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BIHARMONIC POINT SINGULARITIES IN JR.n 

T. AL-FADHEL, V. ANANDAM AND S.l. OTHMAN 

ABSTRACT. Biharmonic functions near a singular point in lR.n, n :::: 2, 

finite or infinite, are studied. A type of Liouville-Picard theorem for 

biharmonic functions is proved. 

1. INTRODUCTION 

We study in this note the behaviour of biharmonic functions m a 
neighbourhood of singular points in JR.n, n ;:::: 2, finite or infinite. The 

use of distributions and the generalized Kelvin transforms of biharmonic 
functions simplifies the calculations to a certain extent. 

Among the results we have proved here that depend on the dimension 

n, we mention two: 

(1) Let 11: be a biharmonic function defined outside a compact set in 

JR.n. (a) If u(x) = o(lxl) when lxl ~ oo, then u has a finite limit at 
infinity if n ;:::: 5 and (b) if u( x) is bounded, then u has a limit at infinity 

if n;:::: 4. 

(2) Let u : JR.n ~ JR. be a continuous function. (a) If u ;:::: 0, ~u ::; 0 
and ~ 2u ::; 0, then u is a constant if 2 ::; n ::; 4, and (b) if u ;:::: 0, ~u ::; 0 

and ~2u = 0, then u is a constant for all n ;:::: 2. 

In the last section, we gather together similar results for polyharmonic 

functions in JR.n which can be proved, as the results above for biharmonic 

functions, using the Poisson integrals and the Kelvin transforms. 
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2. REMOVABLE BIHARMONIC POINT SINGULARITY IN Rn 

A bounded harmonic function h(x) in 0 < lxl < 1 in 1Rn, n ~ 2, 
extends as a harmonic function in lxl < 1. However, it is shown in [2], 
that any bounded biharmonic function u(x) in 0 < lxl < 1 in 1Rn extends 
as a biharmonic function in lxl < 1 if and only if n ~ 4. 

In this section, we give an improved version of this result by proving 
that if the biharmonic function u(x) in 0 < lxl < 1 is of order o(lxl4-n) 
near 0 when n ~ 5 and of order o(log 1!1) near 0 when n = 4, then 
also u(x) extends as a biharmonic function in lxl < 1. We obtain also 
a necessary and sufficient condition for the biharmonic function u(x) in 
0 < lxl < 1 to extend as a biharmonic function in lxl < 1 when n = 2 or 
3. 

Lemma 2.1. Let u(x) be a biharmonic function in 0 < lxl < 1 in 1R2, 
and u(x) = o(log 1!1) when lxl -+ 0. Then u(x) is of the form 

u(x) = B(x) + (alxl2 + a 1x1 + a2x2) log lxl + aa cos20 + a4 sin20, 

where B(x) is biharmonic in lxl < 1,x = (x11 x2) and tan 0 = x2. 
XI 

Proof Define u(O) = liminflxl-+ou(x). Thus extended, u becomes a lower 
semicontinuous function in lxl < 1, bounded near 0 by log 1!1 and hence 
defines a distribution in lxl < 1. Then l:l.2 u is a distribution with point 
support { 0}, and consequently l:l. 2u can be represented in I xI < 1 as 
l:l.2u = L a0 0°6 (where L stands for a finite sum). 

I I 

If S(x) = 8~ lxl2log lxl,then l:l.2S = 6 and hence l:l.2u = L aaOO(l:l.2S). 
I 

Thus T = u- l:aaOOS is a distribution in lxl < 1 such that l:l.2T = 0; 
I 

consequently, there exists a biharmonic function b(x) in lxl < 1 such 
that T = b (a.e.) in lxl < 1. This implies that u- L aa0°8 = b in 

I 
0 < lxl < 1 since all the functions in this equation are continuous in 
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0 < lxl < 1. Taking the derivatives of S(x) = 8~ lxl 2log lxl in 0 < lxl < 1 
and taking into account that u(x) = o(log 1!1) near 0, we obtain 

u(x) - b(x)+aiixl2loglxl+a21xlcos0(1+2logjxl) 
+a3lxl sin0(1 + 2log lxl) + a4(1 + 2log lxl + 2cos2 0) 
+as(1 + 2log I xi + 2 sin2 0) + a6 sin 20. 

In this equation, since u(x) is o(log 1!1) and b(x) is bounded near 0, 
we see that a4 + as = 0. 

Write B(x) = b(x) +a2ixl cos0+a3 lxl sinO. Then B(x) is biharmonic 
in Jxl < 1 and we have the representation 

u(x) = B(x) + (alxl2 + a1x1 + a2x2) log lxl + a3 cos 20 
+a4 sin20 in 0 < lxl < 1. 

Theorem 2.2. Let u(x) be a biharmonic function in 0 < lxl < 1 in IR2 . 

Then u extends as a biharmon·ic function in Jxl < 1 if and only if u and 
1 

Llu are o(log 1;;-j) when lxl -+ 0. 

Proof By Lemma 2.1, u can be written as, 

u(x) = B(x)+(alxl2 + a1x1 + a2x2)log lxl + a3cos20 + a4sin20 in 
0 < lxl < 1: Since B(x) is biharmonic in lxl < 1, h(x) = LlB(x) is 
harmonic in lx I < 1. 

Hence, 

( ) h( ) ( 41 I I) 2a1 cos 0 2a2 sin 0 
Llu x - x +a 4 + og x + lxl + lxl 

4a3 cos 20 4a4 sin 20 

lxl 2 lxl2 

If Llu(x) = o(log 1!1) when lxl -+ 0, then a= 0 and ai = O,i = 
1,2, 3,4. 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



32 T. AL-FADHEL, V. ANANDAM AND S.I. OTHMAN 

Hence u(x) = B(x) in 0 < lxl < 1. That is, u extends as a biharmonic 

function. The converse is obvious. 

The following proposition is a slightly improved version of 

Theorem 1 in Sario-Wang [4], where it is shown that if u is a bounded 

biharmonic function in lxl > 0, it is generated by 1, cos20 and sin20. 

Proposition 2.3. Let u(x) be a biharmonic function in lxl > 0 in lR2. 
1 . 

Suppose u(x) = o(log fxT) near 0 and u(x) = o(lxl) near the poznt at 

infinity. Then u is a linear combination of 1, cos 20 and sin 20. 

Proof We shall use the representation of u near 0 as given in Lemma 2.1, 

since u is o(log 
1
;

1
) near 0. Here, since u is biharmonic in lxl > 0, B(x) is 

biharmonic in JR2. Hence by the Almansi expansion, B(x) = lxl2h1 (x) + 
h2(x) where h1(x) and h2(x) are harmonic in JR2. 

Taking the mean-values on lxl = r, we get r 2h1(0) + h2(0) =(a func­

tion of order o(r) near infinity) - nr2log r, when r ~ oo; consequently, 

a = 0, and in lxl > 0 we have 

Since by hypothesis u(x) = o(ixi) near infinity, B(x) = o(Jxl2) near 

infinity. Now, B(x) being biharmonic in JR2, this condition implies that 

B(x) is of the form c + c1x1 + c2x2 in lR2. 

Substituting in (1) and checking the coefficients of x1 and x2 on both 

sides, we see that n 1 = 0 and n2 = 0. Then again the growth of u 

near infinity implies that c1 = 0 and c2 = 0. Thus, from (1), c = 

u(x)- a 3 cos20- a 4 sin20 in lxl > 0. In other words, u(x) is a linear 

combination of 1, cos 20 and sin 20. 

In the case of JR3 , using the representation of biharmonic functions 

with a point singularity (similar to the one given in JR2), we can ob­

tain the following improved versions of some results given in Anandam 

and Damlakhi [2] and Theorem 2 in Sario-Wang [4] which states that 

a bounded biharmonic function in lxl > 0 in lR3 is generated by 1, 
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sin(} cos '1/J, sin(} sin '1/J and cos (}. 

Lemma 2.4. Let u(x) be a biharmonic function in 0 < lxl < 1 in R3 . 

1 . 
If u(x) = o( j;f) when lxl---+ 0, u(x) ~s of the form u(x) = b(x) + alxl + 

a1x1 + a2x2 + a3x3 . . . . lxl , where b(x) zs b~harmomc m lxl < 1. 

Theorem 2.5. Let u(x) be a biharmonic function in 0 < lxl < 1 in R3 . 

Then u extends as a biharmonic function in lxl < 1 if and only if u(x) 
1 

and ~u(x) are o( j;f) when lxl ---+ 0. 

Proposition 2.6. Let u(x) be a biharmonic function in lxl > 0 in R3 . 

Suppose u(x) = o( 1!1) when lxl ---+ 0, and u(x) = o(lxl) near infinity. 

,.,'h . z· b. t. ,.f J XI X2 d X3 
.1. , en u ~s a ~near com ~na wn OJ , j;f, j;f an j;~· 

In the sequel, we denote by Sn(x) the fundamental solution of ~2 in 
Rn, n ~ 2, that is ~2Sn(x) = 8. 

Lemma 2.7. Let u(x) be a biharmonic function in 0 < lxl < 1 in 
Rn,n ~ 4. Suppose u(x) = o(lxl3-n) when lxl-+ 0. Then there exists a 
biharmonic function B(x) in lxl < 1 such that u(x) = B(x) + aSn(x) in 

0 < lxl < 1. . 

Proof Defining u(O) = liminflxl--+0 u(x), we obtain a distribution which 
can be represented as in the proof of Lemma 2.1 as u(x) = B(x) + 
L aa8°(Sn(x)) in 0 < lxl < 1. Since S4(x) = c4log lxl and Bn(x) = 

I 
enlxl-n+4 for n ~ 5, the condition u(x) = o(lxl 3-n) implies that u(x) = 
B(x) + aSn(x) in 0 < lxl < 1, for all n ~ 4. 

Theorem 2.8. Let u(x) be a biharmonic function in 0 < lxl < 1 in Rn, 

n~ 4. 

Then u extends as a biharmonic function in lxl < 1 if 

i) u(x) = o(lxl4-n) when lxl ---+ 0, for n ~ 5; 
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ii) u(x) = o(log 1!1) when lxl -t 0, for n = 4. 

Proof The stated conditions on u(x) imply that u(x) = a(lxl 3-n) when 
lxl -t 0, for n 2:: 4. Hence by Lemma 2.7, u(x) = B(x) + aSn(x) in 
0 < lxl < 1. Consequently, the theorem is proved since S4(x) = c4log lxl 
and Snlxl = enlxl-n+4 for n 2:: 5. 

3. BIHARMONIC FUNCTIONS OF ORDER o(jxj) AT INFINITY 

In this section we consider certain properties of biharmonic functions 
defined outside a compact set in n~n, n 2:: 2, (that is, functions with 
biharmonic singularity at infinity) which are of growth of order a(IYI) 
when IYI -too. In particular, we show that such functions have a finite 
limit at infinity if n 2:: 5; and any bounded biharmonic function defined 
outside a compact set has a limit at infinity if n 2:: 4. 

As is customary (Nicolesco [3] p. 14) we say that a biharmonic func­
tion u(y) defined in IYI > r is biharmonic at infinity if its extended Kelvin 

transform Ku(x) = lxl 4-nu(l~ 2 ) which is biharmonic in 0 < lxl <~ex-

tends as a biharmonic function in lxl < !. 
r 

Lemma 3.1. Let u be a biharmonic function defined outside a com­
pact set in JR.n, n 2:: 5. Then u is biharmonic at infinity if and only if 
limlyl-+oo u(y) = 0. 

Proof If u is biharmonic at infinity, limlxi-+O lxl4-nu( ~~ 2 ) exists; this 

implies that limlyl-+oo 1Yin-4u(y) is finite and hence limlvl-+oo u(y) = 0. 

Conversely,supposelimlvl-+oou(y) =0. ThenKu(x) = lxl4-nu(l:l 2 ) = 

o(jxj4-n), when jxj -t 0. Hence by Theorem 2.8, Ku(x) extends as a bi­
harmonic function in a neighbourhood of 0. 

Theorem 3.2. Let u(y) be a biharmonic function defined outside a 
compact set in JR.n, n 2:: 5. Then the following are equivalent. 
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1) u is bounded near infinity. 

2) u(y) = o(JyJ) when JyJ - oo. 

3) There exists an a such that u(y) -a is biharmonic at infinity. 

4) u has a finite limit at infinity. 

Proof 4)::::} 1) ::::} 2) : Obvious. 

X 
2)::::} 3) : Ku(x) = JxJ 4-nu(Jxl 2 ) = o(JxJ 3-n) when Jxl - 0. Hence 

by Lemma 2.7, Ku(x) = B(x) + aJxJ 4-n in 0 < ~xi < r and B(x) is 
biharmonic in Jxl < r. This means that K[u(y)- a]= Ku(x)- aJxJ 4-n 
extends as a biharmonic function including x = 0; that is u(y) - a is 
biharmonic at infinity. 

3)::::} 4) :By Lemma 3.1, limlyl-->oo(u(y)- a)= 0. 

Theorem 3.3. Let u(y) be a biharmonic function defined outside a 
compact set in JR4 . Then the following are equivalent. 

1) u is bounded near infinity. 

2) u(y) = o(log Jyl) when JyJ - oo. 

3) u(y) is biharmonic at infinity. 

4) u has a finite limit at infinity. 

Proof 4)::::} 1) ::::} 2) : Obvious. 

X 1 
2) ::::} 3) : Ku(x) = u( JxJ 2 ) = o(log ~) when Jxl - 0; by 

Theorem 2.8, Ku(x) extends as a biharmonic function in Jxl < r. That 
is, u(y) is biharmonic at infinity. 

3) ::::}4): Since u(y) is biharmonic at infinity, limlxi-->O u( 1; 12 ) = limlxi-->O 

Ku(x) is a finite number a. Hence limlyl-->oou(y) =a. 
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Theorem 3.4. The extended Kelvin tmnsform in JR.n, n ~ 4, establishes 

a (1,1) correspondence between the biharmonic functions in lxl < 1 and 

the biharmonic functions b(y) in IYI > 1 for which limlyl-+oo 1Yin-4b(y) is 

finite. 

Proof Let b(y) be biharmonic in IYI > 1 for which limlyl-+oo 1Yin-4b(y) is 

finite. Then lb(y)l ~ IY~-4 for IYI > r. Hence, Kb(x) = lxl 4-nb(l~ 2 ) is 

bounded near 0. 

Since a bounded biharmonic function in 0 < lxl < ! extends as a 
r 

biharmonic function in lxl < ! when n ~ 4, Kb(x) can be considered as 
r 

a biharmonic function in lxl < 1. 

Conversely, let u(x) be a biharmonic function in lxl < 1. Then 

Ku(y) = IYI 4-nu(l~ 2 ) is biharmonic in IYI > 1 and limlyl-+oo IYin-4 

K u(y) = limlyl-+oo u( ~~ 2 ) = limlxi-+O u(x) is a finite number. 

More generally, the following theorem characterizes the extended Kelvin 

transform of biharmonic functions u(y) defined outside a compact set and 

of growth of order o(IYI) near infinity in JR.n,n ~ 2. 

Theorem 3.5. In JR.n ,n ~ 2, let r be the class of biharmonic functions 

u(y) in IYI > 1 such that u(y) = o(lyl) when IYI --+ oo and let fo 
be the class of biharmonic functions u(x) in 0 < lxl < 1 of the form 

u(x) = B(x)+aSn(x) where B(x) is biharmonic in lxl < 1 and moreover 

B(x) = o(lxl3-n) when lxl --+ 0 if n = 2 or 3. Then the extended Kelvin 

tmnsform establishes a (1,1) correspondence between r and ro. 
X 

Proof Let u E r. Then Ku(x) = lxl4-nu(lxl2 ) = o(lxl 3-n) near 0 

and hence Ku(x) = B(x) + aSn(x), as a consequence of Lemma 2.7 

(when n ~ 4), of Lemma 2.4 (when n = 3) and of Lemma 2.1 (when 

n = 2). Moreover, when n = 2 or 3, since Ku(x) = o(lxl 3-n) and also 

Sn(x) = o(lxl3-n) we have B(x) = o(lxl3-n) when lxl --+ 0 and hence 

Ku E fo. 
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Conversely, let v E f 0. That is v(x) = B(x) + o:Sn(x) in 0 < \x\ < 1 

where B(x) is biharmonic in \x\ < 1 and B(x) = o(\x\3-n) when \x\ ---+ 0, 

if n = 2 or 3. Then 

and hence 

lim Kv(y) 
IYI-+oo \y\ lim [\y\3-n B( -~ Y\2) + o:\y\3-n Sn( -~ Y\2 )]. 

IYI-+oo Y Y 

lim Kv(y) = lim \y\3-n B( _]!_) = lim B(x) = 0 
IYI-+oo \y\ IYI-+oo \y\ 2 lxl---+0 \x\ 3-n 

by hypothesis. Hence Kv E f. 

Since the inverse of the Kelvin transform is of the same form, the 

theorem is proved. 

4. LIOUVILLE-PICARD THEOREM FOR 

BIHARMONIC FUNCTIONS IN Rn 

The Liouville-Picard theorem for harmonic functions can be stated 

as follows: A positive function h(x) in :!Rn, n 2:: 2, is a constant if h is 

superharmonic when n = 2 or if h is harmonic when n 2:: 2. In this 

section we obtain similar results for biharmonic functions in :!Rn. 

Let u be a biharmonic function in :!Rn, n 2:: 2. It is known (Nicolesco 

[3], pp. 19 and 20) that if u(x) = o(\x\) near infinity, then u is a constant. 

We give below a slightly improved version of this result. 

Lemma 4.1. Let u( x) be a biharmonic function in Rn, n 2:: 2, such that 

liminflxl-+oo ~~~) > -oo. Then u(x) = c\x\ 2 + h(x) where cis a positive 

constant and h(x) is a harmonic function. 
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Proof By Almansi expansion u(x) = lxl2h1(x) + h(x). By hypothesis, 
u(x) > Alxl when lxl > r. Let z E 1Rn and a > max(r, izi). If dp~ 
represents the harmonic measure (the Poisson kernel)) on ixi = a, we 
have 

1 a 1 (A h(x)) a A h(z) h1(z) = h1(x)dpz(x) ~ -1 I - -
1 

-12 dpz(x) =-- - 2 · 
l:z:l=a l:z:l=a X X a a 

Allowing a ~ oo, h1(z) ~ 0. Thus h1 being a positive harmonic 
fucntion in 1Rn is a constant. Hence the lemma. 

Proposition 4.2. Let u be a biharmonic function majorizing a subhar­
monic function in 1Rn, n ~ 2. Then u itself is a sub harmonic function 
of the form u(x) = cixl2 + h(x) where c ~ 0 and h is harmonic. 

Proof Let u(x) = lxl 2h1(x) + h(x) ~ s(x) in 1Rn where s(x) is sub­
harmonic. Then as in Lemma 4.1, for z E 1Rn, izi < lxi =a, we have 

a2hl(z) + h(z) = r u(x)dp:(x) ~ r s(x)dp:(x) ~ s(z). 
Jl:z:l=a Jl:z:l=a 

Dividing by a2 , and allowing a ~ oo , we see that h1 ( z) ~ 0 except 
possibly on a polar set where s(z) = -oo; however, h1 being harmonic, 
h1 ~ 0 in 1Rn and hence h1 is a constant c ~ 0. Thus u(x) = cixl 2 + h(x) 
is a subharmonic function in 1Rn. 

Theorem 4.3. Let u(x) be a biharmonic function in 1Rn, n ~ 2, such 
h li u(x) 0 li ·nr u(x) rp'h . t at msupl:z:l-+oo lxl2 ~ ~ m1 l:z:l-+oo ~· .L, en u 'tS a constant. 

Proof By Lemma 4.1, u(x) = clxl 2 + h(x), c ~ 0. Now 

limsupl:z:l-+oo ~;~} ~ 0 implies that u(x) ~ c:- lxl2 if lxl ~ r. Then 

as in the above lemma we obtain, c~ c: - h(:) which implies that 
a 

c ~ 0. Hence u(x) is harmonic in 1Rn. Since it satisfies the condition 

liminfl:z:l-+oo ul~) ~ 0, it is a constant (see for example [1]). 

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
None وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
MigrationNone وضعت بواسطة balfageh

balfageh
ملاحظة لاصقة
Unmarked وضعت بواسطة balfageh



BIHARMONIC POINT SINGULARITIES IN JR." 39 

Corollary 4.4 [3]. Let u be a biharmonic function in lRn, n 2:: 2. If 
u(x) = o(lxl) near infinity, in particular if u(x) is bounded, then u is a 
constant. 

It can be proved also either using the Almansi expansion or as a 
consequence of the following Proposition 4.5 that a positive biharmonic 
function in lRn, n 2:: 2, is a constant if it is super harmonic. 

Proposition 4.5. Let u(x) be a superharmonic function on lRn, n 2:: 2. 

Suppose 6.2u = 0{ 6. in the sense of distributions} and liminflxl--+oo ~~) 2:: 
0. Then u is a constant. 

Proof. Since !:l.u :::; 0 is harmonic in lRn, !:l.u is a constant c :::; 0. 

Hence !:l.(u(x) - c21xl2 ) = 0. This means that there exists a harmonic 
n 

function h(x) in lRn such that u(x)- clxl 2 
= h(x) a.e. 

2n 

Since the superharmonic function u(x) is majorized by the harmonic 
function h(x) a.e., u(x) :::; h(x) everywhere in lRn. Then the assumed 

d·t· · 1· th li "nf h(x) > 0 d h h · con 1 10n on u 1mp 1es at m 1 lxl--+oo ~ _ , an ence 1s a 

constant. 

N "f 0 h l" "nf u(x) d" · H ow, 1 c < , t en 1m1 lxl--+oo ~ =- oo, a contra 1ctlon. ence 

c = 0. That.is, u is a constant. 

In the above proposition, if the condition that u is biharmonic is 
replaced by the condition 6.2u ~ 0, u need not be a constant as seen by 
taking u(x) = lxl4-n for n ~ 5. However we have 

Theorem 4.6. Let u be a superharmonic function in lRn, 2 :::; n :::; 4, 
for which 6. 2 u 2:: 0. Suppose u satisfies an additional condition: 

1 Wh 2 l. "nf u(x) 
. en n = , 1m 1 lxl--+oo log lxl > -oo. 

2 Wh 3 li "nf u(x) 0 . en n = 1 IDl lxl--+oo ~ ~ · 
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. . u(x) 
3. When n = 4, hmmflxl-+oo log !xi ~ 0. 

Then u(x) is a constant. 

Proof By Lemma 4.2 in [2], the above conditions would imply that 
u( x) is harmonic outside the origin in ffi.n in all the three cases; that is, 
u(x) is a superharmonic function with point (harmonic) support. Hence 
L':l.u = c8 in ffi.n where 8 is the Dirac measure and cis a constant, c ~ 0. 

But this is incompatible with the assumption that L':l. 2u ~ 0 unless 
c = 0. Now, c = 0 implies that u is harmonic in ffi.n, satisfying (by the 

· · h h ) h d. · 1· ·nf u(x) > 0 H assumption m t e t eorem t e con 1tion 1m 1 lxl-+oo l;f _ . ence 

u is a constant. 

5. POLYHARMONIC FUNCTIONS OF FINITE ORDER 

A C2P-function u in an open set win ffi.n, n ~ 2, is called a p-harmonic 
function if fj,.Pu = 0 in w. Then the above results concerning biharmonic 
functions can readily be extended to p-harmonic functions in ffi.n. We 

indicate below a few such extensions. 

1. Let u(x) be a p-harmonic function in 0 < !xi < 1, n ~ 2p. Suppose 
u(x) = o(!x\ 2P-l-n) when !xi ----> 0. Then there exists a p-harmonic 
function v(x) in !xi < 1 such that u(x) = v(x) + aen,p(x) in 0 < 
!xi< 1 where /j,Pen,p = 8 in ffi.n. Consequently, u(x) extends as 
a p-harmonic function in lxl < 1, (a) if u(x) = o(lxl 2p-n) when 

. 1 
lxl ----> 0 for n ~ 2p + 1 and (b) 1f u(x) = o(log ~) when lxl ----> 0 

for n = 2p. 

2. Let u(x) be a p-harmonic function defined outside a compact set 
in ffi.n, n ~ 2p. Then, 

a) If n ~ 2p + 1, the following are equivalent: ( i) u ( x) is bounded 
near infinity. (ii) ·u(x) = o(!x!) near infinity. (iii) u(x) has a finite 
limit at infinity. 
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b) If n = 2p, the following are equivalent: (i) u(x) is bounded near 

infinity. (ii) u(x) = o(log lxl) near infinity. (iii) u(x) has a finite 

limit at infinity. 

3. Let u 2:: 0 be a p-harmonic function in Rn, for which ( -1 )m L). mu 2:: 
0(0 < m < p). Then u is a constant. 

A p-harmonic function u 2:: 0 for which ( -1 )m L). mu 2:: 0, 0 < m < p, is 

called a completely superharmonic function and a representation for such 

a function in Rn is given on p. 21 [3] which together with the conditions 

u 2:: 0 and L).u :::;; 0 implies that u is a constant. Proposition 4.5 is a 

somewhat generalized version of this result for a biharmonic function in 
JR.n. 
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