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SOME PROPERTIES CONCERNING THE INDICIAL ROOTS OF THE 

JACOBI OPERATOR ABOUT THE DELAUNAY HYPERSURFACE 

MOHAMED JLELI 1 

ABSTRACT. In this paper, we prove a maximum principle of the Jacobi 

operator of the Delaunay hypersurfaces and we study the positivity of 

the indicia! roots about these operators. We partially generalize, in any 

dimension, the result of R. Kusner, R .. Mazzeo and D. Pollack. 

1. INTRODUCTION AND STATEMENT OF THE RESULTS 

In IR.3 , all constant mean curvature surfaces of revolutions are classified by 

Delaunay [1]. In particular, Delaunay discovered a beautiful one-parameter 

family of complete noncom pact surfaces of constant mean curvature one (called 

Delaunay surfaces). After this classification the theory of constant mean cur

vature surfaces in IR.3 became the object of intensive study. In the case of 

complete noncompact constant mean curvature surfaces, the moduli space of 
such surfaces is now fairly well understood (in the genus 0 case). Then, many 

examples of such surfaces are produced [7],[13]. However, the set of compact 

constant mean curvature is not so well understood. The first examples of genus 

1 constant mean curvature surfaces are constructed by H. Wente [19]. For the 

high genus case N. Kapouleas gives examples of genus 2 by fusing Wente tori 

in [9] and others examples of genus is greater than or equal to 3 are obtained 
by connecting together large number of mutually tangent unit spheres, using 

small catenoid necks [8]. 
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Recently, in [6] the authors gave a new idea for the construction of a con
stant mean curvature compact surfaces of arbitrary genus ( ~ 3 ). This con

struction was based on three important tools which has been developed for 

the understanding of complete noncompact constant mean curvature surfaces. 

The first is the moduli space theory which is developed in [11], the second 
is the end-addition result which has been developed in [14] and [15] to pro
duce complete noncompact constant mean curvature surfaces with prescribed 
ends. And finally the end-to-end construction which was developed in [17] to 
connect two constant mean curvature surfaces along their ends. In the most 
of the last constructions the use of the behavior of the Delaunay surfaces is 

crucial. In particular, the study of the Fredholm properties (the kernel and 

range) of the Jacobi operator about these surfaces which known as the "Linear 
Decomposition Lemma" (see [13] and [16]) on some weighted Lebesgue spaces 
and weighted Holder spaces is based in the behavior of the indicial roots of 
the Delaunay surfaces [15]. 

In this paper, we generalize the result of R. Mazzeo, F. Pacard and D. 
Pollack [15] in ~n+l, for n > 3. In, particular there exists a one parameter 

family of constant mean curvature hypersurfaces that will be denoted by 'Dn 

forTE ( -oo, 0) U (0, T*). We give, in section 2, two different parameterizations 
of this one parameter family of hypersurfaces of revolution in ~n+l, which are 

immersed or embedded and have constant mean curvature normalized to be 
equal to 1. These hypersurfaces, which were originally studied in [10], general
ize the classical constant mean curvature surfaces in ~3 which were discovered 
by Delaunay in [1] in the middle of the 19-th century. 

In section 3, we define the Jacobi operator ( the linearized mean curvature 

operator) CvT about a n-Delaunay hypersurface. Then, we give the expression 
of the geometric Jacobi fields (some solutions of the homogeneous problem 

CvT w = 0 ). Next, for T E ( -oo, 0) U (0, T*), we define the indicial roots 
associated to the Jacobi operator about a n-Delaunay hypersurface 

r(T) := {±-·o(T) : j EN}. 

These reel numbers which characterize the rate of growth ( or rate of decay) 
of the solutions of the homogeneous problem CvT w = 0 impose the choice of a 
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weighted functional space to obtain a precise description of the mapping prop
erties of the Jacobi operator. In section 4 by a maximum principle concerning 

f:vT, however we need to impose a lower bound on the Delaunay parameter 
( T belongs to E [T*, 0) U (0, T*] ) for the result to hold, since for T tends to 
-oo there exists a bifurcation result concerning the hypersurface VT (see [3] 
). The role played by this maximum principle will be central in the study of 

the positivity of the indicial roots of VT when T belongs toE [T*, 0) U (0, T*]. 

We need the following definition: 

Definition 1.1. Let us denote by () r--+ ej ( ()), for j E N the eigenfunctions of 
the Laplace-Beltrami operator on sn-l, which will be normalized to have L 2 

norm equal to 1 and correspond to the eigenvalue Aj. That is 

-,6.sn-1 ej = Aj ej, 

and 

>..o = 0, >..1 = ... = An = n - 1, An+l = 2n, ... and 

We also define 

(1.1) 

Then, our main result reads 

Theorem 1.1. The indicia[ mots of the Jacobi operator abo·ut the Delauanay 

hypersurface enjoy the following pmperties: 

(1) For any T E (-oo,O) U (O,T*), 

ro(T) = · · · = (n(T) = 0. 

(2) There exists T* < 0 such that for any T E (T*,O) U (O,T*) 

for all j 2 n + 1. 

(3) For all r7 > 0 there exists To > 0, s·uch that for all T E (-To, 0) U (0, To), 
the numbers (j ( T) satisfy 

(j(T)2JoJ-r], forall j2n+1. 
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A similar results concerning the maximum principal hold for the Jacobi 
operator about the sphere Sn, the hyperplane JRn X { 0} and the catenoid. 

Acknowledgements. The author is grateful for the referee's comments 

which improves the paper greatly. 

2. CONSTANT MEAN CURVATURE HYPERSURFACES OF REVOLUTION 

We are looking for constant mean curvature hypersurfaces of revolution (say 

around the Xn+l axis). Such an hypersurface can be locally parameterized by 

X : (h, t2) X sn-1 ------7 JRn+l 

(t, e) f-----+ (p(t) e, t) 

where the function t _______. p(t) is a smooth positive function which is defined 

over some interval ( t1, t2). 

The first fundamental form g of the hypersurface parameterized by X is 

given by 

g = (1 + (8tp) 2 ) dt 0 dt + p2 d(}i 0 d(}j 

where d(}i 0 d(}j denotes the first fundamental form of sn-1 . 

Let assume that the orientation of this hypersurface is chosen so that the 
unit inward normal vector field is given by 

N := 1 (-e a ) )1 + (8tp)2 ' tP . 

With this chosen orientation, the second fundamental form b of the hypersur

face parameterized by X is given by 
1 

b = ( -alpdt 0 dt + pdei 0 dej). 
)1 + (8tp) 2 

It follows at once from the above expressions that the mean curvature H of 
the hypersurface parameterized by X (which is the average of the trace of the 
shape form) is given by 

H =n-1~ 1 1 1 2 (2.1) - - 3 at p. 
n P J1 + (8tp)2 n (1 + (8tp)2)2 
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Hence, the condition that the mean curvature of the hypersurface parameter
ized by X is equal to some given function H, is given by the equation 

(2.2) 8zp- n ~I (1 + (8tp)2) + nH (I+ (8tp)2)) ~ = 0. 

We introduce 
n-1 

H(p, 8tp) := Jl: (8tp)2 - H pn. (2.3) 

In the case where the function His constant, it follows from a simple compu
tation that H(p, 8tp) is constant along solutions of (2.2). This property will 
be extensively used to derive a priori estimates for solutions of (2.2). 

It will be more interesting to consider an isothermal type parameterization 
for which will be more convenient for analytical purposes. Hence, we looking 
for hypersurfaces of revolution which can be parameterized by 

(2.4) X(s, e)= (IT! eO"(s) e, K:(s)), 

for ( 8' e) E IR X sn- 1 . The constant T being fixed, the functions (J and 1\: are 
determined by asking that the hypersurface parameterized by X has constant 
mean curvature equal to H and also by asking that the metric associated to 
the parameterization is conformal to the product metric on IR X sn- 1 ' namely 

(2.5) 

We choose the orientation of the hypersurface parameterized by X so that, 
the unit normal vector field is given by 

(2.6) 

This time, using (2.5) the first fundamental form g of the hypersurface param
eterized by X is given by 

g = T 2 e20" (ds Q9 ds + dei Q9 dej), 

and its second fundamental form b is given by 

b= (a;K:8srJ-8sK:(8;rJ+(88 rJ) 2 )) dsQ9ds+8sK:deiQ<;Jdej. 

Therefore, the mean curvature H of the hypersurface parameterized by X is 
given by 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



38 Mohamed Jleli 

This is a rather intricate second order ordinary differential equation in the 
functions O" and T which has to be complimented by the equation (2.5). In 

order to simplify our analysis, we use of (2.5) to get rid of the factor T 2 e2a in 

the above equation. This yields 

asO"a;K, =asK, ( 1- n +a;(]"+ (as0") 2 + nH asK, (1- (as0") 2r 1). 

Now, we can differentiate (2.5) with respect to s, and we obtain 

asK, a;K, = T2e2aas0" (1- a;(]"- (as0") 2). 

The difference between the last equation, multiplied by a sO", and the former 
equation, multiplied by asK,, yields 

(2.7) 

Hence, in order to find constant mean curvature hypersurfaces of revolution, 
we have to solve (2.5) together with(2.7). 

Let use define 
1 n-1 

T* := -(1- n)-n. 
n 

For all T E ( -oo, 0) U (0, T*], we define 0"7 to be the unique smooth nonconstant 
solution of 

(2.8) (a sO" )2 + T2 ( ea + ~ e(l-n)a r = 1, 

with initial condition asO"(O) = 0 and 0"(0) < 0. Next, we define the function 
K,7 to be the unique solution of 

(2.9) asK, = T2 ( e2a + ~ e(2-n)a) ' with 

Here, ~is the sign ofT. 

In particular, the hypersurface parameterized by 

XT(s, ()) := (ITieaT(s)(), K,7 (s)), 

for (s, ()) E JR X sn-l, is an embedded constant mean curvature hypersurface 
of revolution when T belongs (0, T*], this hypersurface will be referred to as 

the "n-unduloid" of parameter T. In the other case, if T < 0, this hypersurface 

is only immersed and will be referred to as the "n-nodoid" of parameter T. 
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Remark 2.1. Thanks to the Hamiltonian structure of (2.8), the function 

s f---7 a-( s) being periodic. Let denote by s7 this period. Then, it is proved in 

[5] 

(2.10) 

as T tends to 0. 

S7 = __ n_ logT2 + 0(1) 
n-1 

2.1. Compactness results. We begin with the study of the behavior of CY7 

as T tends to 0. We define 

and 

Using (2.5) and (2.7), one can check that, according to the sign ofT, the 

functions cp7 and Tf7 are nonconstant solutions of 

(2.11) 

and 

(2.12) 

with a + when T > 0 and a - when T < 0. In addition, we have 

(2.13) 

Our first Lemma states that the functions cp7 and Tf7 and their derivatives, 

are uniformly bounded with respect toT, provided that ITI remains bounded. 

Lemma 2.1. Assume that To < 0 is fixed. Then, for all k E N, there exists a 

constant q > 0 which only depends on To and k, such that 

Proof: When T > 0, observe that (2.12) already implies that the functions 

cp7 and Tf7 are uniformly bounded by 1. When T < 0 is bounded from below 

by To, (2.12) together with (2.13) imply that the functions cp7 and TJT are 

uniformly bounded by a constant only depending on To. 

Now that we know that the functions cp7 and Tf7 are uniformly bounded. 
We use (2.11) and (2.12) inductively to show that the same property is also 

true for the derivatives of the functions cp7 and Tf7 . 0 
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Assume that sl is a sequence of real numbers, and that Tl is a sequence 
which tends to 0. For alll E N, we define 

and 

The previous result together with Ascoli's theorem allows one to extract from 

the sequence (r..pl,r/l)l, a subsequence which converges, as l tends to oo, to 
( r..p00 , rJoo) in Ck topology on any compact sets. The following Lemma classifies 

the possible limits ( <.p00 , "700 ). 

Lemma 2.2. Under the above hypothesis, the following holds : 

• Either r..p00 = "700 = 0, 
• or r..p00 = 0 and there exists s00 such that 

1 
"loo = cosh((n- 1)(-- s00 ))' 

• or rJoo = 0 and there exists s00 such that 
1 

i..poo = . 
cosh(·- s00 ) 

Proof: Passing the limit in (2.13) we get 

n-1 _ 0 
r..poo "loo = · 

This implies that, at least one of the functions rJoo and <.p00 has to be identically 

equal to 0. It only remains to identify the possible nontrivial limits. 

If r..p00 = 0, we can pass to the limit in (2.11) and in the derivative of (2.11) 

with respect to s to get the equation satisfied by rJoo 

a;ry = (n- 1)2 rJ (1- 2 ry2 ) . 

FUrthermore, we have 

The nontrivial solutions of these equations are all of the form 

1 
s ------+ --,-,--------,---,---------,--:-

cosh((n- 1)(·- so)) 
for some so E R 
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Now, if 'r/oo = 0, we can pass to the limit in (2.12) and in the derivative of 

(2.12) to get equation satisfied by Tfoo 

a;'P = 'P (I- 2<p2). 

Furthermore, we have 

(8s<p)2 = <p2 (1- <p2). 

This time the only nontrivial solutions of this equation are of the form 

1 
s ---7 ' cosh(- -so) 

for some so E JR. This completes the proof of the result. 

3. THE JACOBI OPERATOR ABOUT A n-DELAUNAY 

Recall that the n-Delaunay hypersurface VT can be parameterized as 

(3.1) 

D 

Assume that the orientation of VT is chosen so that the unit normal vector 
field is given by 

(3.2) 

Any hypersurface, close enough to Vn can be parameterized (at last locally) 

as a normal graph over VT. Namely, by 

Xw = XT +wNT, 

for some (small) smooth function w. The hypersurface parameterized by Xw 
will be denoted by VT ( w) and we define the mean curvature operator H ( w) to 

be the mean curvature of VT(w). 

It is well known [18] that the linearized mean curvature operator about VT, 

which is usually referred to as the Jacobi operator, is given by 

£T := ,6.T + IATI2 
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where ~r is the Laplace-Beltrami operator and IArl 2 is the square of the norm 
of the shape operator Ar on V 7 • 

Recall that we have defined in section 2 the function 'Pr := lrl ea.,. and, in 

the above parameterization, the metric on V 7 is given by 

g = cp; (ds@ ds + d()i@ d()j), 

and the second fundamental form is given by 

b = 'P; ((1 ± (1- n) lrln cp:;n) ds@ ds + (1 ± lrnl cp:;n) d()i@ d()j), 

with a+ when T > 0 and a- when T < 0. Using this, we find the expression 

of the Jacobi operator in term of the function 'Pr 

(3.3) Lr := cp:;n 08 ( 'P~-2 08 ) + cp:;2 ~sn~l + n + n ( n - 1) r 2n cp:;2n. 

It will be convenient to define the conjugate operator 
n+2 2~n 

(3.4) Lr := cp-;'2 Lr cp-;'2, 

which is explicitly given in terms of the function 'Pr by 

(3 ) L -82 ~ (n-2)2 n(n+2) 2 n(3n-2) 2n 2-2n .5 T - s + sn~l - - 2- + 4 'Pr + 4 T 'Pr · 

Since the operators £ 7 and Lr are conjugate, the mapping properties of one of 

them will easily translate for the other one. With slight abuse of terminology, 
we shall refer to any of them as the Jacobi operator about V 7 . 

Now, we define the operator 

(3.6) 2 n-2 ( )
2 

~0 := as + ~sn~l - -2- ' 

which appears in the expression of £ 7 • This is conjugate to the Jacobi operator 
about the hyperplane IR.n x {0} C JR.n+l in polar coordinates. Indeed if r = e-s 
and () E sn-l then 

n+2 n~2 

~0 = e--2- ~~n e-2-. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



Some properties concerning the indicia! roots of the Jacobi ... 

Its easy to seen that we can parameterize the sphere sn c JRn+ 1 by 

x1 = (____!:_h (),tanh s) ' 
cos s 
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where (s, B) E lR X sn~ 1 and we assume that the orientation of sn is chosen 
so that the unit normal vector field is given by 

N1 = - (____!:_h B, tanh s) . 
cos s 

With these definitions, the Jacobi operator about the sphere is given by 

£1 ·- l:::!.sn + n 

where we have defined 

7./J1n Os ( 7/J~~ 2 Os) + 7/J12 l:::!.sn-1 + n, 

1 
7/J1(s) :=-h-. 

cos s 
Again, we consider the conjugate operator 

n+2 2-n 

L1 := 7./J~ £1 7/J1 2 

which takes the simple form 

(3.7) 
n(n+2) 1 · 

L1 = l:::!.o + 4 ( h )2 . cos 8 

Finally, the n-catenoid is defined to be the unique (up to rigid motion and 
dilation) minimal hypersurface of revolution in JRn+ 1. It can be parameterized 
by 

X 2 ( 8, ()) : = ( 7/J2 ( 8) (), A:2 ( 8)), 
for (8,()) E lR x sn~ 1 , where the functions 7/J2 and A:2 are defined by 

7/J2(8) := (cosh((n- 1)8))n~ 1 and !i:2(8) :=los (cosh((n- 1)t))~~~ dt. 

Observe that the function 7/J2 is a solution of 

and 
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We assume the orientation chosen so that the unit normal vector field is given 
by 

( 1 (( ) )) ( Os/'l,2 Os'l/J2) N2 := - cosh((n _ 1)s) B, tanh n- 1 s = -----;j;;B, ~ . 

So, the first and the second fundamental form are given respectively by 

1='1/J~ (ds0ds+dBi0dBj), 

and 
II= '1/J~-n ((1- n) ds 0 ds +dB 0 dB). 

It is easy to check that X2 parameterizes a minimal hypersurface. We refer 

to [2] for further details and references. Now, the Jacobi operator about the 
n-catenoid is given by 

£2 := 'l/J2n Os('l/J~-2 Os) + 'I/J22 ~sn-1 + n (n- 1) 'I/J22n, 

Again, we define the conjugate operator 

which is explicitly given by 

(3.8) L " n (3n- 2) 1 
2 = L...lQ + -'---------'- -,-------,----------=-

4 (cosh((n- 1)s))2 · 

Remark 

• The expansions of the Jacobi operator £ 1 and £ 2 can be obtained as 
a limit of the Jacobi fields L 7 when T tends to 0 using Lemma 2.2. 

• When n = 2, £1 = L2. 

3.1. Geometric Jacobi fields. We ended this section by giving only the 
expression of some Jacobi fields, i.e., solution of the homogeneous problem 

CTw =0 

since these Jacobi fields follow from a rigid motion or by changing the Delaunay 

parameter T. More details are given in [4]. 
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• ForT E ( -oo, 0) U (0, T*), we define <I>~,+ to be the Jacobi field corre
sponding to the translation of DT along the Xn+l axis 

<j)~,+ := i.p n;-4 O.si.p· 

It is easy to check that <I>~,+ only depends on s and is periodic. Then, 
this Jacobi field is bounded. 

• Since we have n directions orthogonal to Xn+l, there are n linearly 
independent Jacobi fields which are obtained by translating DT m a 
direction orthogonal to its axis. We get for j = 1, ... , n 

<I>~,+:= (i.p~ ± ITincp-~) ej. 

Again, we see that <I>~+ is periodic (hence bounded) for all j = 1, ... , n. 

• For j = 1, ... , n, we define 

<I>~- ( s, e) := cp n2 4 
( cp o8 cp + "' os"') ej 

to be the Jacobi field corresponding to the rotation of the axis of DT. 
Observe that <I>~- is not bounded, but grows linearly. 

• Finally, the Jacobi field corresponding to a change of parameter T E 

( -oo, O)U(O, T*) will be denoted by <I>~·-. It can be obtained by writing, 
for TJ small enough, the constant mean curvature hypersurface DT+TJ 
as a normal graph over DT for some function w77 and differentiating wr1 
with respect to TJ at TJ = 0. The corresponding Jacobi field takes the 
form 

0 _ n-2 n-4 .-
<f>T' := i.p 2 fJTXT.NT = i.p 2 (fJTK, Osi.p- OTi.p OsK,) · 

This Jacobi field is again linearly growing in s as lsi tends to +oo. 
Indeed, let TT to be the physical period of the Delaunay hypersurface 
which can be written as 

TT = "'T(sT ). 

Then, we have the identity 

XT(. + sT, .) = XT + TT (OJRn, 1). 

Differentiation with respect to T yields 

fJTXT(· + sT, .) + OT8TO.sXT(· + ST, .) = fJTXT + fJTTT (OJRn, 1). 
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Taking the scalar product with Nr and using the definition of <I>~'+, 
we obtain 

<l>~,- (. + Sr) = <l>~,- + OrTT <l>~,- · 

which clearly shows that <I>~,- grows linearly in s. 

3.2. Indicial roots associated to a n-Delaunay. Because of the rotational 

invariance of the operator Lr we can introduce the eigenfunction decomposi
tion with respect to the cross-sectional Laplace-Beltrami operator ~sn-l. In 

this way we obtain the sequence of operators 

(3.9) . _ £12 _,. _ (n- 2) 2 n(n + 2) 2 n(3n- 2) 2n 2-2n 
LT,J - us /\J 2 + 4 'P + 4 T 'P 

for j EN. By definition, the indicia[ roots of the operator Lr,j characterize the 
rate of growth (or rate of decay) of the solutions of the homogeneous equation 

Lr,jW = 0 

at infinity (see [11]). To explain this, observe that the potential in the expres

sion of Lr,j is given by 

62 n(n + 2) 2 n(3n- 2) 2n 2_ 2n 
-j+ 4 cp+ 4 T'{J 

where 6j has been defined in (1.1), and hence this potential is periodic of 

period sT' We define a 2 by 2 matrix Tj(T) E M2(1R) such that, for all w 
solution of Lr,j w = 0 in IR, we have 

(~w) (sr) =Tj(T) (a~w) (0). 

Let A-(T,j) and A+(T,j) denote the roots of the characteristic polynomial of 

Tj(T). 

Assume that VI and v2 are the solutions of Lr,j Vi= 0 with VI(O) = 08 v2(0) = 

1 and v2(0) = 88 vi(O) = 0. We denote by W the Wronskian of VI, v2 

W := VI 08 V2 - V2 OsVI 

The Wronskian of VI and v2 being constant, we evaluate it at s = 0 and s = Sn 

and we obtain 
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Observe that the matrix Tj ( T) has real entries, hence 

Th (Tj(T)) = A__(T,j) + A.+(T,j) E JR. 

This being understood, we can write 

(3.10) and 

where ~ := ~( T, j) E [0, 21r) and f.L := J.L( T, j) 2 1 satisfy 

(J.L2 - 1) sin~= 0. 

The above analysis allows one to state the : 

Definition 3.1. The indicial roots of L 7 ,j are defined by ±rj(T) where 

1 . 
/j(T) :=-log f.L(T,J), 

ST 
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and where J.L(T,j) 2 1 is defined as in (3.10). The set of all indicial roots of 
£ 7 is the union of the ± /j ( T), namely 

4. MAXIMUM PRINCIPLE 

This section is devoted to the proof of various forms of the maximum prin
ciple for the Jacobi operators which have been defined in the previous section. 

4.1. Maximum principle for the hyperplane JRn. Our first result is sim
ply the : 

Proposition 4.1. Assume that w is a solution of 6.o w = 0 which is defined 
in (s1, s2) X sn- 1 , with boundary data W = 0 on { si} X sn- 1 if any of the Si 

is finite. Further assume that 

lwl :S (coshs) 8 

for some 6 < n2 2 . Then w = 0. 
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Proof: Since the potential in ~o is negative, the result is straightforward 

when both of the Si are finite. In the general case, we consider the eigenfunc

tion decomposition of w as 

w = LWjej. 
jEN 

We see that (8'1- 6]) Wj = 0, hence Wj is a linear combination of s -----+ e±8js 

and has to be bounded by (cosh s )8 . The result follows from the fact that 

6j 2: n22 for all j 2: 0. D 

4.2. Maximum principle for the Jacobi operator about sn. Recall that 

the conjugate of the Jacobi operator about sn is defined by 

n(n+1) 1 
L1 = ~0 + 4 (coshs)2" 

We prove a maximum principle for the operator L1, when it is restricted to the 

set offunctions whose eigenfunction decomposition does not involve eo, ... , en. 

Proposition 4.2. Assume that w is a solution of L1 w = 0 in (s1, s2) x 

sn- 1, with boundary data W = 0 on { Si} X sn-1 if any of the Si is finite. 

Further assume that, for all s E (s1, s2), the function w(s, ·) is L 2 -orthogonal 

to Span {eo, ... , en} and that 

lwl:::; (coshs)8 

for some 6 < n!2 . Then w = 0. 

Proof: We consider the eigenfunction decomposition of the function w, which 

reads 

w(s, e)= L Wj(s) ej(B). 
j2:n+1 

since we have assumed that the function w(s, ·)is £ 2-orthogonal to Span {eo, ... , en} 

for all s E (s1, s2). 

Then, the function Wj solves 

2 2 n(n+1) 1 
OsWj- 6j Wj + 4 (coshs)2 Wj = 0 
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in (s1, s2). Since j ~ n + 1, we have 

0 > n+ 2 
J- 2 

Hence the potential in the above ordinary differential equation is negative. The 
maximum principle already implies that Wj = 0 if both s1 and s2 are finite. 
In the case where one of the Si is not finite, say s2 = +oo, we observe that 
Wj either blows up at +oo like s ~ e0j 8 or decays exponentially at +oo like 
s ----+ e-0] 8 • Since we have assumed that lwl ::; (cosh s )8 for some 0 < nt2 , we 
conclude that Wj decays exponentially likes ----+ e-8j s at +oo. The maximum 
principle again implies that Wj = 0. This completes the proof of the result. D 

4.3. Maximum principle for the Jacobi operator about then-catenoid. 
Recall that the conjugate of the Jacobi operator about the n-catenoid is de
fined by 

L _ " n (3n - 2) 1 
2 - L...lQ + -----,-------:-,----,---,.--;: 

4 (cosh((n- 1)s)2 · 
The following result can be found in [2] and is the counterpart of the result of 
Proposition 4.2 for the operator L2. However, this time the proof is slightly 
more involved. We give a simpler proof than the one in [2]. 

Proposition 4.3. Assume that w is a solution of L2 w = 0 in (s1, s2) x 
sn- 1 , with boundary data W = 0 on { si} X sn- 1 if any of the Si is finite. 
Further assume that, for all s E (s1, s2), the function w(s, ·) is L2 -orthogonal 
to Span{eo, ... , en} and that 

lwl::; (coshs) 8 

for some 0 < nt2 . Then w = 0. 

Proof: For the time being, let us assume that both s1 and s2 are finite. 
Observe that, if w solves L2 w = 0, then 

2-n 

v := 7/J:;'2 w 

solves £2 v = 0. We consider the eigenfunction decomposition of the function 
v, namely 

v(s, ()) = L vj(s) ej(B). 
j?:n+1 
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Step 1 We multiply the equation £2 v = 0 by ?f/2 Vj ei and integrate the result 

over (81, .s2). We obtain, after an integration by parts 

(4.1) 152 ?jJ~- 2 (8svj) 2 + Aj t 2 '~J~- 2vJ- n (n- 1) t 2 '~J;;nvJ = 0 
SJ Js1 ./s1 

Step 2 Recall that the function ?jJ2 satisfies 

2 2 4-2n 
(4.2) (8s1/J2) =?/J2-?j;2 

Multiplication by 1/J~- 4 vJ and integrating the result over (s 1 , s 2 ) we get 

(4.3) 

Step 3 Differentiation of ( 4.2) yields 

as ('1/J~- 3 8s?/J2) = (n- 2) ?jJ~- 2 + '~);;n. 
We multiply this equality by vJ and integrate the result over (81, 82). Using 

Cauchy-Schwarz inequality we get 

The sum of the last inequality multiplied by n - 2, ( 4.3) multiplied by 

n 2 - 2n + 2 and (4.1), yields 

(>,i- 2n + 2) ./ 'l/J;1-
2vJ + 2n 1:2 ?jJ~- 4 (88 't/J2) 2 vJ 

which readily implies that Vj = 0 since Aj 2: 2n when j 2: n + 1. 

In the case where 81 or 82 is not finite, we argue exactly as above, being 

understood that we have to justify all integrations. Assume for example that 

82 = +oo. Arguing as in the proof of Proposition 4.2, we can prove that 
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n-2 

1/J~ Vj decays exponentially like s ----+ e-81 s at +oo and this is enough to 
justify all the integrations by parts. D 

4.4. Maximum principle for the n-Delaunay hypersurface. We now 
prove a similar maximum principle for the Jacobi operator about a n-Delaunay 
hypersurface. The statement and the proof are very close to the statement 
and proof of the corresponding result for the n-catenoid. However we need to 
impose a lower bound on the Delaunay parameter for the result to hold. 

Proposition 4.4. There exists T* < 0 such that for all T E [T*, 0) U (0, T*], if w 
is a bounded solution of LTw = 0 in ( Sl' s2) X sn-l' with boundary data w = 0 
on {si} X sn-l and if, for all s E (s1, s2), the function w(s, ·) is L 2-orthogonal 
to Span { e0 , ... , en} on sn-l, then w = 0. 

Proof: Again, if w is a solution of LTw = 0, then 
2-n 

v := lp~ w 

solves £Tv = 0. We consider the eigenfunction decomposition of v 

v = L Vjej. 
j::O:n+l 

Step 1 Multiplying the equation £Tv = 0 by tp~ Vj ej and integrating by parts 
over (s1, s2) X sn-I, we obtain the identity 

(4.4) J tp~- 2 (8svj) 2 + Aj J tp~-2vJ = n J tp~vJ + n(n- 1) T 2n J tp;nvJ 

where all integrals are understood over (s1, s2). 

Step 2 Recall that 

(4.5) 

where & = 1 if T > 0 and & = -1 if T < 0. Multiplying this identity by tp~-4 vJ 
we get 

(4 6) J n-4 (8 )2 2 J n-2 2 J n 2 2n J -n 2 2 1 In J 2 . tpT s'PT vj = tpT vj- tpT vj -T . tpT vj- & T vj. 
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Step 3 Differentiation of ( 4.5) yields 

as ( y~-3 asYT) = ( n- 2) yn-2 + (1 - n) y~ + T 2n !.p;n - ( n - 2) L I Tin 

We multiply this equality by vJ and integrate the result over (st, s2). Using 

Cauchy-Schwartz inequality, we get 

(n- 2) J !.p~- 2 vJ + (1- n) J !.p~ vJ + T 2n J !.p;n vJ- (n- 2) L ITin J vJ 
1 1 

::::: 2 (! y~-2 ( 8sVj ) 2) 2 (! y~-4 ( 8sYT ) 2 vJ) 2 

The sum of the last equation multiplied by n - 2, the former equation 

multiplied by n2 - 2n + 2 and (4.4), yields 

(>.j- 2n + 2) J !.p~- 2 vJ + n2 LIT In J vJ + 2n J !.p~- 4 (8si.PT )2 vJ 

+ ( (! ,;-' (D,v1 ) 2 ) l - ( n 2) (! 'P~-4 (fJ,cpT )2 vJ) l )' <; 0 

When T > 0, it is enough to use the fact that Aj 2: 2n for all j 2: n + 1, to 

conclude that Vj = 0. 

Step 4 In the case where T < 0, the last inequality together with the fact that 

Aj 2: 2n, imply that 

2 J !.p~-2 vJ ::; n21Tin J vJ. 
If Vj were to be non zero, this would imply that 

. (n21Tin) n~2 A:=mfrn < --rT- 2 

However, it follows from (4.5) that the minimum of YT is the unique positive 

solution of the equation 
IT In A2-n =A+ A2 

Therefore, this would imply that 
1 2 

2 (n21Tin) n-2 (n21Tin) n-2 

n 2 ::; -2- + -2- ' 

which is clearly not true if ITI is chosen small enough. This completes the 

proof of the result. D 
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Remark 4.1. In the forthcoming analysis, we agree, reducing IT* I if necessary, 

the constant T* < 0 is chosen so that 

2 inf <p~- 2 - n 2 IT In > 0 

for all T E [T*,O). 

A closer look at the proof of the previous result shows that we have also 

proven the: 

Proposition 4.5. Assume that j 2:: n + 1 and T E [T*, 0) U (0, T*] are fixed. 

Let w be a solution of 

Proof: We argue by contradiction and assume that the result is not true. 

There would exists SJ and .52 E (s1, s2) such that 

Lr,j W 2:: 0 

We now apply the strategy of the proof of the previous result. The only 

difference being that the equality ( 4.4) now becomes the inequality 

I <p~-2(8sw)2 + Aj I <p~-2w2 ::=;; n I <p~w2 + n(n- 1) T2n I <p-;nw2 

In any case, this is enough to conclude that w ::=;; 0 in ( s1, s2). D 

The next result mainly states that an exponentially decaying solution of the 

homogeneous problem Lr,j w = 0 does not change sign, provided j 2:: n + 1. 

Proposition 4.6. Assume that T E [T*, 0) U (0, T*] and S E lR are fixed. Let 

w be a solution of Lrw = 0 in (S, +oo) X sn- 1 with w = 0 on { S} X sn- 1 . 

Further assume that w decays exponentially at +oo and that, for each s 2:: S, 

the function w(s, ·) is L 2 -orthogonal to Span{ eo, ... , en} on sn-l. Then w = 0. 
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Proof: The proof of this result is identical to the proof of Proposition 4.4, 

though we now have to justify all the integrations by parts. But w is assumed 

to decay exponentially at +oo and, by standard elliptic estimates, this is also 

the case for 08 W and this is enough to justify all the integrations by part. D 

As a by product of the proof of Proposition 4.4 Step 3, we have the 

Lemma 4.1. If v is defined in (s1, s2) and is a solution of 

.C7 (vej) = 0 

where 

h := r.p~-2 v 08 V + ( n - 2) r.p~-3v2 08 (/Jn 

and where ~, = 1 when T > 0 and t, = -1 when T < 0. 

We end this section with the : 

Proposition 4.7. Assume that T E [r*, 0) U (0, r*] and that w is a bounded 

solution of LT w = 0 in lR X sn-1 . Further assume that, for all s E IR, the 

function w(s, ·) is L 2 -orthogonal to Span{ eo, ... , en} on sn-1 . Then w = 0. 

2-n 

Proof: As usual, we consider the eigenfunction decomposition of v := r.p~ w 

as 

v(s, 0) = L Vj(s) ej(B), 
j2:n+1 

Let us first show that l vJ(s) ds < +oo 

for j 2:: n + 1. Indeed, we apply the result of Lemma 4.1 to get 

(>.j- 2n + 2) js r.p~-2 vJ + n2 t, lrln js vJ ::; h(S)- h( -S), 
-S -S 

where 
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Thanks to the choice of T and j, we have 

(,\j- 2n + 2) inf cp~- 2 + n2 ~ ITin > 0 

Hence we conclude that 

l:vJ ::=; c(h(S)- h(-S)). 

for some constant c which only depends on T and j. 

55 

Since Vj is bounded, we also get that 05 Vj is a bounded function. There

fore, the right hand side of the last inequality is bounded independently of S. 
Passing the limit as S --+ +oo, we conclude that Vj E L 2 (IR.). In particular, 

there exists a sequences of real numbers (ai)i (resp.(th)i) which tends to -oo 
(resp. +oo) and for which 

.lim Vj(ai) = .lim Vj(Pi) = 0 
t->+oo t->+oo 

Again, we use the result of Lemma 4.1 to get 

1·{'3; . vJ ::=; c (h(f3i)- h(ai)), 
()::'l 

and we pass to the limit as i --+ +oo to conclude that Vj = 0. This completes 

the proof of the result. D 

Observe that the explicit knowledge of some Jacobi fields yields some infor

mation about the indicial roots of the operator LT. Indeed, since the Jacobi 

fields <P~±, described in subsection 3.2, are at most linearly growing, the as

sociated indicial roots are all equal to 0. Hence we conclude that 

rj(T) = o, 
for j = 0, ... , n and for all T E ( -oo, 0) U (0, T*]. The situation is completely 

different when j 2: n + 1 since if T E [T*, 0) U (0, T*] then, 

rj(T) > o. 
To prove these, we argue by contradiction and assume that /j ( T) = 0 for some 

j 2: n + 1 and some T E [T*, 0) U (0, T*]. The discussion of section 3 shows that 

the homogeneous problem LT,j w = 0 admits at least one nontrivial periodic 

solution. However, since we have assumed that j 2: n+1, this would contradict 

the result of Proposition 4.7. These prove the two first part of the Theorem. 
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5. THE LIMIT OF THE INDICIAL ROOTS AS T TENDS TO 0 

We show that, as T tends to 0, the indicial roots "/j ( T) remain bounded from 

below by any constant less than 8j. This result relies on a precise estimate of 

the potential which appears in the expression of £ 7 . 

Lemma 5.1. Given 7J > 0, there exists To > 0 and so > 0 such that for all 

T E (-To, 0) U (0, To), we have 

n(n + 2) 2 n(3n- 2) 2n 2-2n 
4 i.pT + 4 T i.{Jy ~ 7] 

in [so, s2- so] U [ 82 + so,sT- so]. 

Proof: It follows from the result of Lemma 2.2 that, as T tends to 0 : 

• the sequence of functions T 2n <p;_- 2n converges, uniformly on compact 

sets, to the function s -----+ cosh(~-l)s, 
• the sequence of functions <p7 converges, uniformly on compact sets, to 

0, 
• the sequence of functions T 2n <p;_-2n( · + 82) converges, uniformly on 

compact sets, to 0, 

• the sequence of functions <p7 (· + s2) converges, uniformly on compact 

sets, to the function s -----+ co;h s. 

Given 7] > 0, we fix so > 0 so that 

n(n+2) 1 14 d ---'----'-- --,---- < 7J an 
4 coshso -

n(3n- 2) 1 4 ----'----,-----'- -~------:---:- < rJ I . 
4 cosh((n- 1) so) -

Next, we use the converge properties stated above, to fix To > 0 such that 

n(n + 2) rn2 (sT -so) < '!!. and n(3n- 2) T2n rn2-2n(so) < '!!. 
4 'I'T 2 - 2 4 'I'T - 2 

for all T E (-To, 0) U ( 0, To). Recall that the function s -----+ oA s) is monotone 

increasing in [0, 82]· Hence, we conclude that 

n(n 4+ 2) ~.p2 (s) ~ 7]/2 for all s E [0, s; -so] 

and 

for all s E [so, 8;]. 
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This yields the estimate in the set [so, 82 -so]. Finally, a similar analysis gives 
the estimate in [82 +so, sT- so]. D 

We now prove that, provided j 2: n + 1, the indicial roots /j ( T) remain 
bounded from below by any constant less than Oj as T tends to 0. 

Proof: The fact that /j(T) > 0 for j 2: n + 1 and T E [T*,O) U (O,T*]already 
ensure that there exists a function v solution of 

£T(vej)=O, 

which decays exponentially at +oo. Applying the result of Proposition 4.6, we 
see that v does not vanish, hence we may well assumed that v is normalized 
so that 

v(O) = 1. 

Step 1 Using the result of Lemma 4.1, we see that 

(>.j- 2n + 2) 1+oo cp~-2 v2 + n2 L ITin 1+oo v2 :S: -h(s), 

for all s, where we recall that 

h := cp~- 2 V asV + (n- 2) cp~- 3 V2 aScpT. 

Hence 

h(s)<O. 
And this implies that 

as ( cp~- 2 v) < 0. 

In particular, using the fact that the function aT and hence the function cpT 
are increasing on [0, sT /2], we conclude that the function 

n-2 

w := cp~ v 

is decreasing in [0, sT /2]. We even have 

asw < 0 

in this set. Recall that the function w is a solution of LT,j w = 0. 

Step 2 Assume that TJ > 0 is fixed. We fix so and To as in Lemma 5.1, so that 

n(n + 2) 2 n(3n- 2) 2n 2-2n 14 4 cpT + 4 T cpT ::; TJ 
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on [so, 82 -so], for all T E (-To, 0) U (0, To). To simplify the notations, we set 

So:=·~- so and {Jj := J6J- rJ/4. 

We denote 

Q . ·- 52 _ n(n + 2) 2 _ n(3n- 2) 2n 2_ 2n 
J,T .- j 4 I.(JT 4 T I.(JT ' 

By assumption, 

Qj,T > !3] 
over [80 , S0]. We choose a, bE IR. such that the function 

w := aef3js + be-f3]s 

agrees with w at 8 = 8o and 8 =So. Namely 

w(So) = w(So) and w(so) = w(8o). 

We find explicitly 

w(So)ef3]So- w(so)ef3]so 
a=~~~~--~~----

c2/3j So _ e2f3j so and 

Since Qj,T > f3] over [8o, So], we see that 

a; ( w - w) - !3] ( w - w) :::; o 
in [so, So] and (w- w)(8o) = (w- w)(So) = 0. The maximum principle then 

implies that w:::; won [so, So]. 

We claim that 
w(So) :S 2w(so)c-f3j(So-so). 

Indeed, we have shown that the function w is strictly decreasing over [0, sT /2], 

hence w(So) < w(so) and this implies that b > 0. 

Without loss of generality, we may as well assume that 

w(So) > w(so) e-f3;(So-so). 

Otherwise there is nothing to prove. Under this assumption, we have a > 0 

and also bE (0, w(80 )ef3J 80 ). Still using the fact that the function w is strictly 

decreasing on [0, sT /2], we find that 

w(So) = inf w :::; inf w 
sE[so,So] sE[so,So] 
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But, a and b being positive, the infinium of w over lR is achieved at the point 
Srn > so which satisfies e2f3Jsrn = b/a (observe that sm > so since w(So) < 
w (so)). First we rule out the case sm < S0 . Indeed, if this were the case 
then we would have w(So) < w(srn) = 2VOJ;. Introducing in this inequality the 
expression for both a and b we find that 

(w(So) cosh(,6j(So- so))- w(so)) 2 < 0, 

which is not possible. Therefore we always have Sm 2:: So and this implies that 

a= be-2(3Jsm::; be-2(3jSo_ 

In particular we obtain 

w( So) ::; w( So) = a e(3J So + b e -(3JSo ::; 2w( so) e -(3J (So-so). 

This completes the proof of the claim. 

The function w being decreasing on [0, s7 /2], we conclude that 

w(s7 /2) ::; 2 w(so) e-(3J(So-so) ::; 2 w(O) e-(3j(So-so). 

Since, s7 tends to +oo as T tends to 0, reducing ITI if this is necessary, we can 
assume that 

where 

Hence, we conclude that 

(5.1) 

provided T is chosen small enough. 

Step 3 We claim that, provided T is chosen small enough, the function w is 
decreasing in [s7 /2 +so, s7 - so], for some suitable choice of so 2:: so. Recall 
that wand Qj,r are strictly positive in [s7 /2 +so, s7 - so]. Hence 

a;w > 0 

i.e. w is strictly convex in this set. Observe that, for all s E lR 
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since the difference between these two functions vanishes at s = 0 and is ex
ponentially decaying, hence this difference is identically equal to 0 by Propo

sition 4.6. This implies that w is strictly decreasing over [sn 3s7 /2]. 

Case 1 We now rule out the case where, for some sequence ofT tending to 0, 

the function w is strictly increasing in [s7 /2 +so, s7 - so]. Assume that this 

is the case. Then the function w is increasing over [s7 /2 +so, s7 - s0 ] and is 

decreasing on [sn3s7 /2]. Hence the maximum of won [s7 /2 + so,3s7 /2] is 
achieved at a point s; E [s7 - so, s7 ]. We define 

A()·- w(s+s;) 
w s .- ( ) 0 w s; 

The sequence of functions w is bounded on compact sets and solves an ho
mogeneous ordinary differential equation. Hence the derivative of w is also 

bounded on compacts and by Ascoli's theorem, we can extract a subsequence 

which converges, as T tends to 0, to w*, a nontrivial bounded solution of 

L1 (w* ej) = 0, 

in R However, the result of Proposition 4.2 shows that w* = 0, which is a 

contradiction. 

Case 2 It remains to consider the case where, for some sequence ofT tending 

to 0, the function w has a local minimum in [s7 /2 +so, s7 - s0], say at a point 

s;. If s7 - s; tends to +oo, as T tends to 0, then, the function w being convex 

on [s7 /2 +so, s7 -so], this implies that w is increasing over [s;, s7 - so] and 
we can argue as in Step 1 to rule out this possibility. 

Therefore, the sequence s7 - s; tends to some positive constant, taking s0 to 

be the supremum of all such constants, we have shown that w is decreasing in 

[s7 /2 +so, s7 -so]. Which completes the proof of the claim. 

Arguing as in the last Step 2, we get 

(5.2) w(sT- so)::; w(s7 /2 +so) e-,Bi("T+so)_ 

It is an easy exercise to show, using the positivity of w, that there exists a 

constant c > 0 independent of T such that 
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(5.3) w(.s7 /2 +.so):::; cw(.s7 /2) and w(.s7 ):::; cw(.s7 - .so). 

Collecting (5.2), (5.3) and reducing the range of T if this is necessary, we 

conclude that 
w(.s7 ) :::; w(O) e-r3jsT, 

where we have set ~1 = J o] - r7. This inequality implies that 

rj(T) ~ ~1 
for all T small enough. D 

As a by product of the previous result, we get the : 

Corollary 5.1. As.mrne that j ~ n + 1 and T E ( T*, 0) U (0, T*). There exists 

a unique solution of 

LT,jW = 0 

in (0, +oo) with w(O) = 1, which satisfies 

(5.4) 

for some constant c > 1 

~e-ljs:::; w(s):::; ce-1J 8 

c 
depending on T. 

We end this chapter by proving that the indicial roots are increasing as a 

function of Aj. 

Corollary 5.2. There exist.s To > 0 such that, for all T E (-To, 0) U (0, To), 
we have 

if AJ+1 > Aj and j ~ n + 1. 

Proof: Assume that j ~ n + 1 and that Wj is the exponentially decreasing 

function defined in Corollary 5.1 for L7 ,j. Given 0 E IR, we compute 

LT,j+1 w}+O = (>.j- Aj+!) w}+O + 0 (1 + o) (8swj) 2 wJ- 1 + 0 wJ a_;wj. 

The function Wj being positive, and a solution of L7 ,j Wj = 0, there exists a 

constant c > 0 (independent of ITI small enough) such that 

l8.;wjl + l8swjl :S CWj. 
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in (0, +oo ). Choosing 8 > 0 small enough, we conclude that 

L 1+8 0 
T,j+l wj < 

in (0, +oo ). 

In particular, the function wJ+8 is a supersolution and this, together with 

the result of Proposition 4.5, implies that Wj+I the exponentially decaying 

function defined in Corollary 5.1 for L7 ,j+l, satisfies 

< 1+8 Wj+I _ wj . 

Hence 

/'j+l(T) ~ (1+8)/'j(T), 

and the proof of the result is complete. 
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