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LOGARITHMIC POTENTIALS 

PREMALATHA 

ABSTRACT. A necessary and sufficient condition is given for a subharmonic 

function u in ne to be a logarithmic potential up to a harmonic function, the 

condition involving u only. 

1. INTRODUCTION 

With any subharmonic function u in JR2 we can associate a measure J.L 2:: 0 
in JR2 such that locally u equals log I xi* pup to a harmonic function. To obtain 
such a representation for u globally, we need some restrictions on u which are 
generally expressed in terms of both u and p (M. Brelot [4]). In this note we 

give a condition for such a global representation in terms of u only. This leads 

to a characterisation involving the mean values of u, for u to have compact 

harmonic support. 

2. LOGARITHMIC POTENTIALS 

Let u be a subharmonic function in JR2 with associated measure p defined 

by dp(x) = lrr !:ludx in the sense of distribu.tions. If H[! is the Dirichlet 
solution in the unit disc D with boundary values u(x) on lxl = 1, let 

{ u(x) - H[! (0) in I xi 2:: 1 
u(x) = H{!(x)- H[!(O) in ixl < 1. 
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Then u is a subharmonic function in ~2 which is harmonic in lxl < 1 with 
u(O) = 0. Let {L be the measure associated with u. For u subharmonic in JR2 , 

M(r, u) stands for the mean value of u(x) on lxl = r and J-t(B0) = J-t(x : lxl < 
r). Note J-t(B0) = [L(B0) if r > 1. 

Now, for r > 1, 

(1) M(r,u) = f (log-1 1 1 -log~)djj,(y) 
}1S.IYIS.r Y r 

which, after an integration by parts, gives 

(2) 

Equation (1) gives 

M(r, u) = r c 1 [L(Bb)dt. 
.11 

(3) M(r,u)- H[!(O) = M(r, u) = J-t(B0) logr- { log iyidJ-t(y), 
./1S.IYIS.r 

while (2) gives 

M(r, u) r c 1 [L(Bb)dt 
./1 

< [L(B0)logr 

= J-t(B0) log r 

l r2 -(Bt) 
< f!:.___Q_ dt 

. r t 
(4) M(r2,u)- M(r,u) 

Theorem 2.1. For a Radon measure{) inlR2, v(x) =.flog lx-yld{)(y) defines 
a subharmonic function in IR2 if and only if Jjyl>llog lyid{)(y) is finite. 

Proof. If J log lx- yid{)(y) defines a subharmonic function in IR2 , so does the 
function 

v1(x) = [ loglx-yld{)(y) . 
./IYI>1 

As v1 is harmonic in lxl < 1, v1(0) = .Jjyl>l log iyid{)(y) is finite. 
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Conversely, suppose ./jyl>llog lyld'!?(y) is finite. Then 11'!911 = ./~2 d'l?(y) is 
also finite. Let xo E ~2 and N be a small neighbourhood of x 0 such that 
~IYI ~ lx- Yl ~ ~IYI if x EN and IYI is sufficiently large, say IYI > R. 

Then, by hypothesis, ./jyi>R log lx- yld'!?(y) is finite for x E N' and hence 
it is harmonic in N. Since .~yi:SR log lx- yld'!?(y) is subharmonic in ~2 , we 
conclude that J log lx - yld'!?(y) is subharmonic in N. xo being arbitrary in 
~2 , v(x) = J log lx- yld'!?(y) defines a sub harmonic function in ~2 . This com
pletes the proof of the theorem. 

Corollary 2.2. If a finite measure p in ~2 generates a logarithmic potential 
then 

lim (IIPII- p(B0)) logr = o. r-+oo 

Proof. By the above theorem, for any E > 0, there exists a positive R such 
that 

Now 

and hence 

l log lyldp(y) < E • 
.fiYi>R 

l log IYidp(y) ~ (p(Bf}'')- p(Bf}')) logR 
.f R:SiYi:SR' 

(IIPII- p(Bf}')) logR:::; l log lyldp(y) <E . 
.fiyi?_R 

This gives limr-+oo(IIPII- p(B0)) logr = 0. 

Corollary 2.3. (Theorem 4, M.Brelot [4]). Let u be a subharmonic function 
in ~2 with associated measure p. Then u is a logarithmic potential up to an 
additive harmonic function if and only iflimr-+oo[M(r, u) - p(B0) log r] exists 
and is finite. 

Proof. Follows from (3). 

Remark. Recall that a subharmonic function u in ~2 with associated measure 
p is called an admissible subharmonic function if J dp(y) is finite [2]. Thus if 
the subharmonic function u in ~2 is a logarithmic potential up to a harmonic 
function it is clear from Theorem 2.1 that it is admissible. 
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But the converse need not be true; this can be seen as follows: 

Let p be the measure defined as the uniform density on lxl = n of total 

mass n(lo~n)2 for all n 2': 2. By M. Arsove [3], there exists a subharmonic 

function u in ~2 with associated measure p. This function u is admissible 

since IIPII = I:r n(lo~n)2 < 00· 

But l. 00 1 
log lyldp(y) = L 1 = oo 

. IYI>l 2 n ogn 

and hence by Theorem 2.1, u is not a logarithmic potential even up to an 
additive harmonic function. 

Theorem 2.4. A subharmonic function u in IR2 is a logarithmic potential up 

to an additive harmonic function if and only if limr___.00 [M(r2,u)- 2M(r,u)] 
exists and is finite. 

Proof. Let u be a logarithmic potential up to an additive harmonic function. 

From Corollaries 2.2 and 2.3 we get 

lim [M(r, u) - IIPIIlog r] 
r---+cx:> . 

exists and is finite say a. Then 

lim [M(r2,u)- 2M(r,u)] 
T--->00 

lim [(M(r2 ,u) -11PIIlogr2 
T--->00 

-2(M(r,u) -IIPIIlogr)] 

-a. 

Conversely, suppose that limr___.00 [M(r2, u)- 2M(r, u)] exists and is finite say 

{3. Then for r > 1, 

M(r2 , u) - M(r, u) = M(r2 , u) - M(r, u) :S M(r, u) + {3 + E 

if r is large. 

Thus for larger, (4) gives 

M(r,u) -Hf!(O) M(r,u):::; p(B0)1ogr 

< M(r2,u)- M(r,u) 

< M(r,u)+f3+t.. 
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That is, 0 s; p,(B0) logr- M(r, u) + H[!(O) s; {3 + E + H[!(O) for larger. 

But from (3) we have 

p,(B0)logr-M(r,u)+H[!(O)= / loglyldp,(y) . 
./1~IYI~r 

Therefore .fjyl>llog lvidft(y) is finite and hence by Theorem 2.1, u is a logarith
mic potential up to an additive harmonic function. This proves the theorem. 

Corollary 2.5. Let u be a subharmonic function defined outside a compact 
set in JR.2 such that limr_.00 [M(r2 , u)- 2M(r, u)] exists and is finite. Then 
outside a compact set, u = p + h where h is harmonic in .IR.2 and p zs a 
logarithmic potential in JR.2 with respect to a finite signed measure. 

Proof. By Theorem 1 in [1] there exists a subh~umonic function s in .IR.2 and a 
constant o: such that u(x) = s(x) - o: log lxl outside a compact set. From the 
hypothesis we conclude lim[M(r2, s)- 2M(r, s)] exists and is finite. Hence by 
Theorem 2.4, sis a logarithmic potential up to an additive harmonic function. 

Theorem 2.6. Let u be a subharmonic function in .IR.2. Then the following 
are equivalent: 

(i) M(r2 ,U) = 2M(r,u),r > 1. 

(ii) M(r2 , u) s; 2M(r, u), r > 1. 

(iii) supp P, C {x: lxl = 1}; supp p, C {x: lxl S: 1}. 

Proof. (ii) =? (iii). Let M(r2, u) s; 2M(r, u) for all r > 1. Then from ( 4) we 
obtain 

M(r,u) s; p,(B0) logr s; M(r 2,u)- M(r,u) s; M(r,u) if r > 1. 

Hence M(r2 ,u) = 2M(r,u) and M(r,u) = P,(B0) logr. 

This implies that 
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Hence 

and consequently 

Thus, for £ > 0, 

JL{X: (1 +c) < lxl < (1 + c) 2n} = 0. 

Since£ and n are arbitrary, supp fL C {x: lxl::; 1} and hence 
supp jJ C {x: lxl = 1}. 

(iii) ~ (i). If supp jJ C {x: lxl = 1}, then for r > 1, 

M(r,u) = t!____Q_dt = II~LIIlogr . l·r -(Bt) 

. 1 t 

Hence M(r2 , u) = 2M(r, u). This completes the proof of the theorem. 
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