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SOME PROPERTIES OF a-IRRESOLUTE MULTIFUNCTIONS 

VALERIU POPA AND TAKASHI NOIRI 

ABSTRACT. Recently, some characterizations and several properties concern­

ing upper (lower) a-irresolute multifunctions are introduced and studied in 

[9). In this paper, further characterizations and properties of upper and lower 

a-irresolute multifunctions are obtained. 

1. INTRODUCTION 

In 1965, Njastad [6] introduced a weak form of open sets called a-sets. In 
1980, Maheshwari and Thakur [4] defined a function from a topological space 
into a: topological space to be a-irresolute if the inverse image of each a-set is an 
a-set. Recently, Noiri and Nasef [9] have defined a multifunction F: X~ Y 
to be upper (lower) a-irresolute if F+(v) (resp. F-(v)) is an a-set for each 
a-set V of Y. Some characterizations and several properties concerning upper 
(lower) a-irresolute multifunctions are studied in [9]. The purpose of the 
present paper is to obtain further characterizations and properties of upper 
(lower) a-irresolute multifunctions. 

2. PRELIMINARIES 

Let (X, T) be a topological space and A a subset of X. The closure of A 
and the interior of A are denoted by Cl(A) and Int(A), respectively. A subset 
A is said to be a-open (or a-set) [6] (resp. semi-open [3], preopen [5]) if A C 
Int(Cl(Int(A))) (resp. A c Cl(Int(A)), A c Int(Cl(A))). The family of all a­
open sets (resp. semi-open, preopen) sets in (X, T) is denoted by a(X) (resp. 
SO(X), PO(X)). For these three families, it is shown in [7, Lemma 3.1] that 
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a(X) = SO(X) n PO(X). The family of all a-open sets of X containing 

a point x E X is denoted by a(X,x). Since a(X) is a topology for X [6, 

Proposition 2], by aCl(A) (resp. alnt(A)) we shall denote the closure (resp. 

interior) of A with respect to a(X). The complement of a semi-open set is said 

to be semi-closed [1]. The intersection of _all semi-closed sets of X containing 

A is called the semi-closure of A [1] and is denoted by sCl(A). 

Throughout this paper, spaces (X,r) and (Y,a) (or simply X andY) always 

mean topological spaces and F : X -+ Y presents a multivalued function. For 

a multifunction F : X -+ Y, we shall denote the upper and lower inverse of a 

set G of Y by p+ (G) and p- (G), respectively, that is 

F+(G) = {x EX: F(x) c G}andF-(G) = {x EX: F(x) n G-:/= 0}. 

Definition 1. A multifunction F : X -+ Y is said to be 

(a) upper a-irresolute [9] at a point x EX if for each a-open set V containing 

F(x), there exists U E a(X,x) such that F(U) C V, 

(b) lower a-irresolute [9] at a point x E X if for each a-open set V such that 

F(x) n V -:/= 0, there exists U E a(X,x) such that F(u) n V -:/= 0 for every 

uEU, 
(c) upper (lower) a-irresolute if F has this property at every point of X. 

3. CHARACTERIZATIONS 

In this section we obtain further characterizations of upper and lower a­

irresolute multifunctions. 

Definition 2. A subset A of a topological space X is said to be a-regular 

[2] (resp. a*-regular) if for any point a E A and any open (resp. a-open) set 

U containing a, there exists an open set G of X such that a E G c Cl(G) c U, 

or equivalently if for each closed (resp. a-closed) set Wand each point a E A 

such that a¢ W, there exists two disjoint open sets U and V such that a E U 

and We V. 

Remark. Every a*-regular set is a-regular. 

Definition 3. A subset A of a topological space X is said to be a-paracompact 

[2] if every cover of A by.open sets of X has an X-open X-locally finite refine­

ment which covers A. 
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Lemma 1. If A is an a* -regular a-paracompact subset of a topological space 
X and A C U E a(X), then there exists an open set G of X such that 
A c G c Cl(G) cU. 

Proof. The proof is similar to one of [2, Theorem 2.5] and is thus omitted. 

Definition 4. A multifunction F : X ---? Y is said to be punctually a­
paracompact (resp. punctually a*-regular) if for each point x E X, F(x) is 
a-paracompact (resp. a*-reg~lar). 

Lemma 2. If A is an a* -regular set of a topological space X, then for every 
a-open set D which intersects A, there exists and open set D A such that 
An DA =/= 0',and Cl(DA) CD. 

Proof. Let A be an a* -regular set of X and D an a-open set such that 
AnD =I= 0. Let X E An D. Then X E A and X E D. Since D E a(X), there 
exists an open set DA such that x E DA C Cl(DA) CD. Therefore, we obtain 
x E AnDA and Cl(DA) c D. 

By aCl(F) : X ---? Y [13, p.483], we shall denote a multifunction defined 
as follows: [aCl(F)](x) = aCl(F(x)) for each x EX. 

Lemma 3. If F : X ---? Y is a punctually a* -regular and punctually a­
paracompact, then [aCl(F)J+(v) = F+(v) for each V E a(Y). 

Proof. Let V be any a-open set ofY and x E [aCl(F)]+(v). Then aCl(F(x)) C 
V and F(x) c V. Therefore, x E F+(V) and [aCl(F)]+(v) c F+(v). Con­
versely, let V be any a-open set of Y and x E F+(V). Then F(x) C V. Since 
F(x) is a*-regular and a-paracompact, by Lemma 1 there exists an open set 
G such that F(x) C G C Cl(G) C V; hence aCl(F(x)) C Cl(G) C V. This 
shows that x E [aCl(F)]+(v) and hence F+(V) c [a Cl(F)]+(v). 

Theorem 4. Let F : X ---? Y be punctually a* -regular and punctually a­
paracompact. Then F is upper a-irresolute if and only if aCl(F) :X---? Y is 
upper a-irresolute. 

Proof. Necessity. Suppose that F is upper a-irresolute. Let x E X and 
V be any a-open set of Y such that aCl(F)(x) C V. By Lemma 3, we 
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have x E [aCl(F)]+(v) = F+(V). Since F is upper a-irresolute, there exists 

U E a(X,x) such that F(U) C V. Since F(u) is a*-regular and a-paracompact 

for each u E U, by Lemma 1 there exists an open set H such that F(u) C 

H C Cl(H) C V. Therefore, we have aCl(F(u)) C Cl(H) C V for each u E U 

and hence aCl(F)(U) C V. This shows that aCl(F) is upper a-irresolute. 

Sufficiency. Suppose that aCl(F) : X ~ Y is upper a-irresolute. Let 

x EX and V be any a-open set of Y such that F(x) C V. By Lemma 3, we 

have x E F+(v) = [aCl(F)]+(V) and hence [aCl(F)](x) c V. Since aCl(F) 

is upper a-irresolute, there exists U E a(X,x) such that [aCl(F)](U) C V; 

hence F(U) C V. This shows that F is upper a-irresolute. 

Lemma 5. (Popa and Noiri [13]). If F : X ~ Y is a multifunction, then 

[aCl(F)]-(V) = F-(v) for every V E a(Y). 

Theorem 6. A multifunction F : X ~ Y is lower a-irresolute if and only if 

aCl(F) :X~ Y is lower a-irresolute. 

Proof. Necessity. Suppose that F is lower a-irresolute. Let x E X and V be 

any a-open set of Y such that [aCl(F)](x) n V =/= 0. By Lemma 4, we have 

x E [aCl(F)]-(V) = p-(v) and F(x) n V =/= 0. Since F is lower a-irresolute, 

there exists U E a(X,x) such that F(u) n V =/= 0 for every u E U. Therefore, 

we have [aCl(F)](u) n V =/= 0 for every u E U. It follows that aCl(F) is lower 

a-irresolute. 

Sufficiency. Suppose that aCl(F) is lower a-irresolute. Let x E X and 

V be any a-open set of Y such that F(x) n V =/= 0. By Lemma 4, we have 

x E p-(v) = [aCl(F)]-(V) and hence [aCl(F)](x) n V =I= 0. Since aCl(F) is 

lower a-irresolute at x, there exists U E a(X,x) such that [aCl(F)](u)nV =/= 0 
for every u E U. Since Vis a-open in Y, we obtain F(u) n V =/= 0 for every 

u E U. It follows that F is lower a-irresolute. 

Lemma 7 (Popa and Noiri [13]). Let A and B be subsets of a topological 

space X. 

(a) If A E SO(X) U PO(X) and BE a(X), then An BE a(A). 

(b) If A c B c X, A E a(B) and BE a(X), then A E a(X). 
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Theorem 8./f a multifunction F: X-+ Y is upper a-irresolute (resp. lower 
a-irresolute) and Xo E PO(X) U SO(X), then the restriction Flxo : Xo-+ Y 
is upper a-irresolute (resp. lower a-irresolute). 

Proof We prove only the assertion for F is upper a-irresolute, the proof for 
Flower a-irresolute being analogous. Let x E Xo and V E a(Y) such that 
(Fix0 )(x) C V. Since F is upper a-irresolute and (Fix0 )(x) = F(x), there 
exists U E a(X,x) such that F(U) c V. Set Uo = U n Xo, then by Lemma 
5 we have x E Uo E a(X,x) and (Fix0 )(Uo) C V. This shows that Flxo is 
upper a-irresolute. 

Theorem 9. A multifunction F : X -+ Y is upper a-irresolute (resp. lower 
a-irresolute) if for each x EX there exists Xo E ~(X,x) such that the restric­
tion Flxo : Xo-+ Y is upper a-irresolute (resp. lower a-irresolute). 

Proof We prove only the assertion for F is upper a-irresolute, the proof for 
F lower a-irresolute being analogous. Let x E X and V E a(Y) such that 
F(x) C V. There exists Xo E a(X,x) such that Flxo : Xo -+ Y is upper 
a-irresolute. Since (Fix0 )(x) = F(x) C V, there exists Uo E a(Xo,x) such 
that (FIXo)(Uo) c V. By Lemma 5, Uo E a(X) and F(u) = (Fix0 )(u) for 
every u E Uo. This shows that F is upper a-irresolute. 

Corollary 10. Let { U7 : 1 E r} be an a-open cover of X. A multifunction 
F : X -+ Y is upper a-irresolute (resp. lower a-irresolute) if and only if the 
restriction Flu..,. : U7 -+ Y is upper a-irresolute (resp. lower a-irresolute) for 
each 1 E r. 

Proof This is an immediate consequence of Theorems 3 and 4. 

4. SOME PROPERTIES 

Definition 5. A function F : X -+ Y is said to be 

(a) upper almost weakly continuous (u.a.w.c.) [8] if for each x EX and 
each open set V containing F(x), x E Int(Cl(F+(Cl(V)))), 

(b) lower almost weakly continuous ( l. a. w. c.) [8] if for each x E X and 
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each open set V such that F(x) n V =f 0, x E Int(Cl(F-(Cl(V)))). 

Definition 6. For a multifunction F: X--+ Y, we put 

A+(F) = {x EX: F is u.a.w.c. at x}, 

A-(F) = {x EX: F is l.a.w.c. at x }, 

a+(F) = {x EX: F is upper a-irresolute at x }, 

a-(F) = {x EX: F is lower a-irresolute at x }, and 

Lemma 11 (Noiri and Nasef [9]). A multifunction F : X --+ Y is upper 

a-irresolute (resp. lower a-irresolute) at x E X if and only if for any U E 

SO(X,x) and any V E a(Y) such that F(x) C V {resp. F(x) n V =f 0}, there 

exists a nonempty open set Uv of X such that Uv C U and F(Uv) C V 

(resp. F(u) n V =f 0 for every u E Uv ). 

Theorem 12. If a multifunction F : X --+ Y is punctually a*-regular and 

punctually a-pamcompact, then A+(F) n sCl(a(F)) c a+(F). 

Proof Suppose that x E A+(F) n sCl(a(F)). Let U be a semi-open set 

of X containing x and V E a(Y) such that F(x) C V. Since F(x) is a*­

regular and a-paracompact, by Lemma 1 there exists an open set W such 

that F(x) c W C Cl(W) C V. Since F is u.a.w.c. at x and F(x) c W, there 

exists an open set ul such that X E ul c Cl(F+(Cl(W))). Put G = u n UI, 

then G is a semi-open set, x E G C Cl(F+(Cl(W))) and G n a(F) =f 0. 
Therefore, we obtain the following property: 

(1) If z E G na(F), then z E F+(Cl(W)). 

Suppose that (1) does not hold. Then there exists z E G n a(F) such 

that z E p-(y - Cl(W)). Since z E a(F), then F is lower a-irresolute 

at z and by Lemma 6 there exists a nonempty open set G1 C G such that 

G1 c p-(y -Cl(W)) =X -F+(Cl(W)). Then, we have G1nF+(Cl(W)) = 0 
and hence G1 n Cl(F+(Cl(W))) = 0 since G1 is open. This contradicts that 

G1 C G C Cl(F+(Cl(W))). Therefore, (1) holds. By (1) it follows that 
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F(z) C Cl(W) C V. Since z E a(F), F is upper a-irresolute at z and by 

Lemma 6 there exists a nonempty open set H C U such that F(H) C V. 
Thus, it follows from Lemma 6 that F is upper a-irresolute at x. 

Theorem 13. If a multifunction F: X -t.----Y is punctually a*-regular, then 

A-(F) n sCl(a(F)) c a-(F). 

Proof Suppose that x E A-(F) n sCl(a(F)). Let U be a semi-open set of 

X containing x and V E a(Y) such that F(x) n V i= 0. Since F(x) is a*­

regular, by Lemma 2 there exists an open set W such that F(x) n W i= 0 
and Cl(W) c V. Since F is l.a.w.c. at x and F(x) n W i= 0, there exists an 

open set ul such that X E ul c Cl(F-(Cl(W))). Put G = u n UI, then G is 
semi-open in X, x E G C Cl(F-(Cl(W))) and G n a(F) i= 0. Therefore, we 

obtain the following property: 

(2) If z E G n a(F), then z E F-(Cl(W)). 

Suppose that (2) does not hold. Then, there exists z E G n a(F) such that 

z E F+(Y- Cl(W)). Since z E a(F), then F is upper a-irresolute at z and it 
follows from Lemma 6 that there exists a nonempty open set G1 C G such that 

G1 c F+(Y -Cl(W)) =X -F-(Cl(W)). Then, we have G1nF-(Cl(W)) ~ 0 
and hence G1 n Cl(F-(Cl(W))) = 0 since G1 is open. This contradicts that 

G1 C G C Cl(F-(Cl(W))). Therefore, (2) holds. By (2), it follows that 

F(z) n Cl(W)) -/= 0 and hence F(z) n V-/= 0. Since z E a(F), F is lower a­

irresolute at z and by Lemma 6 there exists an nonempty open set H C U such 

that H c F-(v). Thus, it follows from Lemma 6 that F is lower a-irresolute 

at x. 

Corollary 14. Let F : X -t Y be an u.a.w.c. and l.a.w.c. multifunction. 

If F is punctually a* -regular and punctually a-paracompact, then a(F) is 

semi-closed in X. 

Proof This is an immediate consequence of Theorems 5 and 6. 

Definition 7. A mutifunction F : X -t Y is said to be 

(a) upper weakly continuous [10] if for each x E X and each open set 
V containing F(x), there exists an open neighbourhood U of x such that 
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F(U) c Cl(V), 

(b) lower weakly continuous [10] if for each x E X and each open set V 

such that F(x) n V =/= 0, there exists an open neighbourhood U of x such that 

F(u) n Cl(V) =I= 0 for every u E U. 

Definition 8. A mutifunction F : X ---+ Y is said to be 

(a) upper H-almost continuous [11] if for each x E X and each open set V 

containing F(x), x E Int(Cl(F+(V))), 

(b) lower H-almost continuous [11] if for each x E X and each open set V 

such that F(x) n V =I= 0, x E Int(Cl(F-(V))). 

Theorem 15. Let F : X ---+ Y be an upper and lower H-almost continuous 

multifunction. If F is punctually a* -regular and punctually a-paracompact 

and sCl(a(F)) =X, then F is continuous. 

Proof Since every upper (resp. lower) H-almost continuous multifunction 
is u.a.w.c. (resp. l.a.w.c.), by Corollary 2 we have a(F) = sCl(a(F)) = 
X. It follows from [13, Theorems 4.3 and 4.4] that F is upper and lower 
weakly continuous. Moreover, since every a*-regular set is a-regular, it follows 

from [12, Theorems 1 and 2] that F is upper semi-continuous and lower semi­
continuous. Thus F is continuous. 

Definition 9. The a-frontier of a subset A of a space X, denoted aFr(A), is 
defined by aFr(A)=aCl(A)naCl(X- A)=aCl(A)-alnt(A). 

Theorem 16. The set of all points x of X at which a multifunction F : 
X ---+ Y is not upper a-irresolute (resp. lower a-irresolute) is identical with 

the union of the a-frontier of the upper (resp. lower) inverse image of a-open 

sets containing (resp. meeting) F(x). 

Proof Let x be a point of X at which F(x) is not upper a-irresolute. Then, 
there exists V E a(Y) containing F(x) such that U n (X - F+(V)) =/= 0 for 
every U E a(X,x). By [4, Lemma 3], x E aCl(X -F+(V)). Since x E F+(v), 

we have x E aCl(F+(V)) and hence x E aFr(F+(V)). Conversely, suppose 
that V E a(Y) containing F(x) and let x E aFr(F+(v)). \IfF is upper a-
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irresolute at x, then there exists U E a(X,x) such that F(U) C V; hence 

U c F+(v). Therefore, we obtain x E U c alnt(F+(V)). This contradicts 

that x E aFr(F+(V)). Thus F is not upper a-irresolute at x. The case for 

lower a-irresolute is similarly shown. 
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