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LOGARITHMIC POTENTIALS

PREMALATHA

ABSTRACT. A necessary and sufficient condition is given for a subharmonic
function u in R2 to be a logarithmic potential up to a harmonic function, the

condition involving u only.

1. INTRODUCTION

With any subharmonic function u in R? we can associate a measure p > 0
in R? such that locally u equals log |z|*u up to a harmonic function. To obtain
such a representation for u globally, we need some restrictions on u which are
generally expressed in terms of both u and p (M. Brelot [4]). In this note we
give a condition for such a global representation in terms of u only. This leads
to a characterisation involving the mean values of u, for u to have compact
harmonic support.

2. LOGARITHMIC POTENTIALS

Let v be a subharmonic function in R? with associated measure p defined
by du(z) = 5=Audz in the sense of distributions. If HY is the Dirichlet
solution in the unit disc D with boundary values u(z) on |z| = 1, let

i(z) = u(z) — HP(0) in |z| > 1
HP(z) - HP(0) in |z| < 1.
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Then @ is a subharmonic function in R? which is harmonic in |z| < 1 with
@(0) = 0. Let i be the measure associated with . For u subharmonic in R?,
M (r,u) stands for the mean value of u(z) on |z| = r and u(Bj) = u(x : || <
7). Note p(Bf) = iu(Bg) if r > 1.

Now, for r > 1,

- ' 1 1, ..
(1) Mra) = [ (og o~ log D)dly)
J1<y|<r ly] r
which, after an integration by parts, gives
(2) M) = [ (B
J1

Equation (1) gives

(3)  M(r,u) — HP(0) = M(r, @) = pu(Bf) logr — /1 | Jomlulduty),
J1<y|<r

while (2) gives

(4) = M(ﬁ, @) — M(r, @)

Theorem 2.1. For a Radon measure ¥ in R?, v(z) = [ log |z —y|d¥(y) defines
a subharmonic function in R? if and only if -]iy|>1 log [y|dd(y) is finite.

Proof. 1f [log |z — y|dY(y) defines a subharmonic function in R2, so does the
function

o) = /|| log |z — y1dd(y).

As v; is harmonic in |z| < 1, v(0) = | log |y|dd¥(y) is finite.

ly|>1
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Conversely, suppose [ .., logy|dd(y) is finite. Then [|9]| = [pe dY(y) is
also finite. Let 29 € R? and N be a small neighbourhood of zy such that
Syl > |z —y| > tlyl if z € N and |y| is sufficiéntly large, say ly| > R.

Then, by hypothesis, -liy|>R log |z — y|dY(y) is finite for z € N and hence
it is harmonic in N. Since -/inSR log |z — y|dY¥(y) is subharmonic in R?, we
conclude that [log |z — y|d¥(y) is subharmonic in N. xg being arbitrary in
R?,v(z) = [log|z —y|dY(y) defines a subharmonic function in R2. This com-
pletes the proof of the theorem.

Corollary 2.2. If a finite measure pu in R? generates a logarithmic potential
then

Aim ([lul] = u(Bg)) log r = 0.

Proof. By the above theorem, for any € > 0, there exists a positive R such
that

/ log [y|du(y) <e.
Jy|>R

Now _
/ log [yldu(y) > (w(BE) — w(BE)) log R
JR<ly|<R’

and hence

(lull = (B§H) log R < /| |>Rlog lyldu(y) <.
JY|Z

This gives lim, o (||| — 1(Bg)) logr = 0.

Corollary 2.3. (Theorem 4, M.Brelot [4]). Let u be a subharmonic function
in R? with associated measure . Then u is a logarithmic potential up to an
additive harmonic function if and only if lim, oo [M (r,u) — u(B§) logr] exists
and is finite.

Proof. Follows from (3).

Remark. Recall that a subharmonic function u in R? with associated measure
p is called an admissible subharmonic function if [ du(y) is finite [2]. Thus if
the subharmonic function u in R? is a logarithmic potential up to a harmonic
function it is clear from Theorem 2.1 that it is admissible.


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


50 PREMALATHA

But the converse need not be true; this can be seen as follows:

Let 1 be the measure defined as the uniform density on |z| = n of total
mass n(l—oé'njf for all n > 2. By M. Arsove [3], there exists a subharmonic
function v in R? with associated measure p. This function u is admissible

since ||u|| = Z;o n(lt)én)2 < o

But

. o0
-1
log |yldu(y) = E =00
,/|y|>1 lvldr(y) 5 nlogn

and hence by Theorem 2.1, u is not a logarithmic potential even up to an

additive harmonic function.

Theorem 2.4. A subharmonic function u in R? is a logarithmic potential up
to an additive harmonic function if and only if lim,_,o[M(r?,u) — 2M(r,u))
ezists and is finite.

Proof. Let u be a logarithmic potential up to an additive harmonic function.

From Corollaries 2.2 and 2.3 we get
Lim [M(r,u) — ||| log 7]

exists and is finite say a. Then

lim [M(r%,u) — 2M(r,u)] = lim [(M(r?,u) — ||u| logr?
—2(M (r,u) — ||p|| log )]
= —a.

Conversely, suppose that lim,_,co[M(r?,u) — 2M(r, u)] exists and is finite say
B. Then for r > 1,

M(r?, @) — M(r,a) = M(r?,u) — M(r,u) < M(r,u) + B +¢

if r is large.

Thus for large r, (4) gives
M(r,u) = H2(0) = M(r,@) < u(B)logr
< M(r*,@) — M(r,)
< M(r,u)+ B +e.
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That is, 0 < u(Bg)logr — M (r,u) + HP(0) < 8+ €+ HP(0) for large 7.

But from (3) we have

1(BE) logr — M(r,u) + HP(0) = / log [yldu(y)-
J1<yl<r

Therefore -[iy|>1 log |y|dp(y) is finite and hence by Theorem 2.1, u is a logarith-
mic potential up to an additive harmonic function. This proves the theorem.

Corollary 2.5. Let u be a subharmonic function defined outside a compact
set in R? such that lim,_oo[M(r?,u) — 2M(r,u)] ezists and is finite. Then
outside a compact set, u = p + h where h is harmonic in R? and p is a
logarithmic potential in R? with respect to a finite signed measure.

Proof. By Theorem 1 in [1] there exists a subharmonic function s in R? and a
constant a such that u(z) = s(z) — alog|z| outside a compact set. From the
hypothesis we conclude lim[M (72, s) — 2M (r, s)] exists and is finite. Hence by
Theorem 2.4, s is a logarithmic potential up to an additive harmonic function.

Theorem 2.6. Let u be a subharmonic function in R%. Then the following
are equivalent:
(i) M(r?,4) = 2M(r,@),r > 1.
(il) M(r?,a) < 2M(r,i),r > 1.
(iii) supp /i C {z : |z| = 1}; supp p C {z : |z| < 1}.

Proof. (ii) = (iii). Let M(r2,@) < 2M(r,) for all 7 > 1. Then from (4) we
obtain

M(r,@i) < ji(Bf)logr < M(r?, @) — M(r,a) < M(r,a) if r > 1.

Hence M(r?,4) = 2M (r,%) and M(r,@) = ji(Bp) log .
This implies that

(B ) logr? = M(r?,d) = 2M(r, @) = 2ju(B5) log .
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Hence ‘
W(BY') = p(Bf)
and consequently
w(By") = w(By) if 7> 1.

Thus, for € > 0,
e (146 < Jal < (1+6™} =0,

Since € and n are arbitrary, supp p C {z : |z| < 1} and hence
supp it C {z : |z| = 1}.

(iii) = (i). If supp it C {z : |z| = 1}, then for r > 1,

_ T IEL Bt
M(r,@) = /1 PB4y — i rog

Hence M(r?,4) = 2M(r, ). This completes the proof of the theorem.
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