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CLOSED POLAR SETS IN A RIEMANNIAN MANIFOLD 

Victor Anandam and Suad AlHemedan 

ABSTRACT. Closed polar sets e in a Riemannian manifold can be char

acterised by the possibility of extension as harmonic or superharmonic 

functions across e of bounded harmonic functions defined outside e. 

1. INTRODUCTION 

Like sets of measure zero in the theory of measures and integration, po

lar sets play the role of exceptional sets in potential theory which is the 

study of harmonic functions and potential functions on Euclidean domains (see 

Brelot[10], Aikawa-Essn [1] and Armitage-Gardiner[4]) and more generally on 

locally compact spaces like Riemann surfaces and Riemannian manifolds. In 

the case of function theory on the complex plane, it is known that a bounded 

analytic (respectively bounded harmonic) function defined outside a point zo 
can be extended analytically (respectively harmonically) to a domain includ

ing zo. { zo} is the simplest example of a polar set in the study of harmonic 

functions on Rn, n 2: 2. The notion of locally polar sets in Rn was introduced 

by Brelot in 1941 to replace the notion of sets of (classical) inner capacity 

zero. A set e is said to be locally polar in Rn if for every point y in Rn there 

exists a neighbourhood N of y and a potential p on N such that p = oo on 

Nne. Soon afterwards, Cartan [13] and [14] remarked that in a ball in Rn, 

the locally polar sets are the same as sets of outer capacity zero. If 0 is a 

Green domain (that is, the Green kernel can be defined on 0), and if e is a 

locally polar set in n, then there exists a positive potential on n such that 

p = oo on e (see the proof in Brelot [11, p.47] in a general setting). Later in 
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[2, Thorme 3.18] it was shown in particular that if w is a domain in Rn with 

or without positive potentials and if e is locally polar in w , then there exists 

a super harmonic function s on w such that e C { x : s(x) = oo} ; s may not 

be lower bounded in the general case, but if w is a Green domain, one can 

take s as a potential. Consequently, we shall leave out the term locally polar 

and say that a set e in an open set w is polar if and only if there exists a 

superharmonic functions on w such that e C {x: s(x) = oo}. 

Some other descriptions of polar sets include the characterisation of polar 

Fa sets in Euclidean spaces by means of hitting times (Port-Stone [20]); and 

the characterisation by using the fine topology on Rn given in Doob [15, p.177]: 

A polar subset of Rn has no fine limit point and conversely a subset of Rn with 

no fine limit point is polar. 

Among the various properties of polar sets, the property that is of interest 

to us here is that closed polar sets in Rn are removable singularities for lower 

bounded superharmonic functions and for bounded harmonic functions (see 

Brelot [10]). Some of the results proved in this note are as follows. 

Let R denote an orientable hyperbolic or parabolic C00 -Riemannian man

ifold of dimension d 2:: 2 with a countable base or a Riemann surface. A set 

F in an open set w c R is said to be polar if there exists a superharmonic 

function s on w such that F C { x : s( x) = oo}. It is known that if e is a 

closed polar set contained in an open set w in R, then any bounded harmonic 

function on w \ e extends harmonically on w. Conversely suppose that e is a 

closed set in R and that every bounded harmonic function defined on w \ e 

extends as a harmonic or a superharmonic function on w. Then we prove in 

Section 3 that e is polar, provided some additional condition such as R E 0 H B 

(that is, there is no non-constant bounded harmonic function on R ) or ~ = 0 
or e is compact is satisfied. 

As a consequence we show, in Section 4, that if R is parabolic and if 0 

is a proper subdomain of R , then either there exists a harmonic function 

u(x) on 0 tending to oo at every boundary point of 0 in R or there exists a 

positive harmonic function h(x) on 0 such that lim suph(x) = oo for every 
x->y 

y E &0 (which is equivalent to saying that there exists a bounded non-constant 

harmonic function on 0). In the hyperbolic case, this dichotomy does not exist; 
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for in this case, we remark that given any proper open set w, one can always 

construct a positive harmonic function u(x) in w such that lim supu(x) = oo 
x->y 

for every y E aw. In the final section, we extend these results from the 
Riemannian manifold R to the Brelot harmonic space n in the axiomatic 
potential theory. 

2. PRELIMINARY REMARKS 

The harmonic functions in the Riemannian manifold R defined locally as 

the C00 solutions of the Laplace-Beltrami equation D..h = 0, have the sheaf 

property, solve locally the Dirichlet problem and possess the Harnack property; 

that is, they satisfy the axioms 1,2,3 of Brelot in the axiomatic potential theory 

[11, pp.13- 14]. Consequently, we are justified in using the results from the 

Brelot axiomatic theory in the context of the Riemannian manifold. Also, as 

remarked earlier in the Euclidean space, a theorem due to H.Cartan says that 

in a ball B in iRn, a set is polar if and only if its outer (Newtonian) capacity 

is 0 (see Brelot [10, p.57]). A bounded set E in iR2 is polar if and only if its 

outer logarithmic capacity is zero; if E is a polar subset of iR2 , then E is totally 

disconnected (Armitage-Gardiner[4, p.154]). To prove a similar result in the 

Brelot axiomatic potential theory, Herve [16] starts with a Brelot harmonic 

space n with postive potentials; then, using the notion of reduced functions, 

a strong Choquet capacity <p is constructed. It is then proved that a set e in 

n is polar if and only if its outer capacity defined by <p is 0. (For a summary 

of these developments, see Brelot [11, pp.45- 47].) 

With this type of characterisation of polar sets as sets of (some suitable) 

capacity 0, a relevant result for our article here is given in Sario and Oikawa 

[22,p.261] (see also Carleson [12, Section VII]):Let E be a totally disconnected 

compact set in a Riemann surface W* and let W = W* \ E. Let U* be a 

regular subregion of W*, E C U*. Let U = U* \ E. Then E has logarithmic 

capacity 0 if and only if any bounded harmonic function u on a neighbourhood 

of U n W is harmonically extendable to U*. 
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In this note, we ask the question: In a Riemannian manifold R, with or 

without positive potentials, if e is a closed (not necessarily compact) set having 

the above-mentioned harmonic extension property, then is e a polar set? This 

investigation leads to some interesting theorems about the existence of positive 

harmonic functions with special properties on subdomains of R. We show also 

that these results in a Riemannian manifold R can be extended to the Brelot 

axiomatic potential theory. The proof of the sufficient condition for a closed 

set in R to be polar is relatively straightforward in the case of hyperbolic 

manifolds when we use the reduced functions (Brelot [11, p.36]): 

Recall the definitions of reduced functions and balayage: Suppose in R, 

s > 0 is a superhrmonic function and e is a subset. Then, the reduced func

tion is defined as R~(x) = inf u(x), where ~ is the family of all positive 
uE~ 

superharmonic functions u on R that majorise s on e. The reduced function 

may not be a lower semi-continuous function, so that it may not be superhar

monic on R. The balayage R~ is the semi-continuous regularisation defined by 

R~(x) =lim inf R~(y), which is superharmonic. It is known, as a particular 
y-+x 

case of a general result in the axiomatic potential theory, that a closed set e is 

polar in a hyperbolic manifold R if and only if R~ = 0 in R. But in the case of 

a parabolic Riemannian manifold, we need the following Lemma 2.1. We say 

that a compact set k in R is outer-regular if every point of 8k is regular for 

the Dirichlet problem in w \ k where w :J k is a relatively compact open set. 

Let G(x, y) be the Green function for R if it is hyperbolic. If R is parabolic, 

let E(x, y) be the Evans function for R as defined by M.Nakai (see Bagby and 

Blanchet [6, p.60]); the Evans function plays the role of logix- Yi on R2 . We 

use the term "near infinity" to mean "outside a compact set". 

Lemma 2.1. Let k be a compact set, w an open set, k c w c R. Let u be 

harmonic on w \ k. Then there exist a harmonic function t on w and a harmonic 

function s on R \ k such that u = s - t on w \ k. Here s can be chosen so as 

to have the following additional property: 

{1)If R is hyperbolic and if y E R, then for some constant a, ls(x)l < 
aGy(x) near infinity. 
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(2)If R is parabolic and if y E R, then for some constant a, s(x) - aEy(x) 

is bounded near infinity 

Proof. 1) First assume that w is a domain. Suppose ko is an outer-regular 
0 

compact set and wo is a regular domain such that k c k0 c ko c wo c wo c w. 

By [3, Lemma 1], which has been proved in the general context of the Brelot 

axiomatic potential theory, there exist a harmonic function so on R \ ko and 

a harmonic function to on wo such that u = so -to on wo \ ko; let s1 be the 

function u +to on wo \ k extended by so on R \ wo; let t1 be the function 

so-u on w \ ko extended by to on ko. Then s1 is harmonic on R \ k and t1 is 

harmonic on w such that u = s1 - t1 on w \ k. 

2)Suppose now w is just an open set. In this case, we need only to consider 
m m 

the case when w = U Wi where Wi are disjoint domains and k = U ki where 
i=l i=l 

ki is compact C Wi· Then for each i, by the step 1) there exist Si harmonic on 
m 

R \ ki and ti harmonic on Wi such that u = Si - ti on Wi \ ki. Define s' = 2::: Si 
i=l 

m 
on R \ k and t' on w such that t' = ti + 2::: Sj on Wi· Then s' is harmonic 

j=l,#i 

on R \ k and t' is harmonic on w such that u = s'- t' on w \ k. 

3)Finally we prove the additional property. For that, remark that given 

any harmonic function s' outside a compact set in R, there exists a harmonic 

function f on R such that Is'- fl ~ aGy near infinity if R is hyperbolic, and 

s' = aEy + f+ (a bounded harmonic function) near infinity if R is parabolic 

(see [2,Thorme 1.19 and Proposition 3.33]). Now in step 2), write s = s'- f 
and t = t'- f to obtain the desired decomposition. D 

3. CHARACTERISATION OF CLOSED POLAR SETS IN R 

If e is a closed set in R and if every bounded harmonic function on R \ e 

extends as a harmonic function on R, then we prove in this section that e is 

polar provided R E 0 H B (that is, every bounded harmonic function on R is a 

constant), ~ = 0, ore is compact. 
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Lemma 3.1. Let e be a proper closed subset of R. Suppose every bounded 

harmonic function on R \ e is a constant. Then ~ = 0. 

0 0 

Proof. Suppose e =I= 0. Choose an outer-regular compact set k c e such that 

R \ k is connected. For any continuous function f on ak, let B f denote the 

generalised Dirichlet solution on R \ k with boundary values f on ak and 0 at 

infinity (the existence of Bf by the Perron-Wiener-Brelot Method is proved 

in [2]). ak cannot be a single point (since each point in R is polar). It is 

possible, therefore, to choose a finite continuous function f on ak such that f 
is not constant. Consider Bf on R\k. Bf is bounded harmonic on R\k, not 

constant since B f tends to f on ak. Hence B f is not constant in any domain 

8 of R \ e (by Aronszajn-Cordes theorem, see [6, p.52]). Thus, there exists a 

non-constant bounded harmonic function on R \ e, a contradiction. 0 

It is known (proved for example as in Brelot [10, p.36]) that if e is a closed 

polar set in a Riemannian manifold R, then for any open set w => e, any 

bounded harmonic function on w \ e extends as a bounded harmonic function 

on w and if R is parabolic, then every lower bounded superharmonic function 

on R \ e is constant. In the converse direction we prove the following. 

Theorem 3.2. Let e be a proper closed set in R E OHB· Then e is polar if 

and only if any bounded harmonic function on R \ e is a constant. 

Proof. Let e be polar. Suppose u is a bounded harmonic function onR \e. 

Then u extends as a bounded harmonic function on R, as noted above. Since 

R E OHs, u is a constant. 

To prove the converse, let us consider the hyperbolic and the parabolic cases 

separately . 

a) Let R E OHB be hyperbolic. Suppose that every bounded harmonic 

function on R \ e is constant. If e is not polar, then we can choose a compact 

k c e that is not polar. Then u =R~ > 0 is a potential on R which is bounded 

harmonic outside k and hence by hypothesis u is a constant a on R \ e. This 
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0 

implies that u = a on R \ k, since e = 0 by Lemma 2.1 and u is continuous 

on R \ k. But u being a potential on R, if u is a constant outside a compact 

set, then u = 0 on R, a contradiction. Hence e is polar. 

b) Let R be parabolic and suppose that every bounded harmonic function 

on R \ e is constant. If e is not polar, choose a compact set k c e that is not 

polar. Let w be a relatively compact domain, w ::::l k. Let u = (:R1)w where 

(R1)w = inf { s 2: 0 super harmonic on w, s 2: 1 on k} and (R1)w is the lower 

semicontinuous regularization of (R1)w . Then u is bounded harmonic on w \ k 

which does not extend harmonically on w. This means that k cannot reduce 

to a single point, since each point in R is polar; choose two points Xi , i = 1, 2, 

in k such that u does not extend harmonically to any neighbourhood of Xi· 

Hence we can find two compact sets ki which are not polar and two open sets 

Wi such that ki U k2 c k, WIn w2 =¢and ki c wi c Wi c w. 

Let ui = (R~i)w· Then Ui is a positive superharmonic function on w, har

monic on w \ ki ::::l w \ k, but not harmonic on w . Then by Lemma 2.1, for 

y E R, we can write Ui = Si - ti on w \ k where si is harmonic on R \ k, ti is 

harmonic on w, and (si - aiEy) is bounded near infinity. Here ai ::f. 0. For, 

otherwise the function 

si in R \ k 
Vi= { 

Ui + ti in w 

will be a non-constant bounded superharmonic function in the parabolic space 

R, which is not possible. 

Let s = a2si -a I s2 on R \ k. Since s is bounded harmonic on R \ k ::::l R \ e, 

by the assumption s is a constant c in R \ e . Thus s is harmonic on R \ k 

and s = c on R \ e; since ~ = 0 , we conclude that s = c on R \ k also. Hence 

on w \ k, a2si = s + ais2 extends harmonically on WI· This means that ui 

extends harmonically on w, a contradiction.Thus in each case, e is polar in 

R. D 

In Theorem 3.2, the restriction that R E OHB was placed mainly to prove 

that ~ = 0. However, if we assume to start with that ~ = 0 which anyway is 
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a necessary condition for e to be polar, we have the following general result 

(which is proved in [19] in the general context of a Brelot harmonic space). 

Theorem 3.3. A closed set e in R is polar if and only if ~ = 0 and for one 

(and hence any) open set w :::::> e , every bounded harmonic function in w \ e 

extends harmonically on w . 

If e is a closed set contained in an open set w, we shall say that a harmonic 

function u on w \ e extends superharmonically (respectively harmonically) on 

w ifthere exists a superharmonic (respectively harmonic) functions on w such 

that s = u on w \ e. 

Theorem 3.4. Let e be a k-analytic subset of R . Suppose for any compact 

k C e, every bounded harmonic function on R \ k extends superharmonically 

on R. Then e is polar. 

Proof. Since e is k-analytic, it is enough to prove that every compact set k in 

e is polar (Bauer [7]). We shall consider the two cases of R being hyperbolic 

or parabolic separately. 

1) Let R be hyperbolic. If k is not polar, let s = 1-Rt. Then 0 ~ s ~ 1 
is harmonic in R \ k, s ~ 1, s "¢ 0, s "¢ 1. By hypothesis, there exists a 

superharmonic function ton R such that t =son R \ k. Let Rn be a regular 

exhaustion of R, Rn :::::> k for every n; and for a fixed xo, let p~0 be the harmonic 

measure on {)R, when xo ERn. Then t(xo) 2:: J t(x)dp~0 = 1- fRtdp~0 when 

n is large. This implies, since :Rt is a potential, that t(xo) 2:: 1. Since xo is 

arbitrary, t 2:: 1 on R and hence :Rt = O,a contradiction. 

2) Let R be parabolic. The assumption in this case implies that every 

bounded harmonic function on R\k is constant. For, if u is bounded harmonic 

on R\k, the superharmonic function ton R such that t = u on R\k is bounded 

outside a compact set and hence is a constant. Consequently, Theorem 3.2 

can be used to prove that k is polar. D 
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4. POSITIVE HARMONIC FUNCTIONS ON DOMAINS IN A RIEMANNIAN 

MANIFOLD 

33 

In this section, we give other characterisations of closed polar sets e in a 

Riemannian manifold R by the existence of certain types of positive harmonic 

functions on w = R \ e with specified boundary limits. Extending a classical 

result (due to Evans), Bauer [7] proved in an axiomatic case with positive 

potentials that if e is a closed polar set in a harmonic space n ' then there 

exists a potential on n such that e = { x : p( x) = oo}. This result is extended 

to the case of a harmonic space without positive potentials [2,Thorme 3.21], 

by replacing p by a superharmonic funtion s on n. In particular, if e is a 

closed polar set in R, then there exists a real-valued superharmonic functions 

on w = R \ e such that lim s(x) = oo, for every y E ow; conversly, of course, if 
x---->y 

there exists some superharmonic functions on w such that lim s(x) = oo, for 
x---->y 

every y E ow, then e is polar. We improve this result in Theorem 4.1. Actually, 

the problem treated in this section is: Suppose w is a proper subdomain of 

a Riemannian manifold R, hyperbolic or parabolic. When can we assert the 

existence of non-constant harmonic functions on w that are bounded or at 

least positive? 

Theorem 4.1. Let e be a closed set in R. Let n 
following statements: 

(1} e is polar. 

R \ e. Consider the 

(2) There exists a positive harmonic function u( x) on n such that lim u(x) = 
x---->y 

oo for every y Eon. 

(3) There exists a (not necessarily positive) harmonic function v(x) on n 
such that lim v(x) = oo for every y Eon. 

X---->y 

Then, (a) if R is hyperbolic, all the three statements are equivalent; and (b) 

if R is parabolic, the statements ( 1) and ( 3) are equivalent . 
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Proof. a) Let us first consider the case of a hyperbolic Riemannian manifold 

R of dimension d ~ 2 . We shall actually assume that R is of dimension 
1 

3 (and use the kernal I I in the discussion); all other dimensions can be 
x-y 

treated similarly. The harmonic and the superharmonic functions on R will be 

determined by means of the Laplace-Beltrami operator L, which will be called 

the £-harmonic and the L-superharmonic functions on R; for their properties 

we refer to Herve [16, Chapter VII]. 

(1) =} (2). Let e be a closed polar set in R. If B is the parametric ball in 

R determined as the preimage of { x : I x - xo I < r}, we shall denote by w the 
. r 

pre1mage of { x : lx - xo I < 2}. Cover e by a countable number of such Wn 's. 

n-1 
Let en= en (wn \ U wi)· Then en is compact and e = U en. 

i=l n 

If (En, <p) is a chart, <p( en) is a compact polar set contained in the ball <p(Bn)· 

Since <p(en) is £-polar, by [16, Theoreme 36.1] it is ~-polar; here~ refers to 

the Laplacian in the classical case R3 , using the local coordinates. Hence 
1 

there exists a ~-potential qn(x) = J lx _ I dJ.L(Y) in R3 with its associated 
<p(en) Y 

measure J.L having compact support in <p(en) = {x: x E Bn,qn(x) = oo}. 

By [16, Proposition 35.1], there exist constants c1 and c2 depending on 
C2 Cl . . 

n such that I I ::; G~(x) ::; I I for all x,y m <p(en), where G~(x) 1s 
x-y x-y 

the Green £-potential in <p(Bn)· Hence un(x) = J G~(x)dJ.L(Y) is an L-
'P( en) 

superharmonic function in <p(Bn) and <p(en) = {x: x E <p(Bn),un(x) = oo}. 

This, together with Lemma 2.1, shows that there is an £-potential Sn in R, 

L-harmonic in R \ en and en = { x : Sn ( x) = oo}. 

Now, e being closed polar, 0 = R \ e is connected. Fix xo E 0 and define 

( ) Sn (X) d h ( ) """' ( ) . . . Un x = 2 ( ) on R, to conclu e t at u x = 6 Un x 1s a pos1tlve L-
n Sn xo 

superharmonic function on R, £-harmonic on 0 and e = {x: u(x) = oo}. In 

particular, u(x) is a positive £-harmonic function on 0 such that lim u(x) = oo 
x---+y 

for every y E 80. 
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(2) => (3). Obvious. 

(3) => (1).Extend the harmonic function v(x) on 0 by oo one, to obtain a 

super harmonic function VI ( x) on R. Consequently, e is polar . 

b) Let us assume now R is parabolic . 

(1) => (3). Let e be a closed polar set in R. Let w and B be parametric 

balls such that w c w c B c 0 = R \ e. Since each connected component of 

R\w is a Green domain, there exists a super harmonic function p(x) > 0 in each 

component o of R\w such that pis harmonic on o\e and one= {x: p(x) = oo }. 

Piecing together such functions p, we get a superharmonic function q(x) > 0 

on R \ w such that e = {x: q(x) = oo}. 

By Lemma 2.1, there exists a harmonic function s(x) on R \wand a har

monic function t(x) on B such that q(x) = s(x)- t(x) on B \ w. If we define 

( ) _ { q(x)- s(x) on R \ w 
v x - -t(x) on B, 

then v(x) is superharmonic on R, harmonic on 0 and e = {x: v(x) = oo}. In 

particular, v(x) is harmonic on 0 such that lim v(x) = oo for every y E 80. 
x-+y 

(3) => (1). Even if v(x) is a superharmonic function on 0 tending to oo on 

80, v(x) extended by oo one is a superharmonic function v1(x) on R such 

that e C {x: v1(x) = oo}. Hence e is polar. 0 

Remarks 4.2. The proof of the above theorem can be used to obtain an anal

ogous result in the following situation considered by Herve {16}. Let L = 

82 8 
2.:::: aij 8 8 + 2.:::: bi ~ be a second order elliptic differential operator de-
t,j Xt Xj i UXi 

fined on a domain X in i'Rn ,n 2: 2, where aij = aji and the quadratic form 

2.:::: aij ( x )~i~j is positive definite for x E X; aij ( x) and bi ( x) are locally Lip
i,j 

schitz functions on X. Then the C2 -solutions of L determine a harmonic 

space X in the sense of Brelot's [11} and in this harmonic space the notions 

of £-harmonic, £-potentials, L-polar sets etc. are defined . 
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Let now e be a closed L-polar set in X. Then there exists a positive £

harmonic function (respectively an £-harmonic function) u(x) on X\ e such 

that lim u(x) = oo for every y E e, if X has positive £-potentials (respectively 
x-+y 

if there is no positive £-potential in X) 

Remarks 4.3. It is of interest in this context to refer to Kilpeliiinen's papers 

[17], {18} which include some results on polar sets in !Rn defined by supersolu

tions of an operator with degenerated ellipticity a degenerate elliptic operator. 

The above results are valid in particular when R = Rn, n 2:: 2. In this 

case, we have also the property that if e is a closed polar set in Rn, then the 

Lebesgue measure of e is 0. As a consequence, we observe that if the Lebesgue 

measure of a closed set e in Rn, n 2:: 2, is not 0, then there exists a bounded 

non-constant harmonic function on Rn \ e (see Theorem 3.2). 

To prove a similar result in a Riemannian manifold R, we can think of 

replacing the Lebesgue measure by the harmonic measure. This leads to the 

question whether there exists a positive harmonic function h( x) on any domain 

n in R such that h(x) is unbounded near every point of an. In Rn, n 2:: 3, it is 

known (see Axler et al.[5, p.207]) that the answer is yes; and this proof can be 

easily adapted to show that in a hyperbolic Riemannian manifold of dimension 

d 2:: 2, given any domain n, there exists a positive harmonic function h(x) in 

n such that lim suph(x) = oo for every y E an. But concerning R2 , there 
x-+y 

is only a remark in the above reference [5] saying that it may not be possible 

to construct a positive harmonic function on n c R2 that is unbounded near 

every point of an, with the example of n = R2 \ {0} where every positive 

harmonic function is constant.The following theorem is of some interest in 

this context. 

Theorem 4.4. Let n be a proper domain in a parabolic Riemannian manifold 

R. Then the following are equivalent. 

{1}There exists a bounded non-constant harmonic function on n. 
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(2}There exists a positive harmonic function h(x) on 0 such that lim sup h(x) = 
x->y 

oo for every y E an. 

(3 }R \ 0 is not polar. 

Proof. (1) =? (3) and (2) =? (3). If R \ 0 were polar, every positive harmonic 
function and hence every bounded harmonic function on n should be constant. 

(3) =? (l).Suppose every bounded harmonic function on 0 is constant. Then 

Theorem 3.2 says that R \0 is polar, contradicting the hypothesis (3). 

(3) =? (2). Recall that on a domain w in a parabolic space R, the Green 
potential exists if and only if we is not polar. Let y E an. Let Wn be a 

decreasing sequence of domains such that{y} = n Wn. Writing e = R \ n, 
n 

suppose e n w~ is polar for every n. Then U( e n w~) is polar and hence 
n 

e \ {y} =en (nwn)c =en (Uw~) = U(e n w~) is polar. Since {y} is polar, 
n n n 

e = ( e \ {y}) U {y} also is polar, a contradiction to the hypothesis (3). Hence 

for some Wm, enw~ is not polar. That is, if nl = OUwm, then nl is a domain 
in R such that OJ' is not polar. Hence 0 1 is a Green domain and consequently 

we can choose a function Py(x) on 01 such that Py(x) is positive harmonic on 

nl \ {y} :=J nand limpy(x) = 00. 
x->y 

Thus, if we choose a countable dense set {Yn} of an, for each n we have 

a positive harmonic function Un(x) on 0 such that lim Un(x) = oo,x E 0. 
X-"Yn 

Fix Xo E n, and let hn(x) = ~n(~) ) . Then h(x) = I: hn(x) is a positive 
n Un Xo n 

harmonic function on 0, tending to oo at every Yn E an. Since {Yn} is dense 
in an, lim suph(x) = oo for every yEan. 0 

x->y 

Corollory 4.5. Let 0 be an open set, not connected in a parabolic Riemannian 

manifold R. Then there exists a positive harmonic function h in 0 such that 

lim sup h(x) = oo for every yEan. 
x-+y 

Corollory 4.6. Let w be a regular domain in a parabolic Riemannian manifold 

R. Let e be a closed set in R and 0 = R \ e. Suppose the harmonic measure 
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of en ow with respect tow is not 0. Then there exists a non-constant bounded 

harmonic function b(x) on n and also a positive harmonic function h(x) on 

n such that lim sup h( X) = oo for every y E an. 
x-+y 

In view of Theorems 4.1 and 4.4 we have the following result. 

Theorem 4. 7. Let n be a proper subdomain in a parabolic Riemannian man

ifold R. Then we have the following two mutually exclusive cases: either 

there exists a harmonic function v(x) on n such that lim v(x) = oo for ev-
x-+y 

ery y E an or there exists a positive harmonic function h( X) on n such that 

lim sup h( X) = oo for every y E an which is equivalent to saying that there 
x-+y 
exists a non-constant bounded harmonic function on n. 

In the hyperbolic case, we have the following analogous results. 

Theorem 4.8. Let n be a proper subdomain in a hyperbolic Riemannian man

ifold R. Then, 

(1} There exists a positive harmonic function h(x) on n such that lim sup h(x) 
x-+y 

= oo for every y E an; and 

(2} If every bounded harmonic function in R is constant, then we have the 

following two mutually exclusive cases: either there exists a positive harmonic 

function u(x) on n such that lim u(x) = oo for every y E an or there exists 
x-+y 

a bounded non-constant harmonic function on n. 

5. EXTENSIONS TO THE BRELOT AXIOMATIC CASE 

In this section, we indicate (without proofs) how the above results in a 

Riemannian manifold of dimension d 2:: 2 can be extended to a (Brelot) har

monic space X in the axiomatic potential theory. Let us make the following 

assumptions. a) X is a locally compact, connected space with a countable 

base, provided with a harmonic sheaf satisfying the axioms 1,2,3 of Brelot [11, 

pp.13-14]; the constants are harmonic on X but there may or may not be any 

positive potential on X. 
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b) Every point in X is polar. 

c) If a harmonic function h on a domain n c X vanishes in a neighbourhood 

of a point inn, then h = 0 on n (the property of analyticity, see de la Pradelle 

[19, p.391]). 

Recall that we say that a set e in X is polar if there exists a superharmonic 

function s on X such that s = oo on e; s can be taken as a potential if there 

are positive potentials on X. As mentioned earlier, it is proved in [19] that 

a closed set e in X is polar if and only if ~ = 0 and for one (and hence any) 

open set w ::J e , any bounded harmonic function on w \ e extends harmonically 

on w. Moreover, in such a harmonic space X, the following theorems can be 

proved as in the case of a Riemannian manifold. 

Theorem 5.1. Assume that there are positive potentials on X and let n be a 

domain in X, n =/= ¢, n =/= X. Then, 

{1) There always exists a positive superharmonic function u(x) on n such 

that lim supu(x) = oo for every yEan. 
x-+y 

(2) If we suppose further that X E OHB, then either there exists a bounded 

non-constant harmonic function on n or there exists a finite-valued positive 

superharmonic function s(x) on n such that lim s(x) = oo for every yEan. 
x-+y 

Theorem 5.2. Suppose there are no positive potentials on X and let n be 

a domain in X, n =/= ¢, n =/= X. Then either there exists a finite-valued 

superharmonic function s(x) on n such that lim s(x) = oo for every y E an 
x-+y 

or there is a bounded non-constant harmonic function on n which is equivalent 

to saying that there is a positive superharmonic function u(x) on n such that 

lim supu(x) = oo for every yEan. 
x-+y 

Remarks 5.3. Suppose in the above assumptions a), b) and c) made on X , 

we replace b) by a stronger assumption b)': To every pointy in X, there is an 

open neighbourhood N of y and a potential Py(x) inN with point harmonic 

support y such that lim Py ( x) = oo. Remark that this stronger condition b) ' 
x-+y 

is satisfied not only in Riemannian manifolds of dimension d 2:: 2 but also 
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in the harmonic spaces defined by the C2 -solutions of certain second order 
elliptic differential operators (see Herve {16, Proposition 35.1}). If X satisfies 
the assumptions a), b)' and c), then in the above two theorems, we can replace 
the positive superharmonic function u( X) on 0 by a positive harmonic function 
h(x) on 0 such that lim suph(x) = oo for every y E 80. 

x-+y 
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