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AN r-QUORUM QUEUEING SYSTEM WITH RANDOM 
SERVER CAPACITY AND IMPATIENT CUSTOMERS 

UNDER N-POLICY 

LOTFI TADJ, LAKDERE BENKHEROUF AND LAKHDAR AGGOUN 

ABSTRACT. The authors study a queueing system under N -policy char
acterized by a Poisson input, a delayed service, a random server capacity 
following an idle period, and two scenarios of impatient customers. An 
ergodicity condition and steady-state probabilities are derived for the 
discrete-time process using the embedded Markov chain technique, and 
for the continuous-time parameter process using semi-regenerative tech
niques. Various system characteristics are computed and illustrative 
examples are provided. 

1. INTRODUCTION 

An r-quorum queueing system is a queueing system where the service 
is delayed until at least r customers are present in the queue. N-policy 
discipline means that each time the system becomes empty the server 
waits until exactly N customers are available, then works until the system 
is again empty. Muh [5] combined for the first time N -policy and r

quorum models in a single model as follows: if at least r units are waiting 
in the queue at a service completion, then the server picks a batch of 
exactly r units and starts processing them immediately; otherwise, and 
if less than r units are in the queue at a service completion, then the server 
starts an idle period and resumes work taking a batch of r only when 
N(?:. r) have been accumulated in the queue. Muh used the embedded 
processes technique to obtain the system size at a departure epoch. 
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In the present paper we extend Muh's model by incorporating the 
following two features: 

(i) Random server capacity: We assume that following an idle period 
the server capacity becomes random and instead of serving exactly r 

customers, the server may pick a batch of any size randomly chosen 
between 1 and r. More generality is obtained by allowing the service 
time to depend on the size of the batch taken for service. 

(ii) Customer impatience: We take into account two scenarios of im
patience. The first scenario (scenario 1) happens when the queue length 
Qn is above r at a service completion. In this case and as we know, the 
server picks a batch of r customers, then some of the Qn - r unserved 
customers leave the system. The second scenario (scenario 2) occurs fol
lowing an idle period. In this case the server picks a random number of j 
customers ( 1 :::; j :::; r) and again some of the N - j unserved customers 
leave the system. 

Random server capacity following an idle period in a bulk service 
queueing system was for the first time studied by Dshalalow and Tadj 
[3]. The delayed service feature obviously reduces start-up costs and finds 
applications in transportation systems. The random server capacity is 
encountered in computer networks for instance. Customer impatience 
may represent items deterioration in an inventory system. Our model 
presents characteristics that need not be all present in the same real-wqrld 
situation, however, it generalizes many special cases widely considered in 
the literature. 

Section 2 describes the model and the notation. Sections 3 and 4 con
sider the discrete and continuous time versions of the queueing process, 
respectively. In each case a necessary and sufficient condition for ergod
icity is established, steady-state probabilities are derived and illustrative 
examples are provided. 
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2. MODEL AND NOTATION 

We study a queueing model with a single server and an infinite waiting 
room. The service discipline is FIFO. The arrival process is an orderly 
stationary Poisson process with fixed rate ,\ > 0. We are interested in 
the system size {Q(t)} at an arbitrary instant of timet ~ 0. Defining 
Q(t) as a right continuous process, let Qn = Q(T;t), n = 0, 1, ... , where 
{Tn} represents the completion time of the nth service. 

If Qn < r, the server waits for the queue to accumulate to N, then 
takes Cn+l = j (j = 1, ... , r) customers for service. We assume that { Cn} 
forms a sequence of iid random variables with 'Yi = P{c1 = j}. The 
service time in this case is distributed according to a general distribution 
function Bi depending on the batch taken for service and having a finite 
mean bj. Some of the unserved N- Cn+t customers may leave the system 
(scenario 1). Let /:!l. 1(N- Cn+t) be the number of customers who stay in 
the system and wait for the next service and denote by 

(2.1) 
J;N-j) = P{soutof(N -j)customersstay 

in thesystemiQn = i}, s = 0, 1, ... , N- j, 

(2.2) fN-1 = E[f::!l.t(N- j)IQn = i]. 

Define the probability generating function of /:!l.1 ( N - j) by 

N-j 

(2.3) fN-j(z) = L f~N-j)zs. 
s=O 

If Qn ~ r, the server takes r customers for service. The service time 
is general with distribution function B having finite mean b. Some of 
the unserved Qn - r customers may leave the system (scenario 2). Let 
/:!l.2 ( Qn - r) be the number of those customers who stay in the system 
and wait for the next service and denote by 

(2.4) 
g}i-r) = P{soutof (i- r) customers stay 

in thesystemiQn = i}, s = 0, 1, ... , i- r, 

(2.5) 
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For the probability generating function of ~2 ( i - r ), let M(;::: N) such 
that: 

t-r 

(2.6) g._ (z) = """g(i-r) zs r < i < M tr L....ts , __ ' 
s=O 

and 
(2.7) ( ) t-r · M 9i-r Z = Z , Z > . 
In other words, we assume a "stable impatience" of the customers begin
ning from the level M. This assumption is needed for analytical conve
nience. We may think of M as being so large that it will never be reached 
by the queue length. 

We recall that given a probability distribution function B, its Laplace
Stieltjes transform B* is given by: 

(2.8) B*(O) = fooo e- 11xB(dx),Re(O);::: 0, 

where Re(O) stands for the real part of B. 

3. THE PROCESS {Qn} 

3.1 Probability generating function of the system 

The process { Qn} is a Markov chain since 

(3.1) 

where Vn is the number of arrivals during nth service. Denote by P = 
(Pi, i 2 0) its steady-state probability vector, if it exists, by A its transi
tion probability matrix, and by A;(z) the probability generating function 
of the ith row of A, i 2 0. Then 

(3.2) A-( ) = { Lk=l fN-k(z)Fk(z)rk if i < r 
' z 9i-r(z)F(z) if i 2 r 

where fN-k(z) is defined by (2.3), 9i-r(z) by (2.6), 

(3.3) Fk(z) = B'k(>.- )..z), k = 1, ... , r, 
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(3.4) F(z) = B*()..- >.z), 

and Bk,(O),B*(O) are the Laplace-Stieltjes transforms of Bk and B re
spectively. Note that in the case i < r, Ai(z) is independent of i and 
consequently we suppress the subscript i and write A(z). 

It follows from (3.1) that A is a delta ~r,M-matrix. Delta matrices 
were introduced by Abolnikov and Dukhovny [1]. 

Definition 1 (Abolnikov and Dukhovny [1]). A finite or an infinite 
stochastic matrix A = ( aij; i, j ;::: 0) is called a ~m,n matrix, n ;::: m ;::: 1, 
if a;j = kj-i+m fori> n,j;::: i- m;a;j = 0 fori> n,j < i- m where 
{ ki, i ;::: 0} is a given probability mass function. 

Proposition 1 (Abolnikov and Dukhovny [1]). Let { Qn} be an irre
ducible aperiodic Markov chain with transition probability matrix A in 
the form of a ~m,n -matrix and let Ai( z) be the generating function of the 
ith row of A and I<(z) = 'E'f=o kizj. Then { Qn} is recurrent-positive if 
and only if 

(3.5) ~A;(z)l < oo,i = O,l, ... ,n, 
z=l 

and 

(3.6) 

Proposition 2 (Abolnikov and Dukhovny [1]). Under condition (3.6) 
the function zr - I< ( z) has exactly r roots that belong to the closed unit 
ball B(O, 1) = { z E C : liz II :S 1}. Those of the roots lying on the 
boundary 8B(O, 1) are simple. 

Now we formulate the main result of this section. 

Proposition 3. The Markov chain { Qn} is ergodic if and only if 

(3.7) p = >.b < r, 

where ).. is the rate of the Poisson process and b is the mean service time. 
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The genemting function P( z) of the components of vector P is given by: 

(3.8) 

and the (M + 1) unknown probabilities p0 ,pt, ... ,pM form the unique so
lution of the following system of ( M + 1) equation: 

M dk . 
(3.9) Ed k {Ai(z)- z'}PiZ = Zs = 0, k = 0, ... , ks- 1; s = 1, ... , S + 1, 

i=O Z 

r-1 M 

(3.10) E {r + J- i + -X(b- b)}pi + E {r + Yi-r - i}pi = r- p, 
i=O 

where 

(3.11) 

r 

(3.12) J = ElN-k/k, 
k=l 

z8 are the roots of zr- F(z) = 0 in the region B(O, 1) \ {1} with their 

multiplicities ks such that L~=l ks = r -1, and ZS+l = 0 is of multiplicity 
M + 1-r. 

Proof Ergodicity follows from Proposition 1. We easily check that the 
first condition is satisfied. Since F(z) = B*(>.--Xz), the second condition 
is equivalent to (3.7). Relation (3.8) is proved using P(z) = L~o Ai(z)Pi· 
To derive the system of equations (3.9)-(3.10), we rewrite relation (3.8) 
as: 

(3.13) 

The left-hand-side of the above relation is analytic in B(O, 1) \ {1} and 
therefore so is the right-hand-side. Now the denominator of the right
hand-side has r - 1 simple roots in B(O, 1) \ { 1} (Proposition 2) and 
therefore these roots are also roots of the numerator. Call them Zs, s = 
1, ... ,Sand let ks, s = 1, ... , S, be their respective multiplicities such that 
I:~=l ks = r- 1. Also let zs+l = 0 be the (S + 1 )th root, of multiplicity 
M + 1- r. These considerations yield system (3.9) of M equations with 
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M + 1 unknowns p0 , ••• ,PM· The last equation is equivalent to the identity 
P(1) = 1. Finally, uniqueness of {p0 , ... 1 pM} is proved as in Dshalalow 
and Tadj [3]. 

3.2 Examples 

1) Assume that B is exponentially distributed with parameter 1/ b. Then 
F(z) = [1 + p(1- z))-1. Take for example r = 3. Equation z3 - F(z) = 0 
is equivalent to 

(3.14) pz3 - z2 - z- 1 = 0, 

which has two simple roots, say z1 and z2 , that belong to the unit 
ball B(O,l) \ {1}. The denominator in the right-hand-side of (3.13) is 
zM-2(z3 - F(z). z3 = 0 is a root of multiplicity k3 = M- 2. To obtain 
P(z) explicitly, we need to derive p0 , ••• ,pM, which is done by solving the 
simple system of M + 1 equations: 

M 

L {Ai(zi)- zDPi = 0, 
i=O 

M 

L{A(z2)- znpi = 0, 
i=O 

M dk . I 
~ dzk {Ai(z)- z'}Pi = 0, k = 0, ... , M- 2, 
t=O =0 

2 M 

L {3 + j- i + .\( b- b) }Pi + L {3 - i + gi-r }Pi = 3 - P· 
i=O i=3 

2) Dropping theN-policy assumption (takeN= r), we are left with the 
r-quorum queueing system with random server capacity and impatient 
customers. Let P* = (pi; i E N) and P*(z) = l:~0 pizi denote the 
steady state vector of probability and the probability generating function 
of the embedded Markov chain, respectively. From (3.8) we get 

(3.15) 
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where 

(3.16) 

Combining (3.8) and (3.15) we get the decomposition property: 

(3.17) 

By the stochastic decomposition result of Fuhrmann and Cooper (1985), 
the second term on the right-hand side of expression (3.17) is the prob
ability generating function of the number of customers at a departure 
epoch, given that the server is idle. 

3) Similarly, we may drop the random server capacity assumption (take 
'Yr = 1, 'Yi = 0 for j = 1, ... , r-1), the r-quorum assumption (taker= 1), 
the scenario 1 (take ~~~jj) = 1 and f~r-j) = 0 for s = 0, ... , r- j- 1), 

scenario 2 (take g}~~r) = 1 and g!i-r) = 0 for s = O, ... ,i- r -1), or 
both scenarios of impatience or any combination of these features. In 
each case, the probability generating function of the system size at a 
departure epoch of the corresponding queueing system may be derived 
from (3.8). 

3.3 System Characteristics 

We derive now some characteristics of the queueing system. 

i) Let {3 = ({Ji;i = 0,1, ... ) and p = (pi;i = 0,1, ... ) such that f3i 
E[Tn+l- Tn!Qn = i] and Pi= >..f3i· Then 

(3.18) 

and 

(3.19) 

Therefore, 

(3.20) 

N - i + >..b if i < r 
p if i ;:::: r 

r-l N- i A 

P{J= L)--+b-b)pi+b. 
i=O )._ 
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r-1 

(3.21) Pp = L(N- i + >.b- P)Pi + p. 
i=O 

P {3 is called the stationary mean service cycle. 

ii) Let l denote the stationary mean server load. Then 

00 

(3.22) t=Ef\pi, 
i=O 

where f\ = E[rn(Qn)IQn = i] and the server capacity rn is given by: 

(3.23) 

Therefore, 

(3.24) 

where 
(3.25) 

and 
(3.26) 

r-1 

z = r- tLPi, 
i=O 

t = r- c, 

iii) Let d denote the mean number of disappointed customers. Then 

(3.27) 

55 

where d1 and d2 represent the mean number of impatient customers in 
scenario 1 and scenario 2 respectively. It is easy to check, by probability 
arguments that: 

r-1 

(3.28) d1 = ( N - c - ]) L Pi) 
i=O 

where j is defined in (3.12) and 

M 

(3.29) d2 = L(i- r- Yi-r )Pi, 
i=r 
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where 9i-r is defined in (2.6). Therefore 

r-1 M 

(3.30) d = (N- c- }) LPi + L(i- r- 9i-r)Pi· 
i='O i=r 

iv) Let I denote the system intensity. Then 

(3.31) I 

(3.32) 

Pp-d, 
r-1 M 

L(c + J- i + A(b- b))pi- L(i- r- 9i-r)Pi + p. 
i=O 

A remarkable property of the system in equilibrium is that the stationary 
mean server load l and the the system intensity I are equal: 

(3.33) l =I. 

This follows from the definitions of l and I and relation (3.10). 

4. THE PROCESS {Q(t)} 

4.1 Probability generating function of the system 

The process { Q( t)} is a semi-regenerative process with conditional re
generations at points Tn, n ~ 0 and { ( Qn, Tn)} is the associated Markov 
renewal process. { Q(t)} is ergodic if and only if (3. 7) is satisfied (see for 
example Dshalalow and Tadj [3]). Our objective now is to derive, for the 
semi-regenerative process { Q( t)}, .the steady-state vector of probabili
ties 1r = (1ri, i ~ 0) or, equivalently, its probability generating function 
1r(z) = E~o'lriZi. Let K(t) = {Kij(t);i,j ~ 0} be the semi-regenerative 
kernel, i.e., Kij(t) = P{ Q(t) = j, T1 > tiQ(O) = i}. Then we have: 

l t [A(t _ u)]N-i-1 r N-1 (Au)i-1-s 
A -,\(t-u) -,\u L L __;__...:....__ 

o e (N-i-1)! e 1=1s=O(j-l-s)! 

x[1- Bz(u)]f~N-l){zdu,O ~ i < r ~ N ~ j, 
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i-r (At)i-r-s 
K· -(t) = '"'e->.t [1 - B(t)]g(i-r) r < i < J. 

tJ LJ ( . )' 8 ' - - ' s=O J- r- s . 

} c,r ( ) -,\t (At)i-i [ B( )] M . . 
'l.ij t = e (j _ i)! 1- t , < z ::; J, 

K;i(t) = 0,0 ~ j < i. 
The following is the main result of this section. 
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Proposition 4. Given the equilibrium condition (3.7), the probability 
genemting function 1r(z) is given by: 

.X(1- z)Pf31r(z) 

(4.1) 

(1- zr)P(z) 
r-1 r N-1 

+ L:[L: L: f!N-l),.'llufJJ_l-s(z)- ZN + zr A(z)]Pi 
i=O 1=1 s=O 
M i-r 

+ L:[L:g~i-r)Ui-r-s(z)- 1 + Zr 9i-r(z)F(z)]Pi, 
i=r s=O 

where P( z) is the genemting function of P, P (3 is determined by (3.20 ), 
and 

(4.2) 
s a(s-m)(A) 

u~i) = L:(z-m -1)(-A)(s-m)(i _ )I + 1- Z- 8 F;(z), 
m=O S m . 

and the index i may be dropped for all i exceeding r. 

Proof We apply the main convergence theorem for semi-regenerative 
processes in the form 

( 4.3) 
PH 

1!'--- P/3. 

We need to find the integrated semi-regenerative kernel H = J000 K(t)dt, 
which is done by routine calculus, and then the generating functions h;(z) 
of all rows of H. We show that 

i i-r 
h;(z) = .X(lz- z) L:g~i-r)Ui-r-s(z),r::; i::; M, 

s=O 
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h ·( ) _ zi 1 - F(z) . M ,z- ,z>. ,\ 1-z -

Now, from relation (4.3), 

r-1 M oo 

P{hr(z) = (L + L + L )hi(z)Pi· 
i=O •=r i=M+I 

Therefore, 

.\(1- z)P{hr(z) 
i=O 1=1 s=O 

M i-r oo 

+ L L9~i-r)Ui-r-s(z)p;zi + [1- F(z)] L Pii. 
i=r s=O i=M+1 

We add and subtract [1- F(z)] L~oPiZi to the equation above. Then, 
using from relation (3.8) the fact that F(z) L~oPiZi = zr L~o A(z)pi
[zr- F(z)]P(z), we get relation (4.1). 

4.2 Examples 

1) Dropping theN-policy assumption (takeN= r), we are left with the 
r-quorum queueing system with random server capacity and impatient 
customers. The decomposition property of Fuhrmann and Cooper (1985) 
may be used to get the probability generating function of the number of 
customers at an arbitrary point of time given that the server is idle. 

2) As in the discrete case, we may drop any feature(s) of the model (ran
dom server capacity assumption, the r-quorum assumption, the scenario 
1, scenario 2, or both scenarios of impatience) to obtain from (4.1) the 
probability generating function of the system size at an arbitrary point 
of time of the corresponding queueing system. 

4.3 System characteristics 

i) Let 1 and B denote the expected length of an idle and busy period of 
the server in the steady-state. The server starts an idle period every time 
the queue length i is smaller than r at a service completion. He then has 
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to wait N- i exponential phases. Therefore the probability that he idles 
in the steady-state is: 

( 4.4) 

where e>..,k(t) is the k-Erlang probability density function with parameter 
.\, which yields: 

(4.5) 
"r-1 N-i I = L..ti=O Pi->..-

"r-1 
Lti=O Pi 

On the other hand, the probability that the server is idle is: 

(4.6) 
r-1 I 
~ 1ri = -=--=-. 
i=O I+ B 

This allows us to derive the mean busy period in the steady-state B: 

(4.7) 

where I is given by ( 4.5). 

ii) The mean output rate, 0 = limt-+oo E[S(t)l~(o)=il, where S(t) is the 
number of customers completely processed during the time interval [0, t], 
can be shown, as in Dshalalow [2], to be: 

( 4.8) 
l 

0 = P(3. 

iii) The (actual) mean input rate K of any random process is: 
lalow [2]): 

( 4.9) 
I 

K = P{3' 

Similarly, the (total) mean input rate can be shown to be: 

( 4.10) 
- Pp 
.\ = P(3. 

(see Dsha-
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It follows from (3.31) that the mean impatience rate b = :X - /'i, is given 
by: 

(4.11) 
d 

b = Pf3. 

Obviously, the mean impatience rate bi of scenario i (i = 1, 2) is 

( 4.12) 
di 

8i = Pf3. 

Note that given the equilibrium condition p < r, the (actual) mean input 
rate /'i, and the mean output rate 0 are equal, that is /'i, = 0. 

To summarize, we considered in this paper a queueing model under 
N -policy characterized by a delayed service, a random server capacity, 
and two scenarios of impatient customers. An ergodicity condition and 
steady-state probabilities are derived. System characteristics are com
puted. 
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