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IMPROVING ESTIMATES IN REGULAR GROUP
DIVISIBLE DESIGNS

A. I. KANJO

ABSTRACT. The general approach of improving estimates in PBIB
designs established in Kanjo (1991b) is applied to the case of group di-
visible designs, and a general method of improving treatment estimates

in this class of designs is made available.

1. INTRODUCTION

The problem of utilization of between block information for improv-
ing the estimation of treatment effects was first tackled by Yates (1940)
for special designs and then by Rao (1947) for general incomplete block
designs. During the past three decades the properties of estimates ob-
tained by these procedures have been investigated by several authors. A
review of many of these procedures is given by Shah (1975) who provided,
again, an update review in (1992). In this paper, a general method of
improving treatment estimates in a special class of PBIB designs called
“Regular Group Divisible Designs” is suggested. It enjoys two properties
(i) it is applicable in regular GD designs with 7 treatments or more. (ii)
No method of improving treatments estimates in PBIB designs gives an
answer to the question of how much we have improved? Here a lower
bound of the recovery achieved is always given.
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2. DEFINITIONS AND SOME USEFUL RELATIONS

Consider a P.B.I.B. experiment with b blocks of k units each, and
v(> k) treatments each of which occurs in r blocks, and each treatment
has exactly n, i-th associates (i = 1,2). It is clear that

(2.1) vr=bk, ny+ng=v—1, mA +ndy =r(k-1),

Bose, et al. (1954), defines the constants A, H, c;, ¢y as

(22) KA =(a+X)(a+X)+ (M —N)a(f — g) + fA2 — ghil,

(24) kACl = )\l(a + A2) + ()\1 - )\2)(f)\2 - g)\l),
(25) ]CACQ = )\Q(Cl + )\1) + ()\1 d )\2)(f)\2 — g)\l),
where

(26) a= T(k - 1)7 f = p%27 g = p%2‘

Given any pair of treatments which are i-th associate, p; « Tepresents the
number of treatments which are j-th associate to one treatment of the
pair and k-th associate to the other.

In the intra-block analysis, the best linear estimate £; of the treatment
effect ¢; is given by, (see Bose et al. (1954))

(2.7) ti = [(k — c2)/a]Qi + [(c1 — c2)/a]S1(Qx),
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In the inter-block analysis Zelen (1957) gives the best linear estimates
t! of the treatment effect t; as:

(2.8) t; = [(k — ) /r1Q; + [(c; — ¢)/7]51(Q)),

where

CjA -T )‘j .
where @); denotes the adjusted yield for the i-th treatment; S;(Q;) de-
notes the sum of the adjusted yields for all the first associates of the i-th
treatment, and G denotes the grand total.

(2.9) ngﬂ—Qi—% and ¢ = (j=1,2).

v
Consider the restriction Zfi =0, and let V; = var(t;), i =1,2,...,v;
i=1
C1 = cov(t;, ti1); Cy = cov(ty, tin); V/ ,C1, Cy the inter-analysis counter
part, where t;; denotes a j-th associate of ¢;. It can be shown that:

(2.10a) Vi = [k(v—1)=nic; — nyco)o?/av;
V] = [k(v—1) = nic| — nach)o’?/r,
(2.10Db) C1 = [ei(ng +1) — nyey — kjo?/av;

C; = [ci(ny+1) —ngocy — k]o?/vr,

(2.10c) Cy = [ca(ni +1) —nic) — k|o?/av;
Cy = [(ny+ 1)cy — nic) — K)o Jor,

0'? = 0% + ko}, where o2 is the error variance in the intra-model and o}

is the variance of the block effect in the inter-model. Let,
(2.11) V=V+V,C=0C+C], C=Cy+C;
It can be shown that,

A=A

Aley = cg) — (A — /\2)0_/2
kA

(2.12) Ci—C; = T(A—TH+T'2)

o Cy—Cy=
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' —T(h—’l‘) 1 2
(213) O =0 = =) xR g %~ A m 2%

Now, if A >0, A—rH +r%>0, and H > r, then:

C—-C">0,if A\ <)y,
C—-C"<0,if A1> ),

It is to be noticed that the above conditions are satisfied in every
design listed in Bose et al. (1954).

Consider now t independent parameters 7y, ...,7; and suppose that
for each 7; there exists two independent unbiased estimates U; and X;,
where U; is distributed as N(7;, V! = 6;0%) and X; is distributed as
N(7;,V; > V;). Suppose also that independently of the X,’s and U,’s
there exists an unbiased estimator S? for o2 where S? is distributed as
(0%/e)x*(e). It was shown in Kanjo (1991b) that there exists a constant
B such that the unbiased estimator:

0,BS?
t
Y. (X - Uy)?

=1,

’7A'1:U,+

(X; = Up).

has a variance less than var(U;) whenever ¢ > 5.

This result was applied to P.B.I.B designs. A specific relations giving
optimum value of B and a lower bound of improvement achieved, were
determined. In section 3 formulation of the problem in terms of group
divisible class of designs is given and some useful relations are derived. In
section 4 results for regular group divisible designs have been established.
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3. A FORMULATION OF THE PROBLEM IN TERMS
OF REGULAR GROUP DIVISIBLE DESIGNS

3.1. Reparametrization and some relations.

In group divisible designs we have v = mn, and the treatments can be
divided into m groups of n treatments each, such that any two treatments
of the same group are first associates, while two treatments of different
groups are second associates. We have also, n; = n — 1;ny = n(m —
1); f=0, g=n—1. Clearly:

(3.1) (m—=DM+n(m—-DI=r(k—-1), or
) rk—)\gv=r—)\1+n()\1—-)\2).
In regular group divisible (GD) designs:

(3.2) > Ap, rk — Av > 0.

Consider now the mn X mn matrix M; defined as follows:
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Consider the followmg contrasts between the mn intra-block estimates
of the treatments %y, s, ..., t,:

Qz(Ul,UQ,...,Umn_l,O) M(tl,tg,... ) Mt

where M is the same as M; after normalizing its rows. Define simi-
larly the contrasts between the inter-block estimates of the treatments
g1

1ty ... ie. X =Mt

"U)

The problem now is to combine U and X to get new estimates
7 = (f1,...,Tam)". It should be noted that U,, = Xnm = 0, and the
corresponding combined estimate is assumed to be zero, i.e. T,, = 0.

One notices that U; is uncorrelated with U; for ¢ # j, also X; is
uncorrelated with X for ¢ # j, and the U’s are independent of the X’s.

It should also be noted that in the vector £ or # , the treatments are
grouped according to group divisible association plan, moreover, the con-
trasts included in the matrix M are of two types, within group contrasts
and among group contrasts. It can be shown that the variance of any
within group contrast is V; — C1, and the variance of any among group
contrast is V; — C; + n(Cy — Cy).

Similarly one can see that the variance of X; is V/ — C] or V{ —
C] + n(Cy — C%) according as X; represents a within contrast or among
contrast respectively. Consider now the vector:

(3.3) Z=(21,Z2,..., Zmn—1) =X —U,

Z; and Z; are independent for ¢ # j. For within group Z’s, one has,

(34) V(Z)=V(X)+V(U)=W+V)—-(C1+Cy) =V -C.

For among group Z’s, one has,

(3.5) V(Z) = Vi—Ci+n(Cy—Co)+ V] —Ci+n(C] —Cy)
V-C+n(C-C")

where V,C,C’ are defined in (2.10a) through (2.11). From (2.14) it is
seen that,

(36&) V-C> (V - C) +TL(C — C,), if A1 > g,
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and
(3.6b) V-C<(V-C)+n(C-0C), if I\ <A,

This will give rise to two divisions of the problem according to whether
A1 > Agor A\ < Ag.

3.2. Study of the ratio (V - C)/[V — C +n(C - C")].
From (2.10a) through (2.10c) one has:

(3.7a) V-C=(k-c)o*/a>+(k—c)o"/r,

(3.7b) V-C+n(C-C") = [k ;‘Cl n n(A — /\2)] 2

kA
k—c] n(A — o) 2
+[ r k(A —rH +r?) g

putting f =0, g =n — 1 in (2.2) through (2.5) one gets:

(3.8a) KA =Xv(a+A); kH =a+ A\ + \v; kAcy = Ao,

(3.8b) ca—cp = [ak(A = A2)]/[PDev(a+ A
(k—c1)/a=k/(a+ \).

Let A=A —rH +r? then kA = kA — rkH + r*k, using (3.8a) and
(2.6) one obtains:
(3.9) kA = (r — \)(rk — Av) /k.

Since 7 > A;, Tk > Av in regular GD., one can say that A=A —rH +
7% > 0 in every regular GD design. Also from (2.9) using (3.8a) and (3.9)
one obtains:

(3.10) (k—=c)/r=k/(r —\).

Substituting from (3.8b) and (3.10) into (3.7a), one can write,

(3.11) V —C =ka*/(a+ \)+ka?/(r — \).
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From (3.1), using (3.8a), one obtains:

(3.12) n(A — A2)/kA =k/Xv — k/(a+ A1)

and using (3.9), one obtains:

(313) ’I’l()\l - )\2)/]{?14 = k/(’f‘ - Al) - k)/(’f’k‘ — sz).

Substituting from (3.8b), (3.10), (3.12) and (3.13) into (3.7b), one can
write:

(3.14) V —C+n(C—C") = ka?/ v + ka?/(rk — Mv).

Since 0’?= 02 + ko?, if one puts 02/0% = R > 1, then:

T + 1 R
(3 15) V—C _ (T‘—- )\1)(G+>\1) r— )\1
' V-C+n(C-C) T n 1 R
)\2’1)(7‘]{: - )\2’()) rk — )\2'()
a;+ 6R
= —-:FR.
as + GoR ( )

Since r — A\; > 0, 7k — A\v > 0 in regular GD, one can say that,

dF(R) [ >0 if A >,
(3.16) iR { <0 i A<
so that,
(3.17a) F(1) < F(R) < F(o0), when X > A,
(3.17b) F(o0) < F(R) < F(1), when X < s
where,
(3.18a) F(1) = a1+ 061 Av(rk — M) (rk + A1)

St B (r=A)(a+A)(r+ Av)’

(3.18b) F(00) = B1/B2 = (rk — Aav) /(1 — X\1).
For the inverse ratio G(R) = 1/F(R), one has:

(3.19a) G(©) < G(R) < G(1), when X;> Ag,
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(3.19Db) G(1) < G(R) < G(o0), when A; < Ay,
where G(1) = 1/F(1) and G(c0) = 1/F(00).

4. APPLICATION TO REGULAR GROUP DIVISIBLE DESIGNS

The results obtained in Kanjo (1991b) are exactly what is needed
here where ¢, =V —C, ¢o=V —-C+n(C-C").

For within comparisons with variance ¢; = V — C, one has v; =
mn—-1)—-1=v—-—m-—-1, v, = m—1, (m should be > 2) thus
L < ¢2/¢1 < P if 1> /\2, and P < ¢2/¢1 <L if < )\2, where

7‘*—)\1 N (r—/\l)(a+)\1)(r+)\2v)
rk — A0’ Mv(rk — Av)(rk + Ap)
For among comparisons with variance ¢o= V — C + n(C — C"), one
has ;= m(n — 1) = v — m,¥y, = m — 2, (m should be > 3), thus
1/P < ¢o/p1 < 1/Lif A\y> Ag and 1/L < ¢ho/hy < 1/P if M\1< Ag.

(4.1) L=

The combined estimate is given in (2.15) where 6; is the coefficient
of 62 in V(U;) = V; — C;. Using (2.10a), (2.10b), and (3.8b) one gets
;= k/(a+ A1), and the combined estimate for within comparisons is:

kBS?
(4.2) 7 =U + ,,_IS (Xi = Vi),
(a+ ) D (X; — U;)?
=1
=

For among comparisons, one has V(U;) = V; — C; + n(C; — C;), using
(2.10a), (2.10b), (2.12), (3.8b) and (3.12):

k— Cq 'n()\l - )\2) 2 k 2
4. i) = -
(4.3) V(U;) ( - + A o )\2’00'
hence 6;= k/\;v and the combined estimate is:

kBS?
(4.4) 7, =Ui + — 5 (X: = Uy),
)\2’1) Z(X] - Uj)2
j=1

G
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The combining constant B, and a conservative lower bound of the im-
provement ratio D,,, for within comparisons, and B4 and D4 for among
comparisons have been computed for 62 regular GD designs that appear
in Bose et al. (1954). The results are listed in table 1.

5. GENERAL PROCEDURE FOR IMPROVING ESTIMATES
IN REGULAR GROUP DIVISIBLE DESIGNS

Compute:

1. f;—fi,z' =1,2,...,v. where f; and ¢; are the inter and intra-estimate
of t; respectively.

2. X=U=M (i’ - i), where M is the orthogonal matrix defined in

section 3.1.
v—1 v—1
3. ) (X5 -Up)* = (X, - Up)* = (X = U)*.
i =1
v—1
4. J =kB,S?/(a+ A1) Y _(X; — U;)?, for within contrasts and
J#i
v—1
J = kB4S?/ v Z(Xj —U;)? for among contrasts; By and By are

J#i
constants to be taken from table 1 and S? is the error mean square
in the ANOVA table.

5. The combined estimate of U; and X;,

Hi=U+J(X;—-U), i=12,...,0-1

If the combined estimates of the treatment effects t;’s are desired,
one should compute:

T=(Ty,...,T,) = M'(#,%,...,#_,,0) = M'%

y To—1>

where M’ is the transpose of M.


balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh


54 AL KANJO
Table 1
W ms | ome | rg | om | owg | my | owy | o |
No. Rg Rg Rg R Ro Riq Rio Ri3
v 8 8 8 9 9 9 9 9
B, 2.57 | 2.99 | 1.63 | 2.23 | 2.02 | 3.35 | 2.54 | 3.79
D, 0.34 | 0.40 | 0.46 | 0.52 | 0.50 | 0.53 | 0.56 | 0.52
By 0.75 | 0.87 [11.78 | 4.24 | 5.31 | 1.50 | 3.74 | 1.0
Dp 0.35 | 0.40 | 0.40 | 0.46 | 0.40 | 0.51 | 0.53 | o0.50
Lo W I IV B P I e
No. Rig Ris Rig R Rs Rao Ray Rz
v 10 12 12 12 12 12 12 12
B, 7.57 | 3.95 | 6.87 | 4.58 | 5.08 | 7.82 | 7.14 | 6.44
D, 0.55 | 0.66 | 0.65 | 0.68 | 0.69 | 0.64 | 0.68 | 0.70
B, 1.65 | 8.17 | 4.05 | 6.86 | 8.20 | 2.34 | 4.21 | 4.10
Dp 0.56 | 0.65 | 0.65 | 0.66 | 0.60 | 0.62 | 0.68 | 0.68
il NE S U Rl T o o T
No. Ro3 Roy Rys Re Rq Rog Ryg R3g
v 12 14 14 14 15 15 15 15
B, 6.71 [10.40 | 8.95 [10.81 [13.52 [10.35 | 7.66 |14.02
D, 0.71 | 0.70 | 0.72 | 0.73 | 0.68 | 0.73 | 0.77 | 0.71
B, 3.08 | 5.03 | 5.93 | 5.23 | 3.05 | 4.93 |10.91 | 3.17
DA 0.70 | 0.71 | 0.72 | 0.74 | 0.68 | 0.70 | 0.72 | 0.71
E N I R B BV I e
No. R3q R3; l Ry3 R4 Rys R3¢ Ry Ryg
v 15 15 15 15 16 16 16 16
B, 10.89 | 8.05 | 7.08 [10.22 [12.06 | 8.43 | 7.98 | s.82
D, 0.75 | 0.78 | 0.75 | 0.79 | 0.73 | 0.79 | 0.78 | 0.79
B 2.73 |12.04 |12.62 | 6.15 | 3.64 |16.04 [21.19 |12.67
D 0.73 | 0.66 | 0.65 | 0.78 | 0.68 | 0.72 | 0.66 | 0.71
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R r | reo | may | mp | omg | me | Ry |
No. Ryg R40 Rq1 Ri2 Ris3 Raq Rys Rse
v 16 18 18 20 20 21 24 24
By, 11.38 |13.04 |10.24 |15.08 |12.05 |16.31 |28.73 |21.04
D, 0.79 | 0.80 | 0.81 | 0.83 | 0.84 | 0.83 | 0.80 | 0.85
Ba 5.35 | 9.82 |13.04 |11.79 [27.58 |10.67 | 5.28 [11.77
Da 0.77 | 0.80 | 0.80 | 0.83 | 0.70 | 0.81 | 0.80 | 0.84
R g | mep | mue | mo | my | mgy | R |

No. R47 Ryg R49 Rso R51 Rs) Rg3 Ry
v 24 24 24 24 25 25 26 27
By, 20.74 [{19.57 |16.82 |29.18 |16.86 |16.22 |22.42 [23.93
D, 0.83 | 0.85 | 0.88 | 0.81 | 0.88 | 0.87 | 0.87 | 0.88
Ba 6.30 |11.34 [29.88 | 5.37 |32.42 |44.30 |16.82 [14.73
DA 0.76 | 0.81 | 0.77 | 0.81 | 0.82 | 0.77 | 0.88 | 0.86
R m | ree | ey | me | me | reo | ey |

No. Rss Rsg Rgo Rsg Rso Reo Rgq Rgo
v 28 28 30 33 35 39 40 45
B,, 25.65 |19.90 [21.20 |25.36 |26.98 [29.69 [|39.32 |44.96
D,, 0.88 | 0.89 | 0.90 | 0.92 | 0.92 | 0.92 | 0.91 | 0.93
Ba 12.42 |28.77 |26.41 |76.26 |47.97 |40.38 |21.45 |21.98
Da 0.85 | 0.86 | 0.90 | 0.84 | 0.86 | 0.91 | 0.91 | 0.91
T mgy | mgy | mes | e | m | Reg |

No. Rg3 Rgy Rgs Ree Re7 Reg
v 48 49 49 63 64 80

By 71.06 |39.85 |38.85 |97.99 |54.37 |128.51

D, 0.88 | 0.95 | 0.96 | 0.91 | 0.96 | 1.00

By 9.54 |77.83 [110.29|11.60 |106.69|13.68

Dp 0.89 | 0.91 | 0.88 | 0.91 | 0.94 | 0.92

* Design serial number as it appears in Bose et al

(1954) .
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