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THE PAGENUMBER OF N-FREE PLANAR ORDERED SETS THAT
CONTAIN NEITHER K33 NOR K3, IS AT MOST THREE

Mohammad Alzohairi

ABSTRACT. In this note we show that the pagenumber of an N-free planar

ordered set which contains neither K> 3 nor K32 is at most three.

1. INTRODUCTION

A book embedding of a graph G consists of an embedding of its nodes along
the spine of a book, and an embedding of its edges on pages so that edges
embedded on the same page do not intersect. The pagenumber of G, page(G),
is the minimum number of pages needed, taken over all permutations of the
vertices of G.

The pagenumber of an ordered set P, page(P), is the pagenumber of the
graph cov(P) taken over only the permutations of the vertices of P which
form a linear extension. The pagenumber for ordered sets was introduced by
Nowakowski and Parker [6]; who derived bounds for special classes of ordered
sets. Alzohairi and Rival gave a two-page algorithm for series-parallel planar
ordered sets. Giacom et al. [4] presented a better algorithm (linear time) to
embed series-parallel planar ordered sets into two pages. Zaguia et al. [5]
gave a polynomial time algorithm to find the pagenumber of bipartite interval
ordered sets. The main result of this paper is:

Theorem 1. The pagenumber of an N -free planar ordered set which contains
neither Ko 3 nor K39 is at most three.
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FIGURE 1
In fact, this a generalization of the following result in [3].

Theorem 2. The pagenumber of an N -free planar ordered set which contains
no covering four-cycle is at most two.

2. N-FREE PLANAR ORDERED SETS.

We say the ordered set P contains Ky, ,,m,n > 2 if it contains a subset
{a1,a2, - yam, b1, ,ba, -+ by}
satisfying a; < b; for 1 <7 <m,1 < j < n. Also, we write
Kmn ={a1,a2, -+ ,am,b1,,b2, -+ by}
(see Figure 1(a)). Notice that K32 is a covering four-cycle.

We obtain a subdivision of a Ky, = {a1,a2,- -+, am,b1,,b2,- -+ ,b,} as fol-
lows. For each pair (i,5),1 <i<m,1<j<n

(1) remove the edge (a;, b;).
(2) add the new element z;; and the two edges (aj, zs5), (zi5, b;).

Figure 1(b) illustrates a subdivision of the covering four-cycle K2 5. As sub-
dividing the edges does not affect planarity and does not create any N, then
the N-free planar ordered set remains N-free planar after subdividing all
Kpn,m>2,n>2.
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FIGURE 2

A down set of an element z, D(z), in an ordered set P is defined by D(z) =
{y € P:y < z}. Dually, we define the upper set of z,U(z) = {y € P: y > z}.

The following Lemma shows that there are only two essential planar upward
drawings of any covering four-cycle C' = {a,b, ¢, d} illustrated in Figure 2(b)
and Figure 2(c). We call the drawing of C in Figure 2(b) a V-shape drawing
and that in Figure 2(c) an inverted V-shape drawing.

Lemma 3. The only planar upward drawings of the covering four-cycle C =
{a,b,c,d} are the V-shape drawing and the inverted V-shape drawing.

Proof. We may assume that the two edges (b,c) and (a,c) are drawn as
illustrated in Figure 2(a). Let Ry = A; () B; where A; is the half-plane which
lies to the right of the line which contains the edge (b,c) and Bj is the half-
plane which lies to the left of the line which contains the edge (a,c) (see
Figure 2(a)).

Let Ry = Az() B2 where Aj is the half-plane which lies to the right of the
line which contains the points a,b and B; is the upper half-plane given by
equation y > t where ¢ is the maximum y-coordinate of a, b (see Figure 2(a)).
In a planar upward drawing of C either d lies in R; or Ry. If d is in Ry, then
C admits a V-shape drawing. If d is in R;, then C admits an inverted V-shape
drawing.

The next lemma is in [3].
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Lemma 4. Ifa < b < c in a left greedy linear extension of a planar lattice P
and a < c in P,then either a < b orb < cin P.

The proof of the next lemma, is easy.

Lemma 5. If P is an N-free ordered set which contains neither K3 nor K39
contains the covering four-cycle C = {a,b, c,d}, then the set of upper covers
of a equals the set of upper covers of b equals {c,d} and the set of lower covers
of ¢ equals the set of lower covers of d equals {a,b}.

3. PROOF OF THEOREM 1.

In this section we give the proof of Theorem 1.

For £ € Pand z # y € P, we say y € B~ (z) if there are elements
Z1,22,...,Zm Of Psuch that x > 1 < 29 > ... < xpy, >yorz > 11 <
Zg > ...> T, <y. Also, let z € B~ (z). Dually, we define Bt (z).

Theorem 6. Let P be an N-free planar ordered set which contains neither
K33 nor K39 such that:

(a) for any covering four-cycle C = {a,b,c,d} which admits a V-shape
drawing in P, if there are x,y € P such that x < b,x <y, then there
is z € P satisfying z < b and z < y (i.e {z,z,b,y} is a covering
four-cycle. ).

(b) for any covering four-cycle C = {a,b,c,d} which admits an inverted
V-shape drawing in P, if there are x,y € P such that ¢ < z,y < ,
then there is z € P satisfying ¢ < z and y < z (i.e {c,y,z,2} is a
covering four-cycle.).

Then pagenumber(P) < 2.

Proof. Fix a planar upward drawing of P such that for any covering four-
cycle C = {a,b,c,d} which admits a V-shape drawing in P, the y-coordinate
of any maximal in B~ (b) is less than the y-coordinate of b and for any covering
four-cycle C = {a,b, ¢,d} which admits an inverted V-shape drawing in P, the


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


The pagenumber of N-free planar ordered sets that contain neither K> 3 nor... 47

y-coordinate of any minimal in B*(c) is greater than the y-coordinate of c.
Obtain P’ from P as follows:

(i) subdivide all covering four-cycles in P.

(ii) for each covering four-cycle C = {a,b,c,d} which admits a V-shape
drawing in P such that B~ (b) = {b}, add b > a.

(ili) starting with inner cycles, for each covering four-cycle C' = {a,b,c,d}
which admits an inverted V-shape drawing in P such that B*(c) = {c},
add d > c.

(iv) starting with inner cycles, for each covering four-cycle C = {a, b, c, d}
which admits a V-shape drawing in P and ¢ is a maximal in B~ (b)
such that b % ¢ in P, add the relation b = t. Also add the relation
w > a for any minimal w € B~ (b).

(v) for each covering four-cycle C = {a,b,c,d} which admits an inverted
V-shape drawing in P and t is a minimal in B*(c) such that ¢t ¥ c
in P, add the relations ¢ > c. Also add the relation d = w for any
maximal w € BT (c).

Notice that each of the above steps does not create N. Thus P’ is an N-free
planar ordered set which contains no covering four-cycle. Therefore there is a
two-page linear extension L’ of P’ obtained by Theorem 2.

Let P be the N-free planar lattice obtained from P’ in the proof of Theo-
rem 2 in [3].

Now we obtain the left greedy linear extension L of P and we distribute the
edges as described in the two-page algorithm in [3].

Notice that if we restrict L to P, we obtain L which is a linear extension of
P. Also all edges of P are edges in P’ except the edges of covering four-cycles.
To obtain a two-page linear extension L of P from L do the following:

(1) remove the set P — P from L and all edges connecting its vertices.
(2) for each covering four-cycle C = {a,b,c,d} in P, draw its edges in L
as illustrated in Figure 2(d) if C' admits a V-shape drawing in P.
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(3) for each covering four-cycle C = {a,b,c,d} in P, draw its edges in L
as illustrated in Figure 2(e) if C admits an inverted V-shape drawing
in P.

It is enough to prove that adding the edges of covering four-cycles as de-
scribed above will not create any edge intersection in the same page. We will
show that for a covering four-cycle C = {a,b,c,d} which admits a V-shape
drawing in P and the proof will be similar if C' admits an inverted V-shape
drawing in P.

We have a < b < ¢ < d in L. Therefore we have a < b < ¢ < d in L. In
order to show that adding the edges of C' in L will not create edge crossings
in the same page we will need the following three facts:

Fact 1. b<cin L.

Proof. Suppose there is x € P such that b< z < cin L. Thus b< z < c in
L. Asb<cin P and L is left greedy, by Lemma 4, either b < z or z < ¢ in
P.Ifb<zin P, then b < z in P. As b has only two upper covers ¢,d in P
and z < c<din L, then b ¢ zin P. Hence b ¢ z in P. Thus ¢ < cin P
which means x < cin P. Asa<b< zin L, then x £ a and x £ b in P. That
implies ¢ has a lower cover in P different from a,b which contradicts the fact
that the only lower covers of ¢ are a, b.

Fact 2.Ifa <z <bin L, thenx <b in P.

Proof. Sincea <z <bin L,thena <z <binL. Asa<bin P and L
is left greedy, by Lemma 4, either a < z or x < b in P. As a has only two
upper covers ¢,d in P and £ < ¢ < d in L, then a £ z in P. Hence z < b in
P. Therefore z < b in P.

Fact 3. Ifc<z <din L, thenc<zx in P.

Proof. Sincec <z <din L, thenc <z <din L. Asc<din P and L is
left greedy, by Lemma 4, either ¢ < z or z < d in P. As d has only two lower
covers a,bin P and a < b < zin L, then z £ d in P. Hence ¢ < z in P.
Therefore ¢ < x in P.
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Let (y,t) be an edge of P such that (y,t) is not an edge of C. According
to Fact 1 we have six cases to consider.

Case 1. y<a<t<binlL.

According to Fact 2, b > ¢ in P. Thus y < b which means y € B~(b).
According to (iv) in this proof a < y in P which implies that a < y in L.
Hence a < y in L which contradicts our assumption. Therefore this case can
not happen.

Case 2. y<a<c<t<din L.

According to Fact 3, c < tin P. Thus ¢ < tin P. Asc < t in L and
y < a < bin P, then t has at least two lower covers in P. According to the
two-page algorithm mentioned in [3], the edge (y,t) will be in the left page of
L. Hence the edge (y,t) will be in the left page of L. Therefore there is no
edge intersection in this case.

Case 3. y<a<d<tinlL.

In this case the edge (y,t) will not intersect any edge of C.

Case 4. a<y<b<ec<t<dinlL.

According to Fact 2, y < bin P. Thus t € B~ (b). According to (iv) in this
proof t < b in P which implies ¢t < b in L. Hence ¢ < b in L which contradicts
our assumption. Therefore this case can not happen.

Case 5. a<y<b<d<tinlL.

The same proof of Case 4.

Case 6. c<y<d<tinL.

Since y < d <tinL,theny <d <tinL. Asy < tin P and L is left
greedy, by Lemma 4, either y < dord < tin P. If y < d in P, then y < d
in P. Asa <b < yin L, then d has at least three lower covers in P which
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contradicts the fact that a,b are the only lower covers of d in P. Thusd < t
in P which means that ¢ has at least two lower covers in P. According to the
two-page algorithm mentioned in [3], the edge (y,t) will be in the left page of
L. Hence the edge (y,t) will be in the left page of L. Therefore there is no
edge intersection in this case.

Proof of Theorem 1. We obtain P’ from P using the following procedures:

(a) if a covering four-cycle C' = {a,b,c,d} admits a V-shape drawing in
P such that there are z,y € P satisfying z < b,z < y and there is no
z € P satisfying z < b and z < y, then remove the edge (x,b) and add
the two edges (z,t), (¢,b).

(b) if a covering four-cycle C = {a,b,c,d} admits an inverted V-shape
drawing in P such that there are z,y € P satisfying ¢ < z,y < = and
there is no z € P satisfying ¢ < z and y < z, then remove the edge
(c,z) and add the two edges (c,t), (¢, ).

Notice that P’ is an N-free planar ordered set which contains neither K3 3 nor
K3o. It is clear P’ satisfies the conditions of Theorem 6 which implies that
there is a two-page linear extension L’ of P’. Obtain L from L’ by removing
the vertices we added. As P’ is an extension of P, then L is linear extension
of P. Edges deleted from P are drawn in the third page of L. We will prove,
by cases, that there are no edge intersections in the third page.

Case 1. There are two cycles C = {a,b,c,d},C" = {d/,V,c,d'} which ad-
mit V-shape drawings in P such that there are z,y,z’,3’ € P satisfying the
following conditions:

(i) z < b,z < y and there is no z € P satisfying z < b and z < y.
(ii) 2’ < b',2' < ¢’ and there is no 2’ € P satisfying 2’ < b’ and 2/ < ¢/.

Suppose that z < 2’ <b< b in L. Thusz < 2’ < b < ¥ in L, where L is
the linear extension of the planar lattice P obtained in the proof of Theorem 6.
Asz <z’ <bin L and z < b in P, then according to Lemma 4 either z < 2’
or ' < bin P.
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If z < 2’ in P, then either ¢ < 2’ or d < 2’ in P. Thus b < z’ in P. Hence
b < 2’ in L which contradicts our assumption.

If 2/ < bin P, then either ¢ < bor d < bin P. Thus ¥ < b in P. Hence
b’ < bin L which contradicts our assumption.

Case 2. There are two cycles C = {a,b,¢,d},C’ = {d,¥,c,d'} which admit
inverted V-shape drawings in P such that there are z,y,z’,y’ € P satisfying
the following conditions:

i) ¢ < z,y < = and there is no z € P satisfying ¢ < 2z and y < z.
g
(ii) ¢ < ',y’ < 2’ and there is no 2’ € P satisfying ¢/ < 2’ and ¢/ < 2.

Supposethatc < ¢ <z <z'inL. Thusc<d <z <z'inL. Asc<c <z
in L and ¢ < z in P, then according to Lemma 4 either ¢ < ¢/ or ¢ < z in P.

If c < ¢ in P, then either d < a’ or d < ¥ in P. Thus z < ¢ in P. Hence
z < ¢ in L which contradict our assumption.

If ¢/ <z in P, then either d < a or d < bin P. Thus ¢ < ¢ in P. Hence
¢ < c¢in L which contradicts our assumption.

Case 3. There are two cycles C = {a, b, ¢,d} which admits a V-shape drawing
in P and C' = {d/,¥,c/,d'} which admits an inverted V-shape drawing in P
such that there are z,y,z’,y’ € P satisfying the following conditions:

(i) < b,z <y and there is no z € P satisfying z < b and z < .
(ii) ¢ < 2/,y’ < 2’ and there is no 2’ € P satisfying ¢ < 2’ and ¢/ < 7.

First suppose that z < ¢ <b<z'in L. Thusz < ¢ <b < 2’ in L. As
z<c <bin L and z < b in P, then according to Lemma 4 either z < ¢ or
¢ <bin P.

If z < ¢ in P, then either ¢ < ¢ or d < ¢ in P. Thus b < ¢ in P. Hence
b < ¢ in L which contradicts our assumption.

If d <bin P, then d < ain P. Thus 2/ < b in P. Hence 2’ < b in L which
contradicts our assumption.
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Finally we can show, in a similar way, that we can not have ¢ <z <z’ <b
in L.

Acknowledgments. The author acknowledge the finical support of College
of science - the research center project (Math/2007/36). The author also which
to thank Dr. Ahmad Sharary for fruitful suggestions and valuable discussions.

REFERENCES

[1] M. Alzohairi, The pagenumber of ordered sets, Ph.D. thesis, University of Ottawa, Ot-
tawa, Canada, (1997).

[2] M. Alzohairi and I. Rival, Series-parallel planar ordered sets have pagenumber two. In
S. North (ed.), Graph Drawing (Proc. GD’96) Vol. 1190 of Lecture Notes Comput. Sci.
11-24, Springer-Verlag, 1997.

[3] M. Alzohairi, N-free planar ordered sets which contain no covering four-cycle have pa-
genumber two, The arabian jornal for science and engineering, Vol. 31, 213-220, (2005).

[4] E. Giacomo, W. Didimo, G. Liotta and S. Wismath, Book embeddings and point-set
embeddings of series-parallel digraphs. In M. Goorich and S. Kobourov (eds.), Graph
Drawing (Proc. GD’2002) Vol. 2528 of Lecture Notes Comput. Sci. 162-173, Springer-
Verlag, (2002).

[6] N. Zaguia, G. Jourdan and M. Alhashem, On the pagenumber of bipartite orders , 17th
Canadian Conference on Computational Geometry (CCCG’05), 252-255, (2005).

[6] R. Nowakowski and A. Parker, Ordered sets, pagenumbers and planarity, Order 6, 209-
218, (1989).

Address : King Saud University, department of Mathematics,
P. O. Box 2455 Riyadh 11451, Saudi Arabia

E-mail : zohairi@ksu.edu.sa

Date received September 5, 2008


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh




