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A CHARACTERIZATION OF EINSTEIN MANIFOLDS 

SHARIEF DESHMUKH 

ABSTRACT. Let (M,g) be an n-dimensional compact Riemannian mani­
fold, n ;::: 3, with sectional curvatures bounded below by a constant ko > 0. 
If Q is the Ricci operator, 8 the scalar curvature and F the tensor field of 
type (1,2) which is the divergence of the curvature tensor of M, then it is 
shown that the inequality 

nffQII2- 82 ;::: ~:k: [[grad 8[[2 + 2~o IIFII2 

implies that (M,g) is an Einstein manifold. 

1. INTRODUCTION 

The divergence of the curvature tensor R of an n-dimensional Riemannian 
manifold (M,g) is a tensor field F of type (1,2), defined by 

F(X, Y) = 2:::::(\leiR)(X, Y)ei, X, Y E X(M), 

where \7 is the covariant derivative operator with respect to the Riemannian 

connection, X(M) is the Lie algebra of smooth vector fields and { e1, ... , en} 
is a local orthonormal frame on M. If F = 0, then the curvature tensor is 

said be divergence free. This operator is important in the theory of general 

relativity; moreover, it is also important in the characterization of an Ein­
stein manifold. For instance Gray [3] has shown that if M is compact and 
all its sectional curvatures are positive, then F = 0 implies that M is an 
Einstein manifold (cf. equation (2.4) and Theorem 1.1 in [3]). The Ricci 
operator Q: X(M) ---+ X(M) of a Riemannian manifold (M,g) is defined by 
g(Q(X),Y) = Ric(X,Y),X,Y E X(M), where Ric is the Ricci tensor of M. 
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For any Riemannian manifold ( M, g) the Ricci operator Q and the scalar cur­
vature S = trQ are related by the Schwarz's inequality niiQII 2 - S 2 ~ 0, 
and for dim M ~ 3 equality holds if and only if (M, g) is an Einstein man­
ifold. For an Einstein manifold (M,g), dimM ~ 3, the scalar curvature S 
is constant and F = 0, though the converse of this statement is not true 
(see example given in §4). However, the converse is true for compact Rie­
mannian manifolds of positive sectional curvature. In this paper we consider 
n-dimensional compact Riemannian manifolds, n ~ 3, with sectional curva­
tures bounded below by a positive constant ko and consider the non-negative 
quantity c:~!) II grad Sll 2 + 2lo IIFII 2' the vanishing of which becomes a premise 
for the above converse. Therefore a natural question arises: under what con­
dition does the above quantity vanish? In this paper we answer this question 
by proving the following: 

Theorem 1.1. Let (M,g) be ann-dimensional compact and connected Rie­
mannian manifold, n ~ 3, with sectional curvatures bounded below by a con­
stant ko > 0. If the Ricci operatorQ, the scalar curvatureS, and the divergence 
F of the curvature tensor field of M satisfy 

2 2 n-4 2 1 2 n[IQll - S ~ 4nko [[gradS[[ + 2ko llFII , 
then ( M, g) is an Einstein manifold. 

2. PRELIMINARIES 

Let (M,g) be ann-dimensional Riemannian manifold. For a local ortho­
normal frame { e1, ... , en} on M, we have 

(2.1) g(Q(X),Y) =Ric(X,Y) = LR(ei,X;Y,ei) = LR(X,ei;ei,Y), 

where R(X, Y; Z, W) = g(R(X, Y)Z, W), X, Y, Z, W E X(M), R being the 
curvature tensor field of M. Then, from (2.1), we have the following expression 
for the Ricci operator 

(2.2) Q(X) = L R(X, ei)ei, X E X(M). 

The divergence F of the curvature tensor field is defined by 

(2.3) F(X, Y) = L(V'eiR)(X, Y)ei, X, Y E X(M), 
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where V is the covariant derivative operator with respect to the Riemann­

ian connection on M. Using curvature properties and the Bianchi identi­

ties, it is easy to verify that F satisfies F(X, Y) = - F(Y, X), F(f X, Y) = 

f F(X, Y), F(X, fY) = f F(X, Y), for a smooth function f : M --t R, and 

that 

(2.4) g(F(X, Y), Z) +g(F(Y, Z), X) +g(F(Z, X), Y) = 0, X, Y, Z E X(M). 

Also, using equation (2.2) together with second Bianchi identity, we imme­

diately obtain 

Lemma 2.1. The Ricci opemtor Q satisfies 

(VQ)(X, Y)- (VQ)(Y,X) = -F(X, Y), X, Y E X(M), 

where (VQ)(X, Y) = VxQ(Y)- Q(VxY). 

Lemma 2.2. The gmdient of the scalar curvature S of an n- dimensional 

Riemannian manifold ( M, g) satisfies 

1 
2grad S = L(VQ)(ej,ej), 

j 

where { e1 , ... , en} is a local orthonormal frame on M. 

Proof. We have S = l:j g(Q(ej), ej) and consequently, for X E X(M), using 

Lemma 1, we get 

X(S) = L9((VQ)(X,ej),ej) 
j 

j ji 

j ij 

where we have used g((VQ)(X, Y), Z) = g(Y, (VQ)(X, Z)), which is an out­

come of the symmetry of the operator Q. 

Next, for a local orthonarmal frame {e1, ... ,en} on a neighborhood of any 

point p EM with V'e;ej = 0 at p, we have at p 
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ij ij 

ij 

ij 

- l::g(R(\7eiX, ej)ei, ej) 
ij 

= LeiR(X,ej;ei,ej)- LR(\7eiX,ej,ei,ej) 
ij ij 

= - L(\7eiRic)(X, ei) 

= - Lg(X, (\7Q)(ei, ei)). 

This last equation, together with (2.5), proves the Lemma. 

Lemma 2.3. 

0 

(\72Q)(X, Y, Z)- (\72Q)(X, Z, Y) = -(\7 F)(X, Y, Z), X, Y, Z E X(M), 

where (\72Q)(X, Y, Z) = \7 x(\7Q)(Y, Z)- (\lQ)(\7 x Y, Z)- (\7Q)(Y, \7 xZ). 

Proof. The proof is a straightforward calculation using Lemma 1. 

Lemma 2.4. Let { e1, ... , en} be a local orthonormal frame on a compact 
Riemannian manifold M. Then 

1 {Lg(Ve;grad S, Q(ei))}dv = -~ 1llgrad Sll 2 

M i M 

Proof. We compute 

div(Q(grad S)) = Lg(\7e;Q(grad S), ei) = Lg((\7Q)(ei, gradS), ei) 

+ L g(\7 eigrad S, Q( ei)) 
i 
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= Lg(grad S, ('\lQ)(ei,ei)) + Lg('\le;grad S,Q(ei)) 

1 
= 2llgrad Sll 2 + Lg('\le;grad S,Q(ei)), 

i 

45 

where we have used Lemma 2. Integrating this last equation over M, and 

using Stokes theorem, we get the result. 0 

Lemma 2. 5. Let { e 1, ... , en} be a local orthonormal frame on a neighborhood 

of any point of a compact Riemannian manifold (M,g). Then 

f {Lg(('\lF)(ea,ea,ei),Q(ei))}dv = ~ f IIFII 2 , 
}At ia }At 

Proof Define a function f : M-+ R by f = !IIQII 2 = ! L,i g(Q(ei), Q(ei)), 

then, choosing a local orthonormal frame { e1, ... , en} on a neighborhood of 

any point p E M with \7 e; ej = 0 at p, we have 

(2.6) /J.f = L eaeaf = L eag(\7 e0 Q( ei), Q( ei)) 

at p, where !J. is the Laplacian operator, and 

div L((\7Q)(ei,Q(ei))) = Lg(\7e"(\7Q)(ei,Q(ei))),ea) 
ia 

(2.7) = L eag(Q(ei), (\7Q)(ei, ea)). 
ia 

Using Lemma 1, we also have 

IIFII 2 Lg((\7Q)(ei,ej)- (\7Q)(ej,ei), ('\lQ)(ei,ej)- (\7Q)(ej,ei)) 
ij 

ij 

Thus 

ia ia 

= L eag(F(ea, ei), Q(ei))- g(F(ea, ei), (\7Q)(ea, ei)) 
ia 
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ia ia 

ia 

where we have again used Lemma 1. Consequently, using (2.6), (2.7) and 
Lemma 1, we get 

L9((V F)(ea, ea, ei), Q(ei)) = -!:::.f + div(L(VQ)(ei, Q(ei))) 
ia 

ia 
-(VQ)(ei, ea), (VQ)(ea, ei)) 

= -!:::.f + div(L((VQ)(ei, Q(ei))) + IIVQII2 

- L9((VQ)(ei,ea), (VQ)(ea, ei)). 
ia 

Finally, we can use equation (2.8) and integrate over M to get the desired 
result. 0 

Lemma 2.6. Let ( M, g) be ann-dimensional connected Riemannian manifold, 
n 2: 3. Then 

IIVQII 2 2: !llgrad Sll 2, n 
and for a positively curved M the equality hold if and only if ( M, g) is an 
Einstein manifold. 

Proof Define B: X(M) ~ X(M) by B(X) = Q(X)- ~X. Then we find 

(V B)(X, Y) = (VQ)(X, Y)- !x(S)Y, 
n 

from which it follows that 
1 2 IIV Bll 2 = IIVQII 2 + -llgrad Sll 2 -- L9((VQ)(ei, ej), ej)g(grad S, ei) n n .. 

t) 

= IIVQII 2 + ! llgrad Sll 2 
n 

2 
--[Lg((VQ)(ej,ei)- F(ei,ej),ej)g(grad S,ei)] n .. 

t) 
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2 +;: Lg(F(ei,ej),ej)g(grad S,ei) 
ij 

2 +- Lg(F(grad S,ej),ej)· 
n . 

J 

Using Lemma 2, we get 
2 

(2.9) ll\7 Bll 2 = II\7QII 2 +- Lg(F(grad S, ej), ej) 
n . 

J 

Now we compute 

Lg(F(grad S, ej), ej) = L9((\le"'R)(grad S, ej)ea, ej) 

j ja 

ja 

ja 

1 
= -g(grad S, L(\lQ)(ea, ea)) = -2llgrad Sll 2 . 

a 

Thus (2.9) becomes ll\7 Bll 2 = II\7QII 2 - ~II grad Sll 2 , which proves the inequal­

ity. If the equality holds with M positively curved, then \7 B = 0 together 

with M being irreducible (the curvature of M being positive), so we shall 

have B = J.Ll for some constant J.L E R. Thus in this case we have 

Q(X) = ( ~ + J.L) X, 
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or Ric(X, Y) = (~ + JL) g(X, Y). Since dimM 2: 3, we must have ~ + JL = 
constant and S = (~ + JL) n, which gives JL = 0. Hence Ric(X, Y) = ~g(X, Y), 
that is, M is an Einstein manifold. 0 

Lemma 2. 7. If { e1, ... , en} is a local orthonormal frame on M which diago­
nalizes Q, with Q(ei) = Aiei, then 

{ {L)Ai- Aa)2}dv = { {n IIQII2 - S2}dv 
jM i<a jM 

Proof We have 

L)Ai- Aa)2 = LAt +LA;- 2 LAiAa 

and Eia(Ai - Aa) 2 = 2 Ei<a(Ai - Aa) 2 . Integrating the resulting equation 
over M we get the Lemma. 0 

3. PROOF OF THE THEOREM 

Consider the function f: M---. R defined by f = ~ Eijg(Q(ei),ej)2,where 
{ e1, ... , en} is a local orthonormal frame on M. Then it is easy to show that 
the Hessian Ht off is given by 

Ht(X, Y) = L9((\7Q)(X, ei), ej)g((\lQ)(Y, ei), ej) 
ij 

+ L9((\72Q)(X, Y, ei), Q(ei)). 
i 

Using Lemma 3, we get 

Ht(X,X) = L9((\7Q)(X,ei),ej)2 + L9((\72Q)(X,ei,X) 
ij i 

- (\lF)(X,X,ei),Q(ei)). 
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Using the Ricci identity in the above equation we get 

Ht(X, X) = Lg((VQ)(X, ei), ej)2 + LY((V2Q)(ei, X, X), Q(ei)) 

(3.1) 

ij 

+ LR(X,~;Q(X),Q(ei))- LR(X,ei;X,Q2(ei)) 

- LY((V F)(X,X, ei), Q(ei)). 
i 

49 

Using Lemma 2, we have !Vxgrad S = L,:j(V2Q)(X,ej,ej)· This, together 

with equation (3.1), gives 
1 

= IIVQII2 + 2 Lg((Veigrad S, Q(ei)) 
i 

ia 

ia 
Integrating this equation over M, and using Lemmas 4 and 5, we arrive at 

J M{IIVQII 2 - -!llgrad Sll 2 - !IIFII 2 + L:ia[R(ea,ei;Q(ea),Q(ei)) 
(3.2) 

-R(ea, ei; ea, Q2(ei))]}dv = 0. 

To evaluate the term L:ia[R(ea, ei; Q(ea), Q(ei)) - R(ea, ei; ea, Q2(ei))], we 

choose a local orthonormal frame { e1, ... , en} which diagonalizes Q with Q( ei) 

= Aiei, and obtain 

ia 

ia 

= ~{L 2>.r Kia- L 2>.i>.aKia} 
ia ia 

= ~ [L >-r Kia + L >.~Kia - L 2>.i>.aKia] 
ia ia ia 

= ~ L(Ai - Aa) 2 Kia = L(Ai - Aa)2 Kia, 
ia i<a 
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where Kia is the sectional curvature of the plane section spanned by { ei, ea}· 
Thus (3.2) takes the form 

j. {(IIV'QII 2 - .!.JJgrad SIJ 2)- (n- 4 ) JJgrad SJJ 2 
M n ~ 

1 2 """"' 2 - 2JIFII + L_..,(.'\- Aa) Kia}dv = 0. 
i<a 

Now, using Lemma 7 and Kia ~ ko > 0 in the above equation, we get 

r {JJV'QII 2 - .!.JJgrad SJJ 2}dv }M n 

+ ko r {nJJQJJ 2 - S2 - n4 -k4 llgrad SJI 2 - _kl IIFII2}dv::::; 0. }M n o 2 o 
Thus, if nJIQII 2 - S2 ~ ;nk! JJgrad SJJ 2 + 2ko IIFII 2 holds, then in (3.3) we must 
have 

f {JJV'QJJ 2 - .!.llgrad SJJ 2}dv::::; 0, }M n 
which, together with Lemma 6 gives 

IJV'QII 2 = .!.JJgrad SJI 2 . n 
Since M is positively curved (as ko > 0), this equality, again by Lemma 6, 
implies that ( M, g) is an Einstein manifold. 0 

4. REMARK 

We note that if, for a Riemannian manifold ( M, g), the scalar curvature S is 
a constant and F = 0, then we have the Schwarz's inequality nJJQJJ 2 - S2 ~ 0 
which satisfies the inequality required by the theorem. However there are 
Riemannian manifolds having constant scalar curvature and F = 0, which are 
not Einstein manifolds. Here we give two examples. 

(1) Consider Rn with the Euclidean metric and the open set 

Hn = {(x1, ... , Xn) ERn /Xn > 0}. 

On Hn we define the metric g = ~g, where p = 4/(n-2). Then the curvature 
tensor R with respect to g of Hn, after a long but simple calculation, can be 
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shown to be 

R(X,Y)Z 
p 

(n _ 2)x~ {g(X, Z)Y- g(Y, Z)X 

n 
-2[X(xn)Z(xn)Y- Y(xn)Z(xn)X 

{) {) 
+g(X, Z)Y(xn)-0 - g(Y, Z)X(xn)-0 ]}, 

xn xn 

from which we find the Ricci curvatures 

( 4.1) Ric ( {)~i, {)~i) = (n -=-~)x~, 1 ::; i < n, 

and 
Ric(~ ~) = 2(n- 1) 

{)xn' axn (n- 2)x~' 

which gives that the scalar curvature S = 0. After another long but easy 

calculation, we arrive at 

F (~ ~) = p(n- 2) - 4 [ (~ ~) ~ _ (~ ~) ~] = 0 
{)xi' axJ (n- 2):rh+3 g {)xi' {)xn axJ g axJ' {)xn {)xi ' 

as p(n- 2) = 4. Thus for (Hn,g) both gradS= 0 and IIFII = 0, yet it is not 

an Einstein manifold as shown by ( 4.1). 

(2) Consider the standard metric on S2 (c), the 2-sphere of constant curva­

ture c, and the product metric on the product M = S2 (c1) x S2 (c2 ) of two 

2-spheres of unequal radii. Then M is a symmetric space and so the RHS in 

the inequality of the Theorem vanishes, but it is not an Einstein manifold, 

because the Ricci operator has two different eigenvalues (corresponding to the 

two unequal radii). Here the sectional curvatures are non-negative but not 

strictly positive. 
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