sphere of constant curva-
ture ¢, and the product metric on the product M = S2(c1) x S%(c2) of two
2-spheres of unequal radii. Then M is a symmetric space and so the RHS in
the inequality of the Theorem vanishes, but it is not an Einstein manifold,
because the Ricci operator has two different eigenvalues (corresponding to the
two unequal radii). Here the sectional curvatures are non-negative but not
strictly positive.
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