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ON WEAK SOLUTIONS OF A SYSTEM OF 
ONE-DIMENSIONAL NONLINEAR THERMOELASTICITY 

MESSAOUD! A. SALIM 

ABSTRACT. In [7], we considered a model of nonlinear thermoelasticity and 

showed that classical solutions blow up in finite time. In this paper we study 

the same model, with a linear elastic response function, and establish a local 

existence result of weak solutions. 

INTRODUCTION 

In the absence of external forces and heat supply the evolution equations, 
governing the motion of a homogeneous one-dimensional thermoelastic body 

occupying an interval I in a (fixed) reference configuration, take the form 

(1) uu(x, t) 

et(x, t) 

O"x(x, t) 

O"(x, t)Uxt(x, t) - qx(x, t), x f. I, t 2:: 0, 

where u is the displacement, O" is the stress, e is the internal energy, q is the 

heat flux, a subscript denotes a partial derivative with respect to the relevant 

variable, and a dot denotes a time derivative. 

A thermoelastic material is characterized by constitutive relations of the 
form 

(2) O"(x, t) = a(ux(x, t), T(x, t)) 

e(x, t) 

q(x, t) 

e(ux(x, t), T(x, t)) 

q(ux(x, t), T(x, t), Tx(x, t)), 
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where T, the absolute temperature, and the deformation gradient satisfy 

Ux>-1,T>0. 

The second law of thermodynamics is used to obtain restrictions on the func
tions a, e, q. In particular we have the compatibility relation 

(1) ec:(c, T) = a(c, T)- T CJy(c, T), V c > -1, T > 0 

and the heat conduction inequality 

(2) g · q(c,T,g)::; 0, Vc T > 0, g E IR. 

The idea of using the second law of thermodynamics to restrict the constitutive 
relations is due to Coleman and Noll [1] then to Coleman and Mizel [2]. (see 

the book by Day [5] for more information). 

Global existence and formation of singularities in classical, as well as, in 
weak solutions for nonlinear problems have attracted a broad interest of re
searchers. Slemrod [13], in 1981, established global existence and decay of 
solutions to certain initial-boundary value problems. His proof made a crucial 
use of Poincare's inequality; which makes his result unextendable to problems 
with unbounded intervals. To overcome this difficulty, Hrusa and Tarabek 
[6], in 1988, combined some of Slemrod's estimates, that remain valid for un
bounded intervals, with additional ones that exploit relations associated with 
the second law of thermodynamics and established a global existence and a 
decay result to the Cauchy problem. Zheng and Shen [15], [16] discussed a 
class of a quasilinear hyperbolic-parabolic systems, of which the system of 

thermoelasticity is a special case. They used Fourier analysis together with 
some weighted estimates to establish global existence and to obtain a precise 
decay of the solution of the Cauchy problem. 

In the case of large initial data, one should not expect global existence. 
In fact, the work by Coleman and Gurtin [3] on the growth and decay of accel
eration waves in one-dimensional nonlinear thermoelasticity provides a strong 
indication that the damping effect of the heat diffusion restrains waves with 
small amplitude, however the nonlinear elastic response destabilizes waves with 
large amplitudes. For specialized constitutive relations, Defermos and Hsiao 
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[4] showed that classical solutions to the Cauchy problem blow up in finite 

time if the initial data are taken small enough in DX) norm with large enough 

gradients. As they pointed out, their relations are not compatible with ther

modynamics. Also these relations are not fully coupled and they don't satisfy 

the global existence conditions. In 1989, Hrusa and Messaoudi [7] studied 

a special class of nonlinear thermoelastic materials and considered equations 

similar to those studied in [4] and proved a blow up result to the Cauchy 

problem. Their relations are fully coupled and totally compatible with ther

mdynamics; in particular they satisfy the assumptions of the global existence 

established by Hrusa and Tarabek [6] and Jiang [8]. Similar to [6], Hrusa and 

Messaoudi also exploited a relation associated with the second Law of thermo

dynamics to prove their blow up result. FUrthermore in the one-dimensional 

case, Tarabek [14] considered a system of nonlinear thermoelasticity, where the 

heat conduction is given by Cattaneo's Law, and established a global existence 

theorem, for small and smooth initial data, to the Cauchy problem. His proof 

is based on the use of the classical energy method. In the other hand, Saouli 

[12] used the nonlinear semigroup theory to prove a local existence result to 

a system close to the one considered in [14]. Concerning weak solutions, Mes

saoudi [11] studied a semilinear system and showed that the solution blows up 

in finite time if the initial data satisfy certain assumptions. This result has 

been improved latey by Kirane and Tatar[9]. 

In this article, we are concerned with the system (1.1) together with 

the constitutive relations1 of the form 

iT(ux, T) = aux + d + {3(T- T) 

(3) 
A 1 2 - -
e(ux,T) = 2 aux +dux+ c(T- T)- {3Tux 

ij(ux, T, Tx) = -KTx, 

a, d, c, {3, K, T are constant satisfying 

(4) a,c,K,T > 0. 

By introducing the difference temperature 

() := T-T, 

1 These relations are fully compatible with the second law of thermodynamics. 
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thP- system (1.1) takes the form 

(5) 

(6) 

uu(x, t) 

cOt(x, t) 

X 

aUxx(x, t) + f30x(x, t) 

K,Oxx(x, t) + {3TUxt(X, t) + {30(x, t)Uxt(X, t) 

E I= (0, 1), t E [O,to), to> 0. 

We associate with the system (1.7), (1.8) the initial data and the boundary 

conditions 

(7) 

(8) 

u(x, 0) 

u(O, t) 

uo(x), Ut(x,O) = u1(x), O(x,O) = Oo(x), x E I 

u(1, t) = 0, 0(0, t) = 0(1, t) = 0, t E [0, t0 ). 

In order to state our result, we shall assume that 

(9) 

where 

(10) X2 := H2(I) n H{j(I), X1 := H{j(I), Xo := L2(I). 

Theorem 1. Assume that a,K,,c,T satisfy (1.6} and let uo,u1,0o be given 

and satisfying (1.11). Then the initial-boundary value problem (1. 'l) - {1.10} 

has a unique local 1weak' solution ( u, 0) defined on a maximum time interval 

[0, t"), t":::; to ,with 

2 

u E n Wa,+oo([O, t"); X2-a) 
a=O 

(11) 0 E L00 ([0, t"); X2) 

0 E L00 ([0, t"); Xo) n L2([0, t"); X1). 

To prove our result, we need to solve a related linear problem, get 
estimates on the solution, and then use these estimates to solve the nonlinear 

problem. 
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(1) 

(2) 

(3) 

(4) 

2. LINEAR PROBLEM 

We consider the following linear problem 

uu(x, t) = 

cOt(x, t) = 

u(x,O) = 
u(O, t) 

aUxx(x, t) + f30x(x, t), X E I, t E [0, to) 

K.0xx(x, t) + {3TU:xt(X, t) + b(x, t)Uxt(X, t) 

uo(x), Ut(x,O) = u1(x), O(x,O) = Oo(x) 

u(1, t) = 0, 0(0, t) = 0(1, t) = 0, 

where a, c, {3, K, T are constants satisfying (1.6) and b such that 

b E L00 ([0, to); H 2(I)) 

(5) b E L00 ([0, to); L2(I)) n £ 2 ([0, to); H 1(I)). 

:n 

In addition to existence, uniqueness, and regularity, we need to establish 
an estimate on the solution. For this purpose we define 

(6) 

where 

(7) 

c(t) := 
2 

"""' (a) 2 2 · 2 L.--11 u (., t)ll2-a + IIO(., t)ll2 + 110(., t)llo, tE [0, to) 
a=O 

2 

co:= L lluaiiLa + IIOoll~ + IIOIII5, 
a=O 

u2(x) := 

01(x) := 

au~(x) + {30~(x) 
KO"() {3T+b(x,O) '() 
- OX + u 1 X, c c 

X E I 

Remark 2.1 With such definitions, it is easy to verify that co = c(O). 

We also set 

(8) B = max lib(· t)ll~ + max lib(· t)ll5 
099o ' 099o ' 

rto . 2 
+ lo llb(·,t)IIIdt. 
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Theorem 2. Assume that (1.6}, (2.5} hold and let uo,ubOo be given and 

satisfying {1.11} then the initial-boundary value problem (2.1} - (2.4} has a 

unique 'weak' solution ( u, 0) satisfying ( 1.13). Moreover we have the estimate 

(9) c-(t) +lot lo1 W~:t(x, s)l2dxds :S fc-o + k lot c-(s)ds, t E [0, t0 ), 

where r is a generic positive constant depending only and continuously on 

a, c, K, T and k is a constant depending solely and continuously on a, c, K, T, B. 

To prove this theorem, we begin by establishing a lemma that gives an 

existence result under a stronger smoothness assumption on b. Precisely, we 

assume that 

(10) 

Lemma 2.1 Assume that (1.6}, (2.10} hold and let uo, u1, Oo be as in theorem 

2. Then the initial-boundary value problem (2.1}- (2.4} has a unique solution 

( u, 0) satisfying 
2 

u E n wa,+oo([O, to); X2-a) 
a=O 

(11) 0 E D;o([O, to); X2) 

iJ E L00 ([0, to), L2(I)) n £ 2 ([0, to); X1). 

Proof. We take a formal partial derivative with respect to t, of the equations 

(2.1), (2.2), to get 

(12) u (x, t) 

(13) cO(x, t) 

- aitxx(x, t) + f3Bx(x, t) 

K0xx(x, t) + {3Tilx(x, t) + b(x, t)ux(x, t) + b(x, t)ux(x, t) 

and proceed to prove the existence of a 'weak' solution (u, 0) by applying 

Galerkin, method to the equations (2.12), (2.13) together with the boundary 

conditions (2.3) and the initial conditions 

(a) (P) 
(14) u (x, 0) = Ua(x), a= 0, 1, 2; 0 (x, 0) = Op(x); {3 = 0, 1. X E I, 

where U2 and 81 are defined in (2.7). 
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Let {vm}:_'=1 be a basis of HJ and Vm be the finite dimensional sub
space spaned by {VI, v2, ... vm}. It is clear that Vm C Vm+l, Vm = 1, 2, ... We 
approximate the solution ( u, 0) by functions lying in these subs paces and hav
ing the forms: 

m m 

(15) um(x, t) = L~i(t)vi, om(x, t) = L 'f/jVj 
i=l j=l 

which satisfy 

(3) 
(16) (um (., t), vk) = a(ur:x(., t), vk) + {3 < i/;(., t), vk) 

(2) 
c(Om (., t), Vk) = K(ff;;x(., t), Vk) + {JT(u';(., t), Vk) 

(17) +(h(.,t)u:x(.,t),vk) + (b(.,t)u:x(.,t),vk) 
(a:) 

(um(.,O),vk) - (uo:,vk),a=0,1,2 
((3) 

(18) (Om (., 0), Vk) = (0(3, Vk), {3 = 0, 1, k = 1, 2, ... m 

where , ) : H-1(0.) x HJ(O.) --+ 1R is the duality parring. The standard 
theory of linear ordinary differential equations guarantees the existence of ei, "lj 

such that ( um' om) given by (2.15) satisfies (2.16) - (2.18) for each m = 1, 2, ... 

(2) ·m 
We then substitute Vk by um in (2.16) and by 0 in (2.17), integrate 

over [0, t), using integration by parts, and add equalities to obtain 

~llir(·t)116 + ~~~u~(·, t)116 + ;lltr(-,t)ll6 +; J.' t 10:: (x, 7)1 2 
dxdT 

= ~llum(·, 0)115 + ~llu';(·, 0)115 + 2~111Jm(·, 0)115 

(19) 

1 lot lol. ·m += b(x, r)u';(x, r)O (x, r)dx dr 
T o o 

_ 1 ft r b:x(x, r)um(x, r)iJm(x, r)dx dr 
T lo lo 

- 1 ft r b(x,r)um(x,r)iJ';(x,r)dxdr. 
T lo lo 
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By exploiting (2.10), young's inequality, Gronwall's inequality, and the rela

tions 

(20) um(x, t) = um(x, 0) +lot ir(x, r)dr 

em(x, t) em(x, o) +lot iJm(x, r)dr, 

we conclude that (urn) is bounded in W2•+00 ([0, to]; Xo)nW1·+oo([O, to]; X1) and 

(Om) is bounded in W1•+00 ([0, to]; Xo) n W1·2 ([0, to]; X1). Therefore we extract 

subsequences (still denoted urn, em) which converge weakly and weakly * in 

these spaces to a limit ( u, 0). By using the appropriate test functions, we easily 

conclude that ( u, 0) is a weak solution of (2.12) - (2.14); hence a solution of 

(2.1)- (2.4), by virtue of (1.11) and (2.7). For the·desired regularity of (u,O), 

we use the system (2.1), (2.2). Thus (2.11) is established. 

Lemma 2.2 Assume that {1.6}, {2.10} hold and let uo,u1,0o be as in theorem 

2. Then the solution ( u, 0) of (2.1} - (2.4} is unique within this class of 

functions and has the additional estimate {2.9}. 

Proof. To establish the estimate (2.9), we introduce the operator 

(21) ~hW(x,t) :=W(x,t+h)-W(x,t), 'v'tE[O,to), 'v'hE(O,to-t), 

and apply it to the equations (2.1), (2.2). We then multiply the resulting 

equalities by ~hut and ~he respectively, integrate over I x (0, t), use integra

tion by parts, add equalities, divide by h2, and finally let h go to zero. We 

thus obtain 

(22) c lnl 1 lot lnl +-= Oi(x)dx- = b(x,s)uu(x,s)Oxt(x,s)dxds 
2T o T o o 

1 lot lol 1 lot lol -= bt(x, s)f..Lxt(x, s)Ot(x, s)dx ds-= bx(x, s)utt(x, s)Ot(x, s)dx ds. 
T o o T o o 
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By combining (2.22), young's inequality, the relations 

Ut(x, t) u1(x) +lot Utt(x, s)ds, 

(23) u(x, t) = uo(x) +lot Ut(x, s)ds, 

O(x, t) Oo(x) +lot Ot(x, s)ds, 

and the equations (2.1), (2.2), we obtain bounds on (u, 0) in higher order 
spaces. The estimate (2.9) is then established. and the uniqueness follows 
easily from (2.9) and Gronwall's inequality. 

Proof of theorem 2. We approximate2 b by a sequence {bn} in 
C1([0, t0 ); H 2(I)) such that 

(24) bn ~ b in £ 00 ([0, to]; H 2(I)) 

bn ~ b in L 00 ([0,t0 ];L2 (J)) nL2 ([0,t0 ],H1 (I)) 

and consider the approximating problems 

(25) 

(26) 

u~(x, t) 

c()~(x, t) 

un(o, t) 

un(x,O) 

au~x(x, t) + f30~(x, t) 
K.O~x(x, t) + {3T u~t(x, t) + bn(x, t)u~t(x, t) 

= un(1, t) = 0, on(o, t) = on(1, t) = 0 

= uo(x), u~(x,O) = u1(x), on(x,O) = Oo(x). 

By applying Lemma 2.1 to the set of problems (2.25), (2.26), we obtain a 
sequence of solutions satisfying 

2 

{un} is bounded in n Wa1+oo ([0, to], X2-a) 

(27) {On} is bounded in L00 ([0, to]; X2) 

{it} is bounded in £ 00 ([0, to]; Xo) n £ 2 ([0, to]; X1). 

We then extract a subsequence ( still denoted { un, on}) which converges 
weakly and weakly *, in these spaces, to a limit ( u,O). By using the right test 
functions we easily verify that the limit (u,O) satisfies (2.1)- (2.4). 

2 This kind of approximation can be easily done by extension over the domain 
[-to, 2to] and regularization in the usual way ( See Lions [10]) 
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3. QUASILINEAR PROBLEM 

In this section, we prove theorem 1 by using theorem 2 and an iteration 

scheme. To achieve this goal, we introduce. the set W(M, to) which consists of 

all ( v, c.p) satisfying 

(1) 

2 

v E n wa,+oo([O, to]; X2-a) 
a=O 

c.p E L00 ([0, to]; X2) 

cpE L 00 ([0, to]; Xo) n £ 2([0, to]; X1) 

v(.,O) = uo,vt(·,O) = Ut, c.p(·,O) = Oo 

{ 
2 ( ) } 

0~~fto ~II ~ (·, t)IILa + llc.p(·, t)ll~ 

+ foto foll £Px (x, t)12dx dt :S M2' 

for M and to to be chosen suitably. 

Remark 3.1 W(M, to) is nonempty, if M is sufficiently large. This follows 

from the trace theorem (see [9]). 

We equip W(M, to) by the complete3 metric 

p2((u, 0), (u, 71) = max (llu(·, t)- u(·, t)ll~ + llut(·, t)- 'Ut(·, t)ll~ 
O:::;t:::;to 

(2) + 110( ·, t) - 71(·, t) II~) + foto fol (Ox - 71x) 2 (x, t)dx dt, 

V(u,O),(u,71)E W(M,t0 ). 

Proof of theorem 1. For any (v, c.p) in W(M, to), we consider the linear 

problem 

Utt(X, t) = auxx(x, t) + f30x(x, t), X E I, t E [0, to) 

3 The completeness of the metric p follows from weak and weak * precompactness of 

bounded sets in £ 2{[0, to]; D2{1)) and L00 {[0, to]; £ 2 (1)) respectively and sequential weak 

lower semicontinuity of norms in these spaces.(See [13]) 
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(3) 

(4) 

cBt(x, t) 

u(O, t) 

u(x,O) 

KBxx(x, t) + f3(T + cp(x, t))Uxt(X, t) 

= u(l, t) = 0, 0(0, t) = 0(1, t) = 0 

- uo(x), Ut(x,O) = u1(x), B(x,O) = Bo(x), 

37 

By applying theorem 1, the problem (3.3) 1 (3.4) has a unique solution satisfy
ing the estimate (2.9). We then define the mapping I, which takes (v, cp) into 
the solution (u,B) of (3.3), (3.4) and show that I maps W(M,t') into itself, 
for suitably chosen M and t'. To this end we use the a priori estimate (2.9) to 
choose M and t' so that 

hence (2.9) implies 

1 [t [1 M2 
(5) 2£ (t) + Jo Jo IBxt(x, s)l 2dx ds :S T, \;/ t E [0, t'), 

which gives in turn 

(6) c(t) +lot fo11Bxt(x,s)i2dxds :S M 2, \;ft E [O,t'). 

Therefore (u,B) E W(M,t'). 

Next we show, fort" sufficiently small, that I is a contraction. For this 
prupose we set 

u == u - u, v == v - v, 8 == o - e, <I> := cp - c:p, 

where 

(u, B) = l(v, cp), (u, 0) = l(v, cp). 

A simple computation shows that (U, 8) satisfies the following problem 

(7) Uu(x, t) = aUxx(x, t) + f38x(x, t) 

(8) c8t(x, t) = K8xx(x, t) + /3TUxt(X, t) + /3(</Juxt- "¢uxt)(x, t) 

(9) U(O, t)' = U(1, t) = 0, 8(0, t) = 8(1, t) = 0 
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(10) U(x, 0) = 0, Ut(x, 0) = 0, 8(x, 0) = 0 

By multiplying (3.7) by Ut and (3.8) by 8, integrating over I x (0, t), and 

adding equalities, we obtain 

11 11 c 11 Ul(x, t)dx +a u;(x, t)dx + = 8 2 (x, t)dx+ 
0 0 jr 0 

2K.lnt 11 2{3lnt 11 -+-=- e;(x,T)dxdT =-=- (qmxt- qifixt)8(x,T)dxdT 
Jroo Jroo 

2{3lt 11 2{3lnt 11 =-=- (¢Uxt8)(x,T)dxdT +-=- ('ilxt<I>8)(x,T)dxdT 
Jroo Jroo 

2{3lt 11 = --=- Ut(¢x8 + ¢8x)(x,T)dxdT 
jr 0 0 

(11) 2{3lt 11---=- Ut(<I>8x+<I>x8)(x,T)dxd, Vt E [O,t'). 
jr 0 0 

By using young's inequality, we arrive at 

::; rM 1 + -2 t' max IIUt(·, t)116 + c r r e;(x, t)dxdt { ( 
1 ) t' 1 

c: o::;;t::;t' lo lo 

( 1) t' 
+t' 1 + -2 max 118(., t)6 + -2 max II<I>(·, t)116 

c: o::;t::;t' c: O::;tSY 

t' 1 } +~ fo fo <I.>;(x, t)dx dt , V t E [0, t'), c: > 0. 

We then choose c: small enough so that rMc: = 1/2 and choose t" so that 

rMt" /2c: = 1/4. 

By carrrying all calculations, we get 

(12) 

This shows that f is a strict constraction. Therefore by the contraction map

ping therem f has a unique fixed point (u,O) in W(M,t"). Obviously (u,O) is 

the desired solution. 
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