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DIFFRACTION OF TRANSIENT SH-WAVES IN A HALF 
SPACE 

F. D. ZAMAN, S. ASGHAR AND A. RASHID 

ABSTRACT. We consider the diffraction of a transient SH-wave obliquely 

incident on a plane semi-infinite crack lying in a homogeneous and 

isotropic half space. The Wiener-Hop£ technique together with the 

Cagniard-de Hoop method has been used to obtain the solution in the 

two regions separated by the crack. 

1. INTRODUCTION 

The diffraction of elastic waves is of considerable importance in ma
terial and earth sciences. Some interesting problems of this nature have 

been discussed by Kazi [1], Achenbach [2] and Asghar and Zaman [3]. 
These authors have employed the Wiener-Hop£ technique to solve the 

boundary value problems resulting from plane discontinuities lying in 
the medium of propagation. The problem discussed by Achenbach [2] 

involves an obliquely incident transient SH-wave by a semi-infinite crack 

of vanishing thickness lying in an unbounded elastic medium. The re

sults have been subsequently applied to problems arising in seismology 

by Achenbach and Harris [4]. it seems that the diffraction of such waves 
in a half space would be of interest due to the fact that if the disconti
nuity lies near the surface of the earth, the medium of propagation can 

no longer be considered to be unbounded. 
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In this paper, we set up and solve the problem of diffraction of 
obliquely incident transient SH-wave on a semi infinite plane crack lying 

in a half space. The modified Wiener-Hopf technique (Jones [5]), together 
with the Cagniard-de Hoop method has been used to obtain the solution 

of the resulting boundary value problem. It is found that the transmit
ted wave in the region below the crack agrees with Achenbach's solution 
obtained in the lmbounded medium. This agreement is attributed to the 
similarity of the geometry of this region. The transmitted wave in the 

upper layer formed by the free surface above and the crack below sat
isfies the dispersion relation of SH-wave travelling in a layer of lmiform 

thickness with free upper and lower surfaces. 

2. FORMULATION OF THE PROBLEM 

We consider the diffraction of a horizontally polarized shear wave by a 
plane semi-infinite crack lying at a distance h parallel to the free surface 
of the elastic half space. The half space is filled with homogeneous and 
isotropic elastic solid with rigidity Jl and shear velocity /3. We choose 

the coordinate system in such a way that the crack coincides with the 
xz-plane, they-axis is directed into the half space and the free surface is 

y = -h; -oo < x < oo. The geometry of the plane is shown in the figure 
below. 

-h Free Surface 

0 X 

Incident Wave 
y 
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The incident wave has transient displacement 

(1) wine= G(t- srxcosa- srysin·a), 

where 

(2) G(t) = H(t) fat g(s)ds. 

Therefore 

. rt-ST COS a-y sin a 
(3) w~nc = H(t- srcosa- srsina) lo g(s)ds. 

In equation (3), H(x) denotes the Heaviside step f1mction, a is the angle 
between the normal to the wave front and the x-axis, and sr = ~ is 
the slowness of the shear wave. We restrict the angle a to the range 
0 ::; a ::; 7r /2. 

In the presence of the crack at y = 0; x ~ 0, the stress component 
Tyz of the wave motion must satisfy the following condition at y = 0 

(4) Tyz = J.lSrsinaH(t- srxcosa)g(t- srxcosa). 

Let the total displacement field due to the presence of crack be decom
posed as follows: 

(5) 
Wine +WI 7 -h ::; y ::; 0, -00 < X < 00 

wine+ w y > 0 2, - , -oo < x < oo. 

The geometry of the problem leads to the following boundary conditions: 
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(a) At 

x;:::: o, y = o-, awl 

} 
--
ay 

x;:::: o, y = o+, aw2 --
ay 

ay 

- srsinaH(t- srcosa)g(t- srcosa). 

At X ::; 0, y = 0 

(6) 

(b) At y = -h, -00 < X < 00 

(7) awl= 0 
ay . 

The displacement satisfies the differential equation 

(8) 

while the initial conditions are 

(9) inc( 0) = awinc(x, y, 0) = 0 
w x,y, at . 

We now find the transmitted solutions w1 and w2 , where w1 and w2 

satisfy the differential equation 

(10) 
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The differential equation (10) together with the boundary conditions 
(6,7) constitute the boundary value problem. 

3. THE WIENER-HOPF EQUATIONS 

We use the one-sided Laplace transform in time and the two-sided 
Laplace transform in x to derive the Wiener-Hopf equations. The one
sided Laplace transform in time of a f1mction f(x, y, t) is given by 

(11) f(x, y,p) = 1= f(~, y, t)e-ptdt. 

It may be noted that if f ( x, y, t) as a function of t is of order eat as 
t---+ oo, then f(x, y,p) defined by equation (11) is an analytic function 
of p if Re(p) >a. 

The two-sided transform in x is defined as 

(12) j*(~, y, t) = l: f(x, y, t)e-t;xdx. 

If f(x, y, t) is of order e-alxl as jxj ---+ oo, then it follows that the two
sided transform defined in (12) will be an analytic f1mction of~ if -a< 
Re(~) < a (Achenbach[2]). 

Using (11) and (12) we can write (10) as 

(13) 
d2-* 

Wi 2-* ---a W· =0 
dy2 ' ' 

where 
(14) 

The solution of equation (13) in the layer -h ::; y ::; 0 , -oo < x < oo , 
is given by 
(15) w1*(~,y,p) = A(p,~)e-ay + B(p,~)eay. 
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The solution of equation (13) in the half space y 2:: 0 is 

(16) 

Using boundary conditions (6), equation (15) can be written as 

(17) 

We now attempt to eliminate the constants C(p, e) and E(p, e) 
from the equations (16) and (17). We differentiate these equations and 
then put y = 0, to obtain 

(18) wi'(e,o,p) = E(p,e)asinhah 

and 
(19) w;' (e, O,p) = -aC(p, e). 

Using equations (18) and (19), equations (16) and (17) can be written as 

(20) 

and 

(21) -*( ) - 1 -ay-*' ( ) w2 e,y,p - --e w2 e,o,p. 
a 

Substituting y = 0 into equations (20) and (21), we get 

(22) 

and 

(23) 

Following a notation similar to that of Achenbach [2], we define 
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(24) 

where 

and 

Here 

and 

w*(e, y,p) j_: e-~xw(x, y,p)dx 

- w~(e, y,p) + w*_(e, y,p) 

w~(e,y,p) = fooo e-~xw(x,y,p)dx 

w:_(e, y,p) = /_0
00 

e-~xw(x, y,p)dx. 

e =a+ iT 

lwl :S Aexp(o:_x) as x---+ oo 

57 

where we use o:+ = Re(e) and o:_ =- Re(e), then w~(e, y,p) is analytic 
for o: > o:_ and w:(e, y,p) is analytic for o: < o:+. Thus w*(e, y,p) is 
analytic in the strip o:_ < o: < o:+ (Noble[6]). 

Following (24), equations (22) and (23) can be written as 

( ) -* ( ) -* (t ) cothah [-*' (t ) -*' (t )] 25 wl+ e, O,p + w 1_ .,, O,p = a wl+ .,, O,p + w 1_ .,, O,p 

and 

Transforming the boundary conditions (6), we get for y = 0, x > 0 
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wr~(e, O,p) - w;~(e, O,p) 

(27) - -w*' (e, o,p) 
STSinag(p) 
e + 8Tpcosa 

and for y = 0, x < 0 -· -· 
(28) 

wl_ - w2-
-•' -•' wl- - w2-

Equations (25) and (26) together with equations (27) and (28) give 

(29) 

and 

(30) 

w2+(e, O,p) - wi+(e, O,p) + wi+(e, O,p)- w;:_(e, O,p) 

- ~ [wr~(e, O,p) + wr~(e, O,p)] 

Using equations (25) and (26) in equations (29) and (30), and rear
ranging, we have 

(31) 

and 

(32) 
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Multiplying and dividing the right hand side of equations (31) and (32) 
by rJh and rearranging, we have 

wr~(~, O,p) + 
(33) 

and 

w2~(~, O,p) + 
(34) 

wL(~,o,p) = 
2 e s1n r7 -* -* 

[ 
-ah · h hl 

r7 h rJh [w2+(~,0,p)- wl+(~,O,p)] 

wL(~,O,p) = 
2 e s1n r7 -* -* 

[ 
-ah · h hl 

-rJ h rJh [w2+ (~, O,p) - wl+(~, 0, p) J . 

The equations (33) and (34) are the required Wiener-Hop£ equations and 
can be solved by the usual Wiener-Hop£ procedure. We point out that 
the two Wiener-Hop£ equations are identical, as would be expected. 

4. DETERMINATION OF THE WIENER-HOPF SOLUTION 

R. Mittra and S. W. Lee [7] have fully described the factorization of 
e-ah;~hah Using these results, we write 

(35) 

where 

J [ ib~ 27r i7rl (sin ~b)/ ~bexp ±-;-(1 - c + ln( ~b)+ 2 x 

exp -ln( ) IJ (1 ± -. -) e n1r [ ib"( ±~ - "( 00 ~ l ±i:.S.£ 

7r 7r n=l Z"/nb 

and G±(~) rv ~-~ as 1~1 --+ oo in the upper half plane. 
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By making use of equation (35), we can write (33) as 

(36) (~ _ sr~)G_(~) [wi~(~, O,p) + wi~(~, O,p)] = 

(~ + srp)G+(~)h [w;+(~,O,p)- wi+(~,O,p)]. 

Now we use equation (27) to achieve the following decomposition of 
equation (36) 

wL(~, O,p) 
(~- srp)G_(~) + 

srsinag(p) 
G_(~)(~- srp)(~ + srpcosa) -
(~ + srp)G+(~)h [w2+(~, O,p)- wi+(~, O,p)]. 

(37) 

The right side of this equation is analytic in the right half plane while 
the left side is so in the left half plane except that the second term has 
a pole at ~ = -srp cos a. To remove this pole we subtract (from both 
sides) the contribution due to this pole and write the equation (37) as 

wL(~, O,p) + sr sinag(p) { 1 + 
(~- srp)G_(~) ~ + srpcosa G_(~)(~- srp) 

(38) 1 } 
srpG _ (-srp cos a) ( 1 + cos a) 

= (~ + srp)G+(~)h [w;+(~, O,p)- wi+(~, O,p)] + 
sr sinag(p) 

srp(~ + srpcosa)G_(-srpcosa)(1 +cos a)· 

We now note that the left side of the equation (38) is analytic in the left 
half plane Re( ~ - srp) < 0 and the right side is analytic in the right half 
plane Re( ~ + srp cos a) > 0. Therefore, both the expressions define an 
entire function in the strip common to both the half planes. If both sides 
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tend to zero as 1~1 ---+ oo in the appropriate half planes, then the entire 
function can be shown to be zero using Liouville's theorem. This can be 
done as in Achenbach [2]. Thus we can obtain the following from (38) 
with the help of (27) 

(39) -*' (~ 0 ) = srsinag(p)G_(~)(srp- ~) 
w1 ',p srpG_(-srpcosa)(1+cosa)(~+srpcosa)· 

In order to obtain wi(~, y,p), we make use of equation (39) in equation 
(20). This gives 

wi(~, y,p) = 
(40) cosha(y + h)srsinag(p)G_(~)(srp- ~) 

With 

(41) 

srpa sinh ahG _( -srp cos a)(1 +cos a)(~+ srpcos a)· 

M = sinag(p) 
srpG _ (- srp cos a) ( 1 + cos a) 

which is independent of~' equation (40) becomes 

In order to obtain w2(~, y,p), we return to (21) and use equations (27) 
and (28) to obtain 

(43) 

The equations ( 42) and ( 43) give the transmitted waves in the two regions 
of interest in the transformed ~-plane. 
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5. THE TRANSMITTED WAVES 

We determine the transmitted waves in the two regions that consist 

of a semi-infinite layer that lies above the crack and a half space lying 
below the crack. This can be done by taking the inverse transforms of 

the expressions in (42) and (43). We do this for each region separately. 

(a) The region -h :S y :S 0, x > 0. 

The two sided Laplace inversion formula gives 

(44) 
1 16+ioo 

w1(x, y,p) = -2 . e~xw~(e, y,p)de, 
1f~ 6 -ioo 

where wi(e,y,p) is given by equation (42). The path of integration is 

restricted to the strip -srpcoso: < 6 < srp. For -h :S y :S 0, x > 0, 
we can close the contour in the upper half plane. Using equation ( 40) in 

(44), we write 

(45) 

where 

F
1 

= srsino:g(p) cosha(y + h)G_(e)(sr- e)l/2e~x 

srp(l +cos o:)(srp + e)l/2 sinhah(e + srpcos o:)G_( -srpcos a:). 

To invert the one-sided Laplace transform (45), we introduce the substi

tution e = PrJ to obtain 

(46) 
_ g(p) sin a: 1771 +ioo 
w1(x,y,p)= . F2drJ, 

p(l + coso:)21r~ 711-ioo 

where 
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The poles of the integrand in equation ( 46) consist of a simple pole at 
rJ = -sr cos a and the zeros of sinhaho The contribution due to the pole 
at 'fJ = -sr cos a is given by 

(47) 
_ g(p) cosh [(srpsina)(y +h)] e-srpcosax 
W1,1 (x, y,p) = onh( h o ) ps1 srp sma 

For the contribution at the poles arising from the zeros of sinh ah, we 
note that 

(48) ~rl:7r 

sinhah 0 :::;.. a= h' 
2 2 

c2 2 2 n ~ 2 
'> - SrP + ----,;:2 = Pn 

e ±Pn· 

Thus, the contribution at e = -Pn to equation ( 45) is 

(49) w1,2(x, y,p) = 
= sin ag(p)G _( -pn) cosh [ n,:r (y +h) J (srp + Pn) 112e-pnx 

Ii p( -pn + srpcos a)G_( -srpcos a)(l +cos a)(srp- Pn)112 · 

Therefore 
(50) 

Again, the inverse Laplace transform of the corresponding displace
ment wave is 

(51) WI (x, y, t) £: [ in~ J x 2 n=l g hsr sin a 

[ n~( h)]. ~(t-srxcosa) cos - y + eh•r•m<> 
h 

It may be noted that this solution corresponds to sinh ah = 0, which is 
the dispersion relation of the SH-wave travelling in a uniform layer of 
thickness h with free upper and lower surfaces. 

(b) The region y 2 0, x > 0. 
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The transmitted wave in this region is determined by applying the 

inversion formula to equation (43). The two-sided Laplace inversion for

mula gives 

(52) 

For y ~ 0, x > O,The contour is closed in the lower half plane. Following 

the Cagniard-de Hoop method, we use the substitution ~ = rJP· This 

gives 

(53) w2(x, y,p) 
g(p) sin a 

----~~~~--~~----~ X 
27ripG _ ( -srp cos a )(1 +cos a) 

["11 +ioo G- (prJ)( Sr - 'f} )1/2e-P{ (s}-7J2)1/2y-7)x} drJ 

l 111-ioo (sr + TJ)li2 (TJ + srcosa) · 

The contribution from the pole rJ = -sr cos a is 

(54) 

Again, by the use of the Laplace inversion formula 

rt-srx cos C>-sry sin Q 

(55)w(x,y,t) = -H(t- srxcosa- srsina) lo g(s)ds. 

On the other hand, we deform the path of integration for the integrand 

defined by equation (53) from R(TJ) = 'f}1 to a path along which the inte

gral can be recognized as a one-sided Laplace transform. The appropriate 

path is given by substituting (s~- rJ2 ) 112y- 'f}X = t and solving for rJ to 

obtain 

(56) t [t2 ]1/2 
'fJr±(r, e, t) = --;:: cose ± i r2 - s~ sine, 

where r 2 = x2 + y2 and tan e = ; , respectively. When srr < t < oo, 

equation (55) represents a hyperbola whose points of intersection with 

the real axis is located in between the branch points 'f} = ±sr. The 

contribution of the pole rJ = -sr cos a has to be taken into account for 

values of e in the region 0 ::; e ::; a. 
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The equation (55) is a plane wave of the same form as the incident 
wave in the zone 0 :S (} :S a. The integrand along the path defined by 
equation (53) represents a cylindrical wave. The solution in this region, 
therefore, agrees with that given by Achenbach [2] in his problem of 
diffraction in an unbounded medium. 

6. CONCLUSION 

The transmitted wave has been shown to consist of a guided or chan
nel SH-wave travelling in the layer formed by the free surface y = -h 
and the crack y = 0 in the region x ~ 0. As has been pointed m~t, this 
wave satisfies the dispersion relation of the SH-wave travelling in a layer 
of uniform thickness with both the upper and lower surfaces free. From 
the applications point of view, one is interested in looking at the contri
bution of this disturbance at the surface of the earth. To obtain this, we 
put y = -h in the equation (51) to get 

(57) 2 ~ _ ( in7f ) ~(t-STXCOSet) WI= ~ g . ehsTsma 

n=l hsrsma 

The transmitted wave in the quarter space x > 0, y > 0, is a cylindrical 
wave emitting from the edge x = 0 of the crack which acts as a source 
placed at that point. We notice from equation (51) that the transmitted 
wave in the layer -h < y < 0, x > 0, will not be possible if h vanishes. 
This is so because SH-waves are not propagated as surface waves in a half 
space model with a free surface. All these observations are in agreement 
with the physical situation of our model. 
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