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STOCHASTIC COMPARISONS OF RESIDUAL
LIFETIMES

IBRAHIM A. AHMAD

ABSTRACT. The random residual lifetime is a random variable repre-
senting the remaining life of a system of age t > 0. Its expected value,
the mean residual lifetime, is well known and extensively studied for both
testing and estimation. In the present investigation we concentrate on
comparing two independent residual lifetimes of systems of same age,
uniformly in time also for a specified age. In addition, we estimate the
probability that a residual lifetime is smaller than another of the same
age. We also discuss comparing a residual lifetime with another new
life both uniformly in age and for a specified age. Estimation of the
probability that a residual lifetime at a certain age is less than a new
independent life is also presented. Whenever possible the asymptotic
relative efficiencies of the procedures discussed here are compared to
those of the usual Mann-Whitney-Wilcoxon statistics which compares
two complete lives and is a special case of our procedures for life distri-
butions.

1. INTRODUCTION

A life is a nonnegative random variable (rv) X having distribution

function (df)F' and a survival function (sf) FF = 1 — F. For a system
whose life is X and has survived up to the age ¢ > 0, we define the
“residual lifetime” (RL) X, as the random variable whose sf is given by:

(1.1) Fi(z) = F(z +t)/F(t) forall z,t > 0.

Thus the df of X; is [F(z +t) — F(t)]/F(t), for all z,¢ > 0.
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The definition (1.1) is not new since its expected value E(X;) = u(t)
has for long been known to researchers in lifetesting and reliability as
“the mean residual lifetime” (MRL) and is formally given by:

(12)  u(t) = E(X —t]X >t) = E(X,) = /0°° F(z + t)da/F(1).

When p(t) decreases it defines an important and practical class of life dis-
tributions, the decreasing mean residual lifetime distributions, (DMRL).
It was introduced by Bryson and Siddiqi (1969) and independently by
Marshall and Proschan (1972). Testing that u(t) is constant (the sur-
vival function is exponential) against that it is decreasing was discussed
by several authors among them Bryson (1974), Blakema and DeHaan
(1974), Hollander and Proschan (1975), Langenberger and Srinivasan
(1979), Hall and Wellner (1981) and Ahmad (1992). While estimating
¢(t) nonparametrically and as a stochastic process was discussed by Yang
(1978), Hall and Wellner (1981), and Ahmad (1983a,b), among others,
for both large and small samples. For a survey of properties, uses, and
studies about u(t) we refer the reader to Guess and Proschan (1985).
The corresponding study of the df of X; did not receive attention as did
p(t). We intend to remedy this in the current work. Let Y be another
independent life with df G and sf G. Define the RL Y;,t > 0 as above.

On the other hand, stochastic comparison between two independent
(not necessarily life) random variables X and Y is one of the oldest and
most important problems in nonparametric statistics. We say that X is

stochastically smaller than Y (written X sst Y) if for all z, F(z) > G(x)

(i.e., F(z) < G(z)). Testing Ho : X =Y versus Hy : X sgt Y and
not identical as well as estimating § = P(X < Y') are among the most
celebrated problems in nonparametric statistics today. Wilcoxon (1945)
and Mann and Whitney (1947) gave the now famous Mann-Whitney-
Wilcoxon statistics for testing Ho against H;. This was followed by a
large literature, cf. Randles and Wolfe (1979). While estimating 6 was
initiated by Birnbaum (1956) and furthered by Birnbaum and McCarty
(1958) and followed by many authors, cf. Pratt and Gibbons (1981) and
Mee (1990) for further details and references.

In the current investigation we discuss several problems in compar-
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ing X; with either Y; or Y itself. Specifically we address the following
problems:

(1) Comparing two RL’s X, and Y;:

Problem Number One: We want to test H((,l) : Xt =Y forallt >0,
st
versus Hl(l) : Xy < Yiforallt >0, ie. Hél) : F = G versus Hl(l) :

Flz+1t)  G(z+1)
— < — > 0.
ROBERE0 for all z,t >0

Problem Number Two: We will test Hén : Xy = Y, for a specified
for

st t t
value to against H1(2) : Xy <Yy, e H((,2) : F(f tto) _ Gz +1t)

F(to) — G(to)
F(z+1t) _ G(z+1to)
o) < Glio) for all z > 0.

all z > 0 versus HI(Z) :

Problem Number Three: We want to estimate Py, = P(Xy, <Y,) for
some ¢y > 0 and offer a confidence interval for P;,.

(ii) Comparing on RL, X; with another Complete Life Y :

Problem Number Four: We want to test HéB) : Xy =Y forallt >0,
versus H1(3) s Xy % Y for all t > 0, i.e. H(()B) : F' = (G versus Hl(s) :

FE@HY o) forall 2,0 > 0.

F(t)
Problem Number Five: We want to test H((,4) : X3, = Y for a specific

st —
to > 0 against H® : X, <Y, forat, >0, i.e. HY . = G(z)

against H1(4) : M

F(to)
< G(z) for : ified to and all > 0.
Fltg) = (z) for a specified ¢p and all z >

Problem Number Siz: We want to estimate @y, = P(X;, < Y) for
some to > 0 and offer a confidence interval for Q.

Some comments on the above problems are in order. Problem number
one is well-known since it is equivalent to testing HS" : hx(t) = hy (t), for
allt > 0, where hx (t) is the hazard rate of X against H\") : hx(t) < hy(t)
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for all t > 0. The testing of H(S“ using rank statistics was discussed
by Chikkagouder and Shuster (1974); while Kochar (1979) and (1981)
proposed statistics of the U-type in (1979) and log ranks in (1981). Our
test statistic is of the U-statistic type and is simpler than that of Kochar
(1979) but is equivalent to it in the sense of Pitman’s asymptotic relative
efficiency. Hence no need for the complicated calculation of Kochar’s
(1979) statistic or the use of the log ranks as in Kochar (1981) (since its
relative efficiency is not always better).

The second problem is new and should be used to compare two sys-
tems of the same age to see which one has longer residual life time. This
would be helpful in buying used items (cars, appliances,..., etc.) of the
same age but different brands. Note here that the data we need to con-
duct this comparison are the complete lives of the systems (may be put
to test in accelerated fashion).

Problem number three can be used for marketing strategies. Showing
that if the probability that the residual life of a product of age ¢y being
longer than that of a competitor of same age is quite high, then this
means that this is a superior product.

Problem number four is also new. Here we are comparing a system of
age to to a new system. This problem has many applications in studies
of whether to buy a used system of age to or a new one (perhaps of lower
quality but same price). Same thing may be said when comparing X, to
a different new system with life Y. Finally problem number six may be
used to advocate whether to buy new (may be of lesser overall quality)
to used of age to.

The practical part in all of the above problems, is that testing and esti-
mation are based on samples of complete lives X;,..., X, and Y3,...,Y,
from F' and G respectively.
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2. COMPARING TWO INDEPENDENT RL’S
2.1. UNIFORM STOCHASTIC COMPARISON

Here we want to test H{" : F = G against H\" : F(z+1)G(t) < G(z+
t)F(t) for all z,t > 0, based on two independent samples Xj,---, X,
from F' and Y3, --,Y, from G. Following reasoning similar to that used
in the Mann-Whitney-Wilcoxon setting, we see that under Hl(l) we have

(2.1) // F(z +1)G(2)do Gz + t)dF(t) <
/ / Gz + ) F()doG(z + t)dF ().

Note also that the

(2.2) RHS of (2.1) = % " erorwdr),
while the
(2.3) LHS of (2.1) = /0 - /t * F(w)G()dG(w)dF(1).

Under H{Y, both sides of (2.1) are equal to 1/8. Thus as a measure of
departure from H(()l) in favor of Hl(l) we take:

(2.4) AD(F,G) = /0°°G2(t)F(t)dF(t)

2 [7 [T Pw)GdF(1)dG(w).

Note that AM(F,G) = 0 under Hol and is strictly positive under H{l).
Thus a test statistic can be based on an empirical estimate of AW(F, G),
namely,

(25)  AO(F,,G,) = /0°°c‘:2<t>F (t)dF (1)
2 / / G()dGr(w)dF(2)

It is easy to see that

(26)  AD(Fy,G) = (m™n?) ™ Y0 3 3 Y o(Xiy, Xy, Vi, V),
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(2.7) P(X1, X5, Y1, Ys) = I(Y; > X)I(Y2 > X1)

We now state and prove the following

Theorem 2.1. If ﬁﬁ — Ae(0,1) as min(m,n) — oo, then /m +n

(AO(F,, G,) — AD(F,G)) is asymptotically normal with mean 0 and
variance 02 = o2 /A + o2/(1 — X), where

(2.8) o = Var{GX(X,)F(X;) - 20( X1/ [G(X)) — G(2)]dF (z)

+[7 @@)re) -2 [ 66 - GX)FE),

29) o = Varl2 / 2)dF(z) — 2F(Y}) /OYI G(2)dF ()

—9 /0 " P(e)F(2)dG(z) + F(Y;) /Y °° F(2)dG(2)]}.

Under Hy,02 = 2/105)\(1 — X). Thus the procedure is distribution free.

Proof. Using Theorem 3.4.13 of Randles and Wolfe (1979) we need only

evaluate the variance. Now,

Elp(X1, X, Y1, Vo)l Xa] = G*(X1)F(Xh)
(2.10) —2G(Xy) /X “(Gx)
~G(u))dF (u),

and
X2 _
Blo(X:, Xo, Y1, V)X = [ GHa)dF(a)

(2.11) 9 /X2 ; G(X,)|dF (z).
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But since
o1 = Var{E[p(X1, X2, 11, V2)| Xi] + E[p(Xe, X1, Y1, Y2) + X1]},

(2.8) now follows directly. Deriving (2.9) is entirely similar. Now, under
HY . F =@, o = Var{2F3(X;) — F(X1) + 1} and 0%, = 0%;,. Direct
calculations give that 0%, = ¢, = 2. This concludes the proof.

In order to compare the above procedure with others such as the
Mann-Whitney-Wilcoxon statistic we evaluate the Pitman’s asymptotic
efficacy of our procedure and compare it to others. Note that the asymp-

jaA(”} /o2, when 0 — 6,
where A = AMW(F, Fy). Thus in the case of location shift Go(z) =

F(z — 6) we get that the efficacy is:

totic efficacy of one procedure is equal to: {

212)  eff(AD) = {2f(0) +/°°F2tf2 (t)dt
w2 [7 [T '(u) f(t)dudt}?/ 2.

Direct calculations for the exponential distribution gives the value
eff(A) = 14.21 similar value for the Mann-Whitney-Wilcoxon is equal
to 3 cf. Randles and Wolfe (19879), Section 5:4. Thus, the relative
efficiency of our test to the Mann-Whitney-Wilcoxon is 4.73. Next, let
us consider the shape alternative Gg(z) = F(z?). Thus the efficacy is
given by

eff(AW) = {l—2/ooxlnac]7’2(x)f2(:c)dx—2/()Ooxlnxﬁ’2(x)f(x)da:
(2.13) —2/ / z)InuF(u)f(uv)dudz
—-2/ / z)ulnuF(u )f(u)dudac}2 oz

In the case of uniform (0,1) distribution, direct calculation gives the
efficacy of 9.75 for A?’ while that of the Wilcoxon statistic is equal to
0.75. Hence the asymptotic relative efficacy of 13.0.
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For the case Gy(z) = (F(z))'*® and some others, see Kochar (1979
and 1981) for efficiencies of A{") relative to other statistics.

2.2. POINTWISE STOCHASTIC COMPARISON

Here we fix to and want to test H? : F(z + to)G(te) = G(z +
to)F(to) V = > 0 against H® : F(z + t0)G(to) < F(to)G(z + to) for
all z > 0, based on two independent random samples X, --, X,, from
F and Y}, -,Y, from G. Following a reasoning similar to that used in
Section 2.1 above, we see that under H1(2) we have

(2.14) G(to) /0 " Pz +10)ds Gz +10) < Fl(to) /0 " G +10)dGa (2 +to)-

Now, the RHS of (2.16) is equal to ZLF(to)G?(to) while the LHS of

(2.16) is equal to —G(to) [° F(u)dG(u). Thus we may take as a measure
(2)

of departure from Hy”,

(2.15) AD(F,G) = F(to)G(to) —2 |  F(u)dG(u).

to
Note that under H(()Z),Agf)(F, G) = 0 while it is positive under H®,
Hence a test statistic of H(gz) based on Ag:)(F, G) is given by its empirical
counter-part, viz.,

(2.16)  AP(F,,G,) = Fu(to)Gnl(to) =2 | Fr(u)dGn(w).
to
It is easy to see that

m n

(2.17) AP (Fr, Gr) = (mn) 133 4 (X1, V5),

1=1j=1

where ¢, (z,y) = I(min(z,y) > to) — 2I(z > y > to). Now, clearly,
E(% (X1, Y1) Xi1] = I(X:1 > t0){G(X1) = G(to)} and E[h, (X1, Y1)|¥1] =
I(Y; > to){F(to) —2F(Y1)}. Hence the asymptotic variance of
vm+ n(Aﬁﬁ)(Fm, Gn) — Aﬁf)(F, ()) is given by:

(2.18) o = Var{I(Xy > to)[2G(X1) — G(to)]}/ A
+Var{I(Y; > to)[F(to) — 2F (Y1)]}/(1 = X),
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and by direct calculations we see that under Héz) we have

(2.19) o = F(t0)G(to) {F(to) N G’(to)}'

3 A 1-2)
We have thus proved the following theorem.
Theorem 2.2. If m_r_r{z__ — Ae(0,1) as min(m,n) — oo, then y/m +n
n

(Ag:)(Fm,Gn) - Ag)(F, G)) is asymptotically normal with mean 0 and
variance a2 given in (2.18) while under H?, 0? reduces to (2.19).

2.3. ESTIMATION OF Py, = P(Xy, < Y,)

For a fixed point to, one might want to estimate function of the type
P, = P(Xi, <Y,,). First we note that

(2.20)P,, = P(to < X < Y)/F(to)G(to) = /t ” G(e)dF ()] F(t0)C(to).

0

Using two independent samples; Xi,...,X,, from F' and Y;,...,Y, from
G, we can estimate Py, easily as follows:

(2.21) Py = /t°° (@) dFn(2)] Fon(t0) G (to).

It is not difficult to see that (P,, — P, ) has the same limiting distribution
as:

P =
_ Tl (B (1) — Fto
(2.22) F_(tO){_ o ,)L} )
+(F(to)G(to)) " {n™! Z F(to) — F(Y;)) — P, }
Pi =
_F(to) {Gn(to) - G(to)},

which is normal with mean 0 and variance
(2.23) o? = (Fz(to)Gz(to -2(_ / — P, G(to))2dF (u)

5 () = Py F(t0) PdG(w)}.
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If we are interested in establishing an asymptotically distribution-free
normal confidence interval for P;,, we simply estimate o2 by plugging
empirical estimates all across and use the confidence interval

A o
P+ 2y 9———.
fo 2 Jm¥n

3. COMPARING A RESIDUAL LIFE WITH A COMPLETE ONE
3.1. UNIFORM STOCHASTIC COMPARISON

Here we want to test H{®) : F = G against H®) : F(z+t) < F(t)G(z)

for all z,t > 0. In this case, a measure of departure from Hé3) is:

(3.1) ABNF.G) = i [T [T P+ 0dF(1)dG().

Based on two independent samples Xi,---, X,, from F and Y3, ---,Y,
from G we have the test statistic:

(32)  AO(E, Gn,_——/ / (@ + 1)dF (1)dGo(2).

Note that with £(X;. X,.Y)) = I(X; > X3 + Y1) we easily see that:

. 1 m m n
3.3)  AO(F,.G,) = vim m~ Y YN (X, X, Y).
11=11=1j5=1
As above, we can easily see that the asymptotic variance of /m + n
(AC)F,,,G,) — AB(F,@)) is given by
(3.4) or = ~—Var{F*G X1) +/ F(X1 + uv)dG(u)}

Var{/ F(z +Y1)F(z)}.

Under HY : F = G, 0? reduces to:

(3.5) of = 5; + 48(11_ 0 (84 X)/432X(1 — ).

Collecting all of the above we now state the following theorem.
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Theorem 3.1. mL—}—n — Xe(0,1) as min(m,n) — oo, then /m + n
(AG(F,,, Gn) — ACNF,Q)) has asymptotically normal distribution with

mean 0 and variance o? as given in (8.4). Under H( ). 02 reduces to

(3.5).

To study the relative efficiency of the test procedure of this section
to that of Section 2.1 as well as to that of the Mann-Whitney-Wilcoxon,
we observe that the efficacy of A®) (Fm,Gy) in the location shift case,
Go(z) = F(z — 0), we get

(36) effdD) = ()2~ [7 [ Fla+ 0 ()f (t)dedt)? /b

When F' is exponential the efficacy is equal to 27A(1 — X)/(8 + A) while
the efficacy of the Mann- Whitney-Wilcoxon statistic is equal to 3A(1—X)
giving an asymptotic relative efficiency equal to 9/(8 + A). Hence 1 <
ARE(A®), W) < 1.125, since 0 < A < 1. For the shape alternative we
see that the efficacy is equal to:

effL(A®) = {// Flz + t)dF(t)
(3.7) + / / F(z + t)tIn tdF(z)dF (1)

+/ / (z+t)IntdF(z )dF(t)}2/03

In the case of uniform (0.1) distribution, the asymptotic relative ef-
ficiency of A®) with respect to the Wilcoxon statistic is between (4.457,
5.012).

3.2. POINTWISE STOCHASTIC COMPARISON

In this section we want to test HS" : F(z + to) = F(to)G(z) for all
z >0 and a fixed value t, > 0 against H(* : F(z + o) < F(to)G(z) for
all z > 0. As in the sections above we use the measure of departure for
HgY,
(3.8) AD(F,G) = Fto) - 2/ (z + to)dG(z),
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which can be estimated by
39)  AY(E.,G.) = Fo(to) — 2 / ( + t0)dGa(z),

If we set &;,(X1,Y1) = I(Xy > to) — 2I(X; > Y; + to), then we can write

Ag:)(Fmv Gn) = (mn)_l i zn:ﬁto(Xi’ Y;)

=1 j5=1

Now we easily see that E[¢,(X:,Y7)|X,] = I(){l > to) - 2I(X1 > to) —
2](X1 > to)G(Xl - to) and E[{to(Xla Yi)|K] = F(to) - QF(K +t0) Thus
the asymptotic variance of /m + n(AS:)(Fm, G.) — Ag:‘)(F, G)) equals:

(3.10) o? = Var{I(Xi > to) — 2I(X1 > to)G(X1 —to)}/ A
+Var{F(t0) - 2F(Y1 + to)}/(l - )\)

Under Hé“), o? reduces to
(3.11) o = ZF(t,).
We can now state the following result,

Theorem 3.2. —% — Ae(0,1) as min(m,n) — oo, then /m + n
m
(A(4)(Fm,Gn) — Aﬁ;‘)(F, G)) is asymptotically normal with mean 0 and

variance 0% given in (8.10). Under H(4) the null variance is 02 given in

(3.11).

3.3. ESTIMATION OF Q,, = P(Y;, < Y)

In this case

(312) Qto = 1 -

0 /0 " Flto + u)dG(u),

which can be estimated by its empirical version Qto by plugging F,, and
G in place of F and G. After some algebra one can show that Qto Q1
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has the same limiting distribution as

1 1y , (X — _ :
m{m ;[I(X,>t0)G(X, to) + (1 = Q4,)1(Xi > to)]

(3.13) — [ /0 " Flto + 2)dG(z) + (1 — Qto)F(to)]}

+F(1t0) (n~1 g F(Y; + to) — /:o F(to + z)dG(z)}.

Hence /m + n(Qto — @4,) is asymptotically normal with mean 0 and
variance

o = Fio){ [ [0 —to) +1— QuI*dF(u)/A

(3.14) +/0°°[F(u + to)
—EF(Y; + to)[’dG(u)/(1 - N)}.

APPENDIX

(i) Main Steps in deriving (2.12):

AD(F,Q) = /0°°G2(t)F(t)dF(t)

—2 F(u)G(z)dF(t)dG(u) = I, — L.

0 0

In the location case, Gop(u) = F(u — 0) when u > 0 and Gg(u) = 1 if
u < 0. Thus

L= /00 F(t)dF(t) + /:o F?(t — 0)F(t)dF(t).

Hence

o5

06

6—0 — 2/000 Fz(t)fz(t)dta
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and
L = 2/ / o TPt~ 0)f(u — O)dudt
= 2F(0) [ f(u = 0)F(u)du
+2 / / F(t = 0)f(u — 8) F(u) f(t)dudt
= Ji1+Ja, say.
Now, .
891 '9—>0 = _f(O)a
and
6‘]2 _ f(O) l ® 2
oo = {0y / F2(0) ()t

- / / )dudt}

(i1) Main Steps in deriving (2.13):

In this case, Gy(z) = F(z%) and using this in AD(F, G) we easily see
that

% lo—1 = —2/000 F*(z)f*(z)znzdz,
and
aaI; o1 = = — 2/ / zlnzf(z (u)dudz
—2/ / z)ulnuf(u)F(u)dudz
—2/ / z)Inuf(u)F(u)dudz.

(i) Main Steps in deriving (3.5) and (3.6):
AO(F,G) = / / Fe + t)dF(t)dG(z)
= / / (z+t)f(t)f(z — 6)dzdt,
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in the location case. Hence

Q% oo = _f(o)/o t)dt — / / (z +t)f(t)f(z)dtdz.

While in the shape case ACH(F,G) = [° [° 0F (z +t) f(z) f(¢°)t0~'dzdt.
Thus differentiating with respect to 6 and letting § — 1 gives the result.

10.
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