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KEYWORDS Abstract In this paper, we give a survey of elliptic Kato classes. Next, we study
Green function; existence results to some singular elliptic problems, adapted to such Kato classes.
Kato class; We end this paper by giving an asymptotic behavior for the solution of a singular
3G-theorem; elliptic Dirichlet problem on a bounded domain of R" (n > 2).
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Asymptotic behavior

1. Introduction

This paper is a survey on some Kato classes of functions and some existence re-
sults to singular elliptic problems. More precisely, in the first section, we give some
properties of the Green function of the Laplace operator 4 in a regular domain D
in R" (n > 2). In particular, we establish many 3G-inequalities (see Zhao, 1986;
Kalton and Verbitsky, 1999; Selmi, 2000; Bachar et al., 2003). In Section 2, we
introduce the classical Kato classes (see Aizenman and Simon, 1982; Zhao,
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1993) and the new ones (see Maagli and Zribi, 2005; Zeddini, 2003; Bachar et al.,
2002; Bachar et al., 2003; Bachar and Maagli, 2005). Next, we give many examples
of functions in Kato classes and some properties of these classes. In Section 3,
these Kato classes of functions are adapted to study some existence results to sin-
gular elliptic problems (see Bachar et al., 2002; Bachar et al., 2003; Bachar and
Maagli, 2005; Ben Othman et al., 2009; Maagli and Zribi, 2001; Maagli and Zribi,
2005; Zeddini, 2003). In the last section, we are interested in the asymptotic behav-
ior of the solution of a singular Dirichlet problem in a regular bounded domain in
R" (see Ben Othman et al., 2009; Crandall et al., 1977; Lazer and Mckenna, 1991;
Zhang, 2005).

2. Green function

Let (P,),., be the Gauss semigroup on (R", B(R")):
! v — P
Pflx)=g xflx) = —exp | — d
o) =g o) = [ e ( e
where f € B*([Ri”) x€R"and 1> 0. o 1)
Let G(x,y) = [, g/(x—p)dt= [° o t% exp( = ” )dt T |x —y" i
n=3. i

G is called the Green function of Laplace operator 4 in R". If D is a bounded
C"'-domain in R", the Green function G, of A in D satisfies AGp(-,y) =
—0,,Gp(x,y) = Gp(y,x),Gp(x,y) =0,if y € D, x € OD.

Letf,g:S — [0,00], we denote by f ~ g if there exists a constant ¢ > 0 such that
1f<g<cf. For x e D, 6(x) =d(x,0D) denotes the distance from x to the
boundary dD. Note that max(a,b) = a + b and min(a, b) = 45 for a,b > 0.

Theorem 2.1 (Zhao (1986)). We have on D x D,Gp(x,y) ~ H(x,y), where
H(x,y) =

Example 2.1. Let B = B(0,1). The Green function G is given by

reE-1) L .
Gp(x,y) = 4n? (\x—nH [x,y]nfz)» n =3,
o 1 A-pPa-bP)). =

L Log(1+E ) =2,

b=yI”

where [x,y]" = |x — y* + (1 = [x[*)(1 = [yI), for x,y € B(0,1).

Let x€ D and D, = {y eD:|x—y< 5(x)5(y)}. Then we have the
following.
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Lemma 2.2 (Maagli and Selmi (2002)).

(D If =y’ <(x)o0), then 2E6(x) < 5(v) <HE6(x) and |x -y <55

min(d(x), 6(v)) ,
() If 6(x)o(y) < |x —y[°,

In particular, we have B(x, @5(36)) CcDC B< —lé(x)>.

then max(8(x), 5(»)) < 55| — y|

Remark 2.3. Using this Lemma, we deduce the following properties:

o(y
m1n<1 ) L <—L5, n=>3
) hw

mm(l‘S >log(2+ ) log -2 n=2

[x— J\’

If D is an C"'-exterior domain in R”, then we have (see Bachar et al., 2003)

1 A(x)A
GD(x7y)%7,172min 1>L(yz) )
[x =y [x =yl

Gp(x,y) = log (1 —i—M), n=2
|[x =yl

W

where A(x) = d(x)(d(x) + 1).

Example 2.2. Let B* = B(0,1)° = {x € R" : |x| > 1}. Then we have

re—1) 1 1
Gy = —
B (X,)/) 43 <|X _ y|n—2 [x’y]n—2>

where [x, 7] = |x — " + (Ix" = D(ly* = D).

Remark 2.4. Let y: R"\ {0} — R"\ {0},
X ——

then G (x,) = |x""yI* " G(3(x),7())-
Indeed, if y : Q — Q is a Mébius-transformation, then

Go(x,0) = [/ ()T 0) T Ga(x), 7)),

where |y'(x)| = |dety/(x)|, x € Q.
Let R” be the half space: R” = R""'x]0,+oo[={(x',x,) €R":x, >0}, n > 1
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The density of the Gauss semigroup on R’ is given by

Pl t,3) = — <e4_2 - e4_2>
T (47‘[[)%

where X,y € Ri) 1> Oa y = (y/7 _yn)'
Then the Green function of 4 in R’ is given by

M (=) i >3
; " =

aB o

GRZ(x,y)—/ p(x,t,y)dt = ‘%Log(l—i— 4xzyz) ifn=>2
0 Y

—2
Pe—=yl"

min(x,y) ifn=1
3G-theorems:
(a) The classical one (Zhao, 1986). Let D be a C''-domain in R" (n > 3)
Gol(x.2)Gp(2.7) _ CO( ! ! ‘>

Gp(x,) Ix—z|"? |y-z

(b) A new 3G-theorem:
(i) Let D be a bounded C''-domain, then we have for x,y,z € D,

GD(X,Z)GD(Z7)/) <5(Z) 5(2) >
<G| =—=Gp(x,2) +—=Gp(y,z
Golry) o) P10 5y o)
(See Kalton and Verbitsky (1999) for n > 3 and Selmi (2000) for n = 2.)
(ii) Let D be a C"'-exterior domain, then we have for x, y,z € D (see Bachar
et al., 2003):
Gp(x,z)Gp(z,y) min(1,6(z)) min(1,6(z))
< S — 7))
Gory)  ~ \min(1,o(x)) min(1,a(y)) 77

(i) Let D =R}, then we have for x,y,z € R (see Bachar and Maagli,

GD(X, Z) +

2005):
GR" (X,Z)GR" (Z7y) Zp Zn
+ + < Co| — G (x, — G (3,
Gre (X, ) °<xn w1 (%,2) +yn Y Z>>

Cy is a positive constant depending only on D.

3. Kato classes

3.1. Classical Kato class

Let D be a domain in R" (n > 2). Aizenman and Simon (1982) introduced a Kato
class K, (D) as follows: ¢ € B(D) is in the Kato class K,(D) if
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1
lim sup/ ———|gW)|dy | =0, n=>3
o—0" \ xeD B(x,0)ND |X—y|

1
lim ( sup / Log——lq(y)ldy | =0, n>2.
a—07 <x€D B(x,2)ND |X - y’

When D is an exterior domain, Zhao (1993) introduced a Kato class K°(D) as fol-
lows: ¢ € K*(D) if ¢ € K,,(D) and

1
lim | sup / ———lgW)|dy ] | =0, n>=3
Moo \ wen \J(yizm) |x =y

3.2. New Kato class

Let D be a C"'-domain with 9D compact. Using Remark 2.3, we introduced (see
Maagli and Zribi, 2005; Zeddini, 2003) a new Kato class K(D) as follows:
g € B(D) is in K(D) if

i (s 1, st ) <o

where p(x) = min(1, d(x)).
If D is an exterior domain, the new Kato class K> (D) is defined (see Bachar
et al., 2003) by ¢ € K(D) and

, )
lim | su / Gp(x dy | =0
Jim <x£ iomen PLY) (%, »)lq(v)ldy
For D = R",q € K*(RY) iff ¢ € B(R}) and

lim (sup fB\mRn 2Gry(x,0)|q(y )|dJ’> =0

a—0" \ xerr

lim <sup f‘LPMQRn .\,”GRQ(LJ’)“I(Y)’dy) =0

M——+o00 xeR"

(See Bachar et al., 2002; Bachar and Maagli, 2005.)

Example 3.1

(1) Let D be a C1 '“bounded domain.
(@) qx)= T geK(D) <= A<2.1f1<A<2 thengq¢K,(D), n>3.
(b) Let p> ’l, then for each 1 <2—12 L 17(D) C K(D). Let
D B(0, 1) and ¢ be a Borel radial function in B then ¢ € K(D) <=
Jo (1= Pig(r)ldr < oo.
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(2) Let D be an C"'-exterior domain in R" (n > 3). The function

(3) The functlon x— EK*(R)) <= i<2<p.

(Ixl+ 1)“ “xi
3.3. Some properties

Let D be a C"' domain in R" (n > 3) with D compact or D=R" and
g € K*(D). Then we have

(1) x = q(x) 225 € L'(D)
) x — Vg(x) 2 Golx,»)g()dy € Co(D )= 1 €CD) :lim_pepf () = 0}

(3) Put for ¢ € K*(D), llgll := supep [, 555 Golx,»)la(v)ldy

GD(X, Z)GD(Z,y)
oy = Su J
q x,ye% /D GD(x’y) ‘q(y)’ y

Then we have 0 < o, < 2G||g||p, < 400
(4) Let g € K*(D). For any nonnegative superharmonic function »in D, we have:

[ Golenlaloty)dy < 2u(x). x € D.

4. Applications

1. Consider the following nonlinear singular elliptic problem

(—Au=¢@(-,u) in D (in the sense of distributions)
up =0
(P) ‘ |lim u(x)=0 (whenever D is an C"' — exterior domain or
X|—+00
=R, n>3)
u>0

We aim to prove that (P) has a unique continuous solution in D.

History of the problem (P)
Let @ be a C"'-bounded domain in R" (n>2) and 0<ac C (Q),
g€ C'(]0,00), ¢ <0 and g(0") = +oo.
The existence of a classical solution of the following problem
—Au=a(x)g(u) in D
(1)q wop =0
u>0
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was studied by many authors. For instance, Crandall et al. (1977) considered the
case a = 1, Lazer and Mckenna (1991) assume that (s(i)’- <a(x) < ﬁ, 0<A<?2
and g(u) =u(s > 0). “ V

Zhang (2005) considered the case 0 < a(x) < 6(52);' , A< 2.

These authors showed that (1) has a unique solution u € C***(Q) N C(Q).
In the next Theorem, we generalize their result.
We suppose that

(Hy) ¢ : D x (0,400) — [0,400) is a non-trivial measurable function, continu-
ous and nonincreasing with respect to the second variable.
(H2) Ve > 07 (,D(',C) € KOC(D)

Theorem 4.1. Under (H,) and (H,), problem (P) has a unique solution in Cy(D).
Idea of the proof: Let 4 > 0 and consider the following problem

;

—Au = ¢(-,u) in D (in the distributional sense)
Uppp = A
(P,) ‘ |lim u(x) =4 (whenever D is an exterior domain or
X|—+00
D=R}n=>3)
u>0

Let f= 2+ |V(e(.,4)| and A = {u € B/ (D): A<u< B}.

We define the operator Tu = A+ V(¢(-,u)), foru € A. Weshow that 7: 4 — A
is compact. Hence by the Schiuder fixed point theorem, (P;) has a unique solution
u; in A satisfying

u, = A“+/Go(x,y)<0(y,w)dy
D

Next we show that u; € C(D) and using the complete maximum principle, we ob-
tain 0 <wy, —u, < p— 4, for 0 < A < p. This implies the map A — u, is nonde-
creasing on (0, c0).

Put u = inf,.gu; = sup,.,(u; — 1), we deduce that u is a continuous solution of
(P). The uniqueness follows by the maximum principle.

2. Let D be a bounded C"' domain in R” (n > 3) and consider the following
problem

Au+f(.,u)=0 in D\ {0} (in the sense of distributions)

Upp = 0

(@] >0

U(X)~xo i (¢ small > 0)
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History: The existence of infinitely many singular positive solutions of the prob-
lem (Q) has been established, by Zhang and Zhao (1998) for the special nonlinear-

ity f(x,t) = p(x)t* (u > 1), where the function x — M(”,(% € K,(D).
This problem was also studied by Kalton and Verbitsky (1999) by a different

method.
Here we require the following hypotheses on f

(H,) fis a Borel measurable function in D x (0, c0), continuous with respect to
the second variable.

(Hy) [f(x,2)] < tq(x,t), where g € BY(D x (0,00)) nondecreasing with respect
to the second variable such that lim,_y+g(x,#) =0

(H3) The function x — ¢(x, Gp(x,0)) € K(D).

Then we establish the following (see Maagli and Zribi, 2005).

Theorem 4.2. Assume (H;)—(H3). The problem (Q) has infinitely many solutions.
More precisely, there exists by > 0 such that for each b € (0,by], there exists a
solution u of (Q) continuous in D\ {0} and satisfying:

u(x) ~ ‘iffﬁ wx € D\ {0}

and

lim u(x)|x|"~ = b,

|x|—0

I'(2-1
where ¢, = (z—ﬂ)
4n2

5. Asymptotic behavior

Let D be a C"'-bounded domain in R" (n > 2). We return to problem
—Au = a(x)g(u) in D
(Po)q wop =0
u>0

where,

(i) ae Cy . (D)NK"(D)
(i) g : (0,400) — [0, +00)C", g’ <0 and lim,_ ¢+ gft’; =¢7, y > 0and
(iii) Suppose that lim(;(x)w% = ¢ > 0, where 4 : (0,17) — (0,+00) is continu-
ous, nonincreasing such that 2(0") = 4+o0. Let p be the local solution of

{p”(t) = —h(1)g(p(1))
p>0, p0)=0,0<t<n

. Then we have the following
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Theorem 5.1 (Ben Othman et al. (2009)). The solution u of (Py) is in
C**(D) N C(D) and satisfies

u(x) _

lim ———~=¢".
o9~ p(3(x))

This result improves those of Crandall et al. (1977) which they considered the

case a =1 and showed that u(x) = p(d(x)). In particular they proved that

u(x) ~ 0(x)7Tif g(u) = u?, 7> 1.

Lazer and Mckenna (1991) showed for a(x) =~ d(x)", 0 < A<2, that
c10(x) < u(x) < ¢0(x)5 .

On the other hand, Zhang (2005) showed the same result in Theorem 5.1, when
g(0%) = +o0, 0 < a(x) <55, 0 <2 <2and lim, g e = ¢, 0 < 0<2

Example 5.1. Let D be a Cl’l-bounded domain in R" (n > 2). Consider the
following problem

(*) § wop =0
u>0

where 0 <o <1, ae ¢}

loc

" _ J—1 1 1
The solution of {p (1) =~ (log,
Lp>0,p(0)=p()=

Then, the solution of (x) satisfies:

u(x)
11m —
-0 &(x )logﬁ

(D) and a(x) = o(x)" <10g >with0<z<1.

;
(g(m is given by p(r) = rlogl.

=1 and u(x)~d(x )logé(z)
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